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Series Preface

Mathematics is playing an ever more important role in the physical and
biological sciences, provoking a blurring of boundaries between scientific
disciplines and a resurgence of interest in the modern as well as the clas-
sical techniques of applied mathematics. This renewal of interest, both in
research and teaching, has led to the establishment of the series: Texts in
Applied Mathematics (TAM).

The development of new courses is a natural consequence of a high level of
excitement on the research frontier as newer techniques, such as numerical
and symbolic computer systems, dynamical systems, and chaos, mix with
and reinforce the traditional methods of applied mathematics. Thus, the
purpose of this textbook series is to meet the current and future needs of
these advances and to encourage the teaching of new courses.

TAM will publish textbooks suitable for use in advanced undergraduate
and beginning graduate courses, and will complement the Applied Math-
ematical Sciences (AMS) series, which will focus on advanced textbooks
and research-level monographs.

Pasadena, California J.E. Marsden
Providence, Rhode Island L. Sirovich
College Park, Maryland S.S. Antman



Preface

This textbook has grown out of a course which we teach periodically at the
University of Iowa. We have beginning graduate students in mathematics
who wish to work in numerical analysis from a theoretical perspective, and
they need a background in those “tools of the trade” which we cover in
this text. In the past, such students would ordinarily begin with a one-
year course in real and complex analysis, followed by a one or two semester
course in functional analysis and possibly a graduate level course in ordi-
nary differential equations, partial differential equations, or integral equa-
tions. We still expect our students to take most of these standard courses.
The course based on this book allows these students to move more rapidly
into a research program.

The textbook covers basic results of functional analysis, approximation
theory, Fourier analysis and wavelets, calculus and iteration methods for
nonlinear equations, finite difference methods, Sobolev spaces and weak
formulations of boundary value problems, finite element methods, elliptic
variational inequalities and their numerical solution, numerical methods for
solving integral equations of the second kind, boundary integral equations
for planar regions with a smooth boundary curve, and multivariable poly-
nomial approximations. The presentation of each topic is meant to be an
introduction with a certain degree of depth. Comprehensive references on a
particular topic are listed at the end of each chapter for further reading and
study. For this third edition, we add a chapter on multivariable polynomial
approximation and we revise numerous sections from the second edition to
varying degrees. A good number of new exercises are included.



X Preface

The material in the text is presented in a mixed manner. Some topics are
treated with complete rigour, whereas others are simply presented without
proof and perhaps illustrated (e.g. the principle of uniform boundedness).
We have chosen to avoid introducing a formalized framework for Lebesgue
measure and integration and also for distribution theory. Instead we use
standard results on the completion of normed spaces and the unique ex-
tension of densely defined bounded linear operators. This permits us to
introduce the Lebesgue spaces formally and without their concrete realiza-
tion using measure theory. We describe some of the standard material on
measure theory and distribution theory in an intuitive manner, believing
this is sufficient for much of the subsequent mathematical development.
In addition, we give a number of deeper results without proof, citing the
existing literature. Examples of this are the open mapping theorem, Hahn-
Banach theorem, the principle of uniform boundedness, and a number of
the results on Sobolev spaces.

The choice of topics has been shaped by our research program and inter-
ests at the University of Iowa. These topics are important elsewhere, and
we believe this text will be useful to students at other universities as well.

The book is divided into chapters, sections, and subsections as appropri-
ate. Mathematical relations (equalities and inequalities) are numbered by
chapter, section and their order of occurrence. For example, (1.2.3) is the
third numbered mathematical relation in Section 1.2 of Chapter 1. Defini-
tions, examples, theorems, lemmas, propositions, corollaries and remarks
are numbered consecutively within each section, by chapter and section. For
example, in Section 1.1, Definition 1.1.1 is followed by an example labeled
as Example 1.1.2.

We give exercises at the end of most sections. The exercises are numbered
consecutively by chapter and section. At the end of each chapter, we provide
some short discussions of the literature, including recommendations for
additional reading.

During the preparation of the book, we received helpful suggestions
from numerous colleagues and friends. We particularly thank P.G. Ciar-
let, William A. Kirk, Wenbin Liu, and David Stewart for the first edition,
B. Bialecki, R. Glowinski, and A.J. Meir for the second edition, and Yuan
Xu for the third edition. It is a pleasure to acknowledge the skillful editorial
assistance from the Series Editor, Achi Dosanjh.
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1

Linear Spaces

Linear (or vector) spaces are the standard setting for studying and solv-
ing a large proportion of the problems in differential and integral equa-
tions, approximation theory, optimization theory, and other topics in ap-
plied mathematics. In this chapter, we gather together some concepts and
results concerning various aspects of linear spaces, especially some of the
more important linear spaces such as Banach spaces, Hilbert spaces, and
certain function spaces that are used frequently in this work and in applied
mathematics generally.

1.1 Linear spaces

A linear space is a set of elements equipped with two binary operations,
called vector addition and scalar multiplication, in such a way that the
operations behave linearly.

Definition 1.1.1 Let V be a set of objects, to be called vectors; and let
K be a set of scalars, either R, the set of real numbers, or C, the set of
complex numbers. Assume there are two operations: (u,v) — u+v € V
and (a,v) — av € V, called addition and scalar multiplication respectively,
defined for any u,v € V and any o € K. These operations are to satisfy
the following rules.

1. u+v=v+u for any u,v € V (commutative law);

2. (u+v)+w=u+ (v+w) for any u,v,w € V (associative law);

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis 1
Framework, Texts in Applied Mathematics 39, DOI: 10.1007/978-1-4419-0458-4 1,
© Springer Science + Business Media, LLC 2009



2 1. Linear Spaces

3. thereis an element 0 € V such that 0+v = v for anyv € V (existence
of the zero element);

4. for any v € V, there is an element —v € V such that v+ (—v) =0
(existence of negative elements);

5 lv=w foranyv e V;

6. a(fv) = (af)v for any v € V, any o, € K (associative law for
scalar multiplication);

7. a(u+v) =au+ av and (a + B)v = av + Bov for any u,v € V, and
any «, B € K (distributive laws).

Then V is called a linear space, or a vector space.

When K is the set of the real numbers, V' is a real linear space; and when
K is the set of the complex numbers, V' becomes a complex linear space. In
this work, most of the time we only deal with real linear spaces. So when
we say V is a linear space, the reader should usually assume V is a real
linear space, unless explicitly stated otherwise.

Some remarks are in order concerning the definition of a linear space.
From the commutative law and the associative law, we observe that to add
several elements, the order of summation does not matter, and it does not
cause any ambiguity to write expressions such as u + v + w or Z?:l U
By using the commutative law and the associative law, it is not difficult
to verify that the zero element and the negative element (—v) of a given
element v € V are unique, and they can be equivalently defined through
the relations v 4+ 0 = v for any v € V, and (—v) + v = 0. Below, we write
u—v for u+ (—v). This defines the subtraction of two vectors. Sometimes,
we will also refer to a vector as a point.

Example 1.1.2 (a) The set R of the real numbers is a real linear space
when the addition and scalar multiplication are the usual addition and
multiplication. Similarly, the set C of the complex numbers is a complex
linear space.

(b) Let d be a positive integer. The letter d is used generally in this work for
the spatial dimension. The set of all vectors with d real components, with
the usual vector addition and scalar multiplication, forms a linear space
R?. A typical element in R? can be expressed as = (1, ...,24)", where
x1,...,2q4 € R. Similarly, C? is a complex linear space.

(c) Let © C R? be an open set of R%. In this work, the symbol Q always
stands for an open subset of R?. The set of all the continuous functions on
Q forms a linear space C(€2), under the usual addition and scalar multipli-
cation of functions: For f, g € C(Q), the function f + g defined by

(f+9)(@) = flx)+g(x), zcQ,
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belongs to C(2), as does the scalar multiplication function «f defined
through

(af)(z) =af(z), =e.

Similarly, C(€2) denotes the space of continuous functions on the closed set
Q. Clearly, any C(2) function is continuous on €2, and thus can be viewed as
a C(Q) function. Conversely, if f € C(£2) is uniformly continuous on  and
Q is bounded, then f can be continuously extended to 92, the boundary
of , and the extended function belongs to C(Q2). Recall that f defined on
 is uniformly continuous if for any € > 0, there exists a 6 = (f,e) > 0
such that

[f(x) = fly)l <e

whenever x,y € Q with ||z —yl|| < J. Note that a C(2) function can behave
badly near 0€2; consider for example f(z) =sin(1/z), 0 < x < 1, for « near
0.

(d) A related function space is C(D), containing all functions f : D — K
which are continuous on a general set D C R%. The arbitrary set D can
be an open or closed set in R?, or perhaps neither; and it can be a lower
dimensional set such as a portion of the boundary of an open set in R%,
When D is a closed and bounded subset of R?, a function from the space
C(D) is necessarily bounded.

(e) For any non-negative integer m, we may define the space C™(€2) as the
set of all the functions, which together with their derivatives of orders up
to m are continuous on Q. We may also define C™(Q) to be the space of all
the functions, which together with their derivatives of orders up to m are
continuous on €. These function spaces are discussed at length in Section
1.4.

(f) The space of continuous 27-periodic functions is denoted by Cp(27). It
is the set of all f € C'(—o00,00) for which

flx+2m) = f(x), —oo<zx<o0.

For an integer k > 0, the space C¥(27) denotes the set of all functions
in Cp(27m) which have k continuous derivatives on (—oo,c0). We usually
write C(27) as simply Cp(2m). These spaces are used in connection with
problems in which periodicity plays a major role. O

Definition 1.1.3 A subspace W of the linear space V' is a subset of V
which is closed under the addition and scalar multiplication operations of
V', i.e., for any u,v € W and any o € K, we have u+v € W and av € W.

It can be verified that W itself, equipped with the addition and scalar
multiplication operations of V', is a linear space.
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Example 1.1.4 In the linear space R3,
W={x= (x1,x2,0)T | 21,22 € R}

is a subspace, consisting of all the vectors on the xjxo-plane. In contrast,
W= {x = (v1, 22, )7 | 21,29 € R}

is not a subspace. Nevertheless, we observe that W is a translation of the
subspace W,

/W\ =xg+ W
where 2o = (0,0,1)7". The set W is an example of an affine set. O
Given vectors vy, ...,v, € V and scalars a1, ..., a, € K, we call

n
E Qv = U1 + -+ QpUp
i=1

a linear combination of vy, ..., v,. It is meaningful to remove “redundant”
vectors from the linear combination. Thus we introduce the concepts of
linear dependence and independence.

Definition 1.1.5 We say vi,...,v, € V are linearly dependent if there
are scalars a; € K, 1 <1i < n, with at least one «; nonzero such that

Zaivi =0. (111)
i=1

We say v1,...,v, € V are linearly independent if they are not linearly
dependent, in other words, if (1.1.1) implies a; =0 for i =1,2,...,n.

We observe that vy, ..., v, are linearly dependent if and only if at least
one of the vectors can be expressed as a linear combination of the rest of
the vectors. In particular, a set of vectors containing the zero element is
always linearly dependent. Similarly, vy, ..., v, are linearly independent if
and only if none of the vectors can be expressed as a linear combination of
the rest of the vectors; in other words, none of the vectors is “redundant”.

Example 1.1.6 In R%, d vectors (V) = (xgi), o ,xg))T, 1 <i<d, are
linearly independent if and only if the determinant

ORISR

ORI

is nonzero. This follows from a standard result in linear algebra. The con-
dition (1.1.1) is equivalent to a homogeneous system of linear equations,
and a standard result of linear algebra says that this system has (0,...,0)”
as its only solution if and only if the above determinant is nonzero. O
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Example 1.1.7 Within the space C[0, 1], the vectors 1,z, 22, ..., 2" are
linearly independent. This can be proved in several ways. Assuming

we can form its first n derivatives. Setting « = 0 in this polynomial and its
derivatives will lead to a; =0 for 7 =0,1,...,n. g

Definition 1.1.8 The span of vy, ...,v, € V is defined to be the set of all
the linear combinations of these vectors:

n
span{vy, ..., v} = {Zaivi

a; € K, 1<i<n}.

i=1
Evidently, span{vy,...,v,} is a linear subspace of V. Most of the time,
we apply this definition for the case where vy, ..., v, are linearly indepen-
dent.

Definition 1.1.9 A linear space V is said to be finite dimensional if there
exists a finite maximal set of independent vectors {vi,...,v,}; i.e., the
set {vi,...,vn} is linearly independent, but {vi,...,vUn,Vny1} is linearly
dependent for any vn11 € V. The set {v1,...,v,} is called a basis of the
space. If such a finite basis for V' does not exist, then V is said to be infinite
dimensional.

We see that a basis is a set of independent vectors such that any vector
in the space can be written as a linear combination of them. Obviously a
basis is not unique, yet we have the following important result.

Theorem 1.1.10 For a finite dimensional linear space, every basis for V.
contains exactly the same number of vectors. This number is called the
dimension of the space, denoted by dim V.

A proof of this result can be found in most introductory textbooks on
linear algebra; for example, see [6, Section 5.4].

Example 1.1.11 The space R? is d-dimensional. There are infinitely many
possible choices for a basis of the space. A canonical basis for this space
is {e;}% ,, where e; = (0,...,0,1,0,...,0)7 in which the single 1 is in
component 7. U

Example 1.1.12 In the space P, of the polynomials of degree less than
or equal to n, {1,,...,2"} is a basis and we have dim(P,,) = n+ 1. In the
subspace

Pro={p €Pn|p(0) =p(1) =0},
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a basis is given by the functions z (1 — z), z2(1 — ), ..., 2" (1 — x). We
observe that

dim(Py, o) = dim(P,,) — 2.
The difference 2 in the dimensions reflects the two zero value conditions at
0 and 1 in the definition of PP, o. O

We now introduce the concept of a linear function.

Definition 1.1.13 Let L be a function from one linear space V to another
linear space W. We say L is a linear function if
(a) for all u,v €V,
L(u+v) = L(u) + L(v);
(b) for allv eV and all a« € K,
L(av) = aL(v).

For such a linear function, we often write L(v) for Luv.

This definition is extended and discussed extensively in Chapter 2. Other
common names are linear mapping, linear operator, and linear transforma-
tion.

Definition 1.1.14 Two linear spaces U and V' are said to be isomorphic,
if there is a linear bijective (i.e., one-to-one and onto) function ¢ : U — V.

Many properties of a linear space U hold for any other linear space V'
that is isomorphic to U; and then the explicit contents of the space do
not matter in the analysis of these properties. This usually proves to be
convenient. One such example is that if U and V are isomorphic and are
finite dimensional, then their dimensions are equal, a basis of V' can be
obtained from that of U by applying the mapping ¢, and a basis of U can
be obtained from that of V' by applying the inverse mapping of /.

Example 1.1.15 The set Py, of all polynomials of degree less than or equal
to k is a subspace of continuous function space C[0,1]. An element in the
space P, has the form ag + a1z + - - - + apz®. The mapping ¢ : ag + a1z +
<+ apx® — (ag,ai,...,ax)T is bijective from Py to RFT!. Thus, Py is
isomorphic to RF 1, O

Definition 1.1.16 Let U and V be two linear spaces. The Cartesian prod-
uct of the spaces, W = U x V, is defined by

W=Aw= (u,v) |uel, veV}
endowed with componentwise addition and scalar multiplication

(u1,v1) + (u2,v2) = (u1 + uz,v1 +v2) Y (u1,v1), (u2,v2) € W,
a(u,v) = (au,av) Y(u,v) e W, Va e K.
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It is easy to verify that W is a linear space. The definition can be extended
in a straightforward way for the Cartesian product of any finite number of
linear spaces.

Example 1.1.17 The real plane can be viewed as the Cartesian product
of two real lines: R? = R x R. In general,

RE=Rx---xR. 0
N——

d times

Exercise 1.1.1 Show that the set of all continuous solutions of the differential
equation u”(z) + u(x) = 0 is a finite-dimensional linear space. Is the set of all
continuous solutions of u”(x) + u(z) = 1 a linear space?

Exercise 1.1.2 When is the set {v € C[0,1] | v(0) = a} a linear space?

Exercise 1.1.3 Show that in any linear space V', a set of vectors is always lin-
early dependent if one of the vectors is zero.

Exercise 1.1.4 Let {v1,...,v,} be a basis of an n-dimensional space V. Show
that for any v € V, there are scalars a1, ..., a, such that

n
v = E Vg,
=1

and the scalars a1, ..., a, are uniquely determined by wv.

Exercise 1.1.5 Assume U and V are finite dimensional linear spaces, and let
{u1,...,un} and {v1,...,vm} be bases for them, respectively. Using these bases,
create a basis for W = U x V. Determine dim W.

1.2 Normed spaces

The previous section is devoted to the algebraic structure of spaces. In this
section, we turn to the topological structure of spaces. In numerical analy-
sis, we need to frequently examine the closeness of a numerical solution to
the exact solution. To answer the question quantitatively, we need to have a
measure on the magnitude of the difference between the numerical solution
and the exact solution. A norm of a vector in a linear space provides such
a measure.

Definition 1.2.1 Given a linear space V', a norm || -|| is a function from
V' to R with the following properties.

1. ||v]] = 0 for any v € V, and ||v]| = 0 if and only if v =10;
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2. |lav|| = || ||v]] for anyv €V and o € K;
3. w4 vl < |ul| + ||v|| for any u,v € V.

The space V' equipped with the norm ||-||, (V, |- |), s called a normed linear
space or a normed space. We usually say V' is a normed space when the
definition of the norm is clear from the context.

Some remarks are in order on the definition of a norm. The three axioms
in the definition mimic the principal properties of the notion of the ordinary
length of a vector in R? or R3. The first axiom says the norm of any vector
must be non-negative, and the only vector with zero norm is zero. The
second axiom is usually called positive homogeneity. The third axiom is
also called the triangle inequality, which is a direct extension of the triangle
inequality on the plane: The length of any side of a triangle is bounded by
the sum of the lengths of the other two sides. With the definition of a norm,
we can use the quantity ||u — v|| as a measure for the distance between u
and v.

Definition 1.2.2 Given a linear space V', a semi-norm | - | is a function
from V' to R with the properties of a norm except that |v| = 0 does not
necessarily imply v = 0.

One place in this work where the notion of a semi-norm plays an impor-
tant role is in estimating the error of polynomial interpolation.

Example 1.2.3 (a) For = (z1,...,24)7, the formula

J 1/2
|2 = (Z x?) (1.2.1)
i=1

defines a norm in the space R? (Exercise 1.2.6), called the Euclidean norm,
which is the usual norm for the space R?. When d = 1, the norm coincides
with the absolute value: ||z||2 = |z| for z € R.

(b) More generally, for 1 < p < oo, the formulas

d 1/p
], = (Z |in”> for 1 < p < oo, (1.2.2)
=1

o = max [z (1.2.3)

define norms in the space R (see Exercise 1.2.6 for p = 1,2, 0o, and Exercise
1.5.7 for other values of p). The norm || - ||, is called the p-norm, and || - ||«
is called the mazimum or infinity norm. It can be shown that

[@[|oc = lim [,
p—00
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s, s, s,

FIGURE 1.1. The unit circle S, = {z € R? | ||z||, = 1} for p=1,2, 00

either directly or by using the inequality (1.2.6) given below. Again, when
d =1, all these norms coincide with the absolute value: ||z|, = |z|, z € R.
Over R, the most commonly used norms are || - ||, p = 1,2, 00. The unit
circle in R? for each of these norms is shown in Figure 1.2. U

Example 1.2.4 For p € [1, 0], the space ¢ is defined as
P = {’U = (’Un)n21 | H'U”ZP < OO} (124)

with the norm

oo 1/p
Joler = (Z ') pre
= n=1

sup |vy, | if p=o0.
n>1

Proof of the triangle inequality of the norm || - ||z» is the content of Exercise
1.5.11. (]

Example 1.2.5 (a) The standard norm for Cfa, ] is the maxzimum norm
1flloe = max |f(z)], f €& Cla,b]

This is also the norm for C,(27) (with ¢ = 0 and b = 27), the space of
continuous 2m-periodic functions introduced in Example 1.1.2 (f).

(b) For an integer k > 0, the standard norm for C¥[a, b] is

- ©) k
F o = max (19l f € C¥la bl

This is also the standard norm for C¥(2r). O
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With the notion of a norm for V' we can introduce a topology for V', and
speak about open and closed sets in V.

Definition 1.2.6 Let (V,|-||) be a normed space. Given vg € V andr > 0,
the sets

B(vg,r) ={veV | |lv—wl <r},

Bwo,r) ={veV | |v—wul <r}

are called the open and closed balls centered at vg with radius r. When r = 1
and vo = 0, we have unit balls.

Definition 1.2.7 Let A C V be a set in a normed linear space. The set A
is open if for every v € A, there is an r > 0 such that B(v,r) C A. The
set A is closed in V if its complement V\ A is open in V.

1.2.1  Convergence

With the notion of a norm at our disposal, we can define the important
concept of convergence.

Definition 1.2.8 Let V' be a normed space with the norm ||-||. A sequence
{un} C V is convergent to u € V if

lim |ju, —ul| = 0.

n—oo
We say that u is the limit of the sequence {u,}, and write u, — u as
n — 00, or lim, . uy = u.

It can be verified that any sequence can have at most one limit.

Definition 1.2.9 A function f:V — R is said to be continuous at u € V
if for any sequence {un,} with u, — u, we have f(u,) — f(u) as n — oo.
The function f is said to be continuous on V if it is continuous at every
ueV.

Proposition 1.2.10 The norm function || - || is continuous.

Proof. We need to show that if w,, — wu, then ||lu,| — |lu||. This follows
from the backward triangle inequality (Exercise 1.2.1)

Hlull = ol [ < llu =l Vu,veV, (1.2.5)

derived from the triangle inequality. O
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Example 1.2.11 Consider the space V' = C]0,1]. Let 2o € [0,1]. We
define the function

Uy (V) =v(zg), veEV.

Assume v,, — v in V as n — oo. Then
o (Vn) — Ly (V)| < ||Up —v]ly — 0 asn — oo.
Hence, the point value function ¢, is continuous on C0, 1]. O

We have seen that on a linear space various norms can be defined. Dif-
ferent norms give different measures of size for a given vector in the space.
Consequently, different norms may give rise to different forms of conver-
gence.

Definition 1.2.12 We say two norms || - ||(1) and || - |[(2) are equivalent if
there exist positive constants cy,co such that

allvlay < vl < e2llvllqy YveV.

With two such equivalent norms, a sequence {u,} converges in one norm
if and only if it converges in the other norm:

lim |lup —uly =0 <= lim [ju, —ul/@) =0.
n—oo n—oo

Conversely, if each sequence converging with respect to one norm also con-

verges with respect to the other norm, then the two norms are equivalent;

proof of this statement is left as Exercise 1.2.15.

Example 1.2.13 For the norms (1.2.2)(1.2.3) on R, it is straightforward
to show

IZlloo < llzlly < dV/?zllc V& € R (1.2.6)

So all the norms ||z|,, 1 <p < oo, on R? are equivalent. O

More generally, we have the following well-known result. For a proof, see
[15, p. 483].

Theorem 1.2.14 Over a finite dimensional space, any two norms are
equivalent.

Thus, on a finite dimensional space, different norms lead to the same
convergence notion. Over an infinite dimensional space, however, such a
statement is no longer valid.
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Example 1.2.15 Let V be the space of all continuous functions on [0, 1].
For v € V, in analogy with Example 1.2.3, we may define the following
norms

1 1/p
IWM={/IM@pd] , 1<p<oo, (1.2.7)
0
[vlloc = sup |v(z)]. (1.2.8)
0<z<1

Now consider a sequence of functions {u,} C V, defined by

It is easy to show that
[unllp = [n(p + 1)]71/p» 1<p<oc.

Thus we see that the sequence {u,} converges to u = 0 in the norm || - ||,
1 < p < o0. On the other hand,

tnlloo =1, n>1,
so {u,} does not converge to v = 0 in the norm || - || .- O

As we have seen in the last example, in an infinite dimensional space,
some norms are not equivalent. Convergence defined by one norm can be
stronger than that by another.

Example 1.2.16 Consider again the space of all continuous functions on
[0,1], and the family of norms || - ||, 1 < p < oo, and || - ||sc. We have, for
any p € [1,00),

[ollp < llvflee Vv eV

Therefore, convergence in || - ||« implies convergence in || - ||, 1 < p < oo,
but not conversely (see Example 1.2.15). Convergence in || - ||« is usually
called uniform convergence. O

With the notion of convergence, we can define the concept of an infinite
series in a normed space.

Definition 1.2.17 Let {v,}22, be a sequence in a normed space V. Define
the partial sums s, = > o vi, n=1,2,-+-. If s,, — s in V, then we say
the series Y .o, v; converges, and write

o0
E v; = lim s, = s.
n—oo

i=1
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Definition 1.2.18 Let Vi C V5 be two subsets in a normed space V.. We
say the set Vi is dense in Va if for any v € Vo and any € > 0, there is a
v € V1 such that ||Jv — ul| < e.

Example 1.2.19 Let p € [1,00) and © C R? be an open bounded set.
Then the subspace C§°(€2) is dense in LP(Q2). The subspace of all the poly-
nomials is also dense in LP(Q). O

We now extend the definition of a basis to an infinite dimensional normed
space.

Definition 1.2.20 Suppose V' is an infinite dimensional normed space.
(a) We say that V has a countably-infinite basis if there is a sequence
{vi}i=1 C V for which the following is valid: For each v € V, we can find

scalars {oun i}y, n=1,2,..., such that
n
v — E an V|| — 0 asn— oo.
i=1

The space V' is also said to be separable. The sequence {v;}i>1 is called a
basis if any finite subset of the sequence is linearly independent.
(b) We say that V has a Schauder basis {v,}n>1 if for each v € V, it is

possible to write
o0
v = E Uy,
n=1

as a convergent series in'V for a unique choice of scalars {an }n>1.

We see that the normed space V' is separable if it has a countable dense
subset. From Example 1.2.19, we conclude that for p € [1,00), LP() is
separable since the set of all the polynomials with rational coefficients is
countable and is dense in LP(Q).

From the uniqueness requirement for a Schauder basis, we deduce that
{vn} must be independent. A normed space having a Schauder basis can
be shown to be separable. However, the converse is not true; see [77] for an
example of a separable Banach space that does not have a Schauder basis.
In the space ¢2, {e; = (0,---,0,1;,0,-- )}52 forms a Schauder basis since
any = (z1,72,--) € (% can be uniquely written as x = Z;’il xje;. It
can be proved that the set {1, cosnz,sinnz}o2; forms a Schauder basis in
LP(—7,m) for p € (1,00); see the discussion in Section 4.1.

1.2.2  Banach spaces

The concept of a normed space is usually too general, and special attention
is given to a particular type of normed space called a Banach space.
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Definition 1.2.21 Let V' be a normed space. A sequence {un,} C V is
called a Cauchy sequence if
lm ||ty — uy|| = 0.
m,n— oo

Obviously, a convergent sequence is a Cauchy sequence. In other words,
being a Cauchy sequence is a necessary condition for a sequence to converge.
Note that in showing convergence with Definition 1.2.8, one has to know the
limit, and this is not convenient in many circumstances. On the contrary,
it is usually relatively easier to determine if a given sequence is a Cauchy
sequence. So it is natural to ask if a Cauchy sequence is convergent. In the
finite dimensional space R?, any Cauchy sequence is convergent. However,
in a general infinite dimensional space, a Cauchy sequence may fail to
converge, as is demonstrated in the next example.

Example 1.2.22 Let Q C R? be a bounded open set. For v € C(Q2) and
1 < p < oo, define the p-norm

oty = [ [ 1ta)Pas] " (129)

Here, € = (z1,...,24)" and dr = dxi1dxs - - - drgy. In addition, define the
0O-TOTM, OT MATIMUM NOTM

[0]]cc = max |v()].
e
The space C(2) with || - ||o is a Banach space, since the uniform limit of
continuous functions is itself continuous.
The space C(2) with the norm || ||, 1 < p < oo, is not a Banach space.
To illustrate this, we consider the space C0,1] and a sequence in C[0,1]
defined as follows:

0, 0<x<1/2-1/(2n),
up(x) =4 ner—(n-1)/2, 1/2-1/(2n) <z <1/2+1/(2n),
1, 1/2+1/(2n) <z <1.

Let

0, 0<z<1/2,
u(x) =
1, 1/2<x <1,

Then ||u, — ull, — 0 as n — oo, i.e., the sequence {u,} converges to u in
the norm || - ||,. But obviously no matter how we define w(1/2), the limit
function u is not continuous. (]

Although a Cauchy sequence is not necessarily convergent, it does con-
verge if it has a convergent subsequence.
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Proposition 1.2.23 If a Cauchy sequence contains a convergent subse-
quence, then the entire sequence converges to the same limit.

Proof. Let {u,} be a Cauchy sequence in a normed space V, with a subse-
quence {u,,} converging to u € V. Then for any € > 0, there exist positive
integers ng and jy such that

Hum—’LLnH S va”Z”Oa

NN M

Let N = max{ng, n;, }. Then
[un —ul| < flup —un| + luxy —ul| <& ¥n=>N.

Therefore, u,, — u as n — oo. O

Definition 1.2.24 A normed space is said to be complete if every Cauchy
sequence from the space converges to an element in the space. A complete
normed space is called a Banach space.

Example of Banach spaces include C([a,b]) and LP(a,b), 1 < p < oo,
with their standard norms.

1.2.3  Completion of normed spaces

It is important to be able to deal with function spaces using a norm of our
choice, as such a norm is often important or convenient in the formulation of
a problem or in the analysis of a numerical method. The following theorem
allows us to do this. A proof is discussed in [135, p. 84].

Theorem 1.2.25 Let V' be a normed space. Then there is a complete
normed space W with the following properties:

(a) There is a subspace V.C W and a bijective (one-to-one and onto) linear
function T 1V — V with

I1Zv|lw = |jv]lv VveV.

The function T is called an isometric isomorphism of the spaces V' and V.
(b) The subspace V is dense in W, i.e., for any w € W, there is a sequence
{Up} CV such that

|lw— vyl — 0 asn— oo.

The space W is called the completion of V', and W is unique up to an
isometric isomorphism.
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The spaces V' and V are generally identified, meaning no distinction is
made between them. However, we also consider cases where it is important
to note the distinction. An important example of the theorem is to let V'
be the rational numbers and W be the real numbers R. One way in which
R can be defined is as a set of equivalence classes of Cauchy sequences of
rational numbers, and V' can be identified with those equivalence classes of
Cauchy sequences whose limit is a rational number. A proof of the above
theorem can be made by mimicking this commonly used construction of
the real numbers from the rational numbers.

Theorem 1.2.25 guarantees the existence of a unique abstract completion
of an arbitrary normed vector space. However, it is often possible, and
indeed desirable, to give a more concrete definition of the completion of a
given normed space; much of the subject of real analysis is concerned with
this topic. In particular, the subject of Lebesgue measure and integration
deals with the completion of C'(Q2) under the norms of (1.2.9), || - ||, for
1 < p < oo. A complete development of Lebesgue measure and integration
is given in any standard textbook on real analysis; for example, see Royden
[198] or Rudin [199]. We do not introduce formally and rigorously the
concepts of measurable set and measurable function. Rather we think of
measure theory intuitively as described in the following paragraphs. Our
rationale for this is that the details of Lebesgue measure and integration
can often be bypassed in most of the material we present in this text.

Measurable subsets of R include the standard open and closed intervals
with which we are familiar. Multi-variable extensions of intervals to R?
are also measurable, together with countable unions and intersections of
them. In particular, open sets and closed sets are measurable. Intuitively,
the measure of a set D C R? is its “length”, “area”, “volume”, or suitable
generalization; and we denote the measure of D by meas(D). For a formal
discussion of measurable set, see Royden [198] or Rudin [199].

To introduce the concept of measurable function, we begin by defining
a step function. A function v on a measurable set D is a step function if
D can be decomposed into a finite number of pairwise disjoint measurable
subsets D1, ..., Dy with v(x) constant over each D;. We say a function v
on D is a measurable function if it is the pointwise limit of a sequence of
step functions. This includes, for example, all continuous functions on D.

For each such measurable set D;, we define a characteristic function

1, T c Dj,
i@ =10 z¢D,

A general step function over the decomposition Dy, ..., Dy of D can then
be written as

k
v(x) = Zajxj(m), xecD (1.2.10)
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with aq,...,ap scalars. For a general measurable function v over D, we
write it as a limit of step functions vy over D:

v(z) = lim vi(x), =€ D. (1.2.11)
k—o0
We say two measurable functions are equal almost everywhere if the set
of points on which they differ is a set of measure zero. For notation, we
write
v=w (a.e.)

to indicate that v and w are equal almost everywhere. Given a measur-
able function v on D, we introduce the concept of an equivalence class of
equivalent functions:

[v] = {w | w measurable on D and v = w (a.e.)}.

For most purposes, we generally consider elements of an equivalence class
[v] as being a single function v.

We define the Lebesgue integral of a step function v over D, given in
(1.2.10), by

k
/ v(x)de = ZO(]‘ meas(D;).
D =
For a general measurable function, given in (1.2.11), define the Lebesgue
integral of v over D by

/v(m)dxz lim [ wvg(x)dx.
D

k—oo Jp
Note that the Lebesgue integrals of elements of an equivalence class [v] are
identical. There are a great many properties of Lebesgue integration, and

we refer the reader to any text on real analysis for further details. Here we
only record two important theorems for later referral.

Theorem 1.2.26 (Lebesgue Dominated Convergence Theorem) Suppose
{fn} is a sequence of Lebesgue integrable functions converging a.e. to f on
a measurable set D. If there exists a Lebesgue integrable function g such
that

|fr(x)] < g(x) ae.in D, n>1,

then the limit f is Lebesgue integrable and

lim Dfn(w)dx:/Df(w)dx.

n—oo

Theorem 1.2.27 (Fubini’s Theorem) Assume D1 C R4 and Dy C R%
are Lebesgue measurable sets, and let f be a Lebesgue integrable function
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on D = Dy X Ds. Then for a.e. © € Dy, the function f(x,-) is Lebesgue
integrable on Ds, sz f(x,y)dy is integrable on Dy, and

/Dl [ DQf(:c,y)dy} dxz/Df(:c,y)dxdy.

Similarly, for a.e. y € Da, the function f(-,y) is Lebesgue integrable on
D, [p, f(z,y)dx is integrable on D, and

/132 [ . f(x,y) dx] dy = /Df(:c,y) dz dy.

Let © be an open set in R%. For 1 < p < oo, introduce
LP(2) = {[v] | v measurable on 2 and ||v||, < oo} .

The norm ||v||, is defined as in (1.2.9), although now we use Lebesgue in-
tegration rather than Riemann integration. For v measurable on 2, denote

[v]loc = esssuplv(z)| = inf  sup [|u(z)],
e meas(Q’)=0 zEQ\Q
where “meas(’) = 0”7 means Q' is a measurable set with measure zero.
Then we define

L°°(Q) = {[v] | v measurable on Q and ||v||s < 0o} .

The spaces LP(Q2), 1 < p < oo, are Banach spaces, and they are concrete
realizations of the abstract completion of C(Q) under the norm of (1.2.9).
The space L>(€2) is also a Banach space, but it is much larger than the
space C(Q) with the oo-norm || - ||. Additional discussion of the spaces
LP(Q) is given in Section 1.5.

More generally, let w be a positive continuous function on 2, called a
weight function. We can define weighted spaces LP (2) as follows

LP(Q) = {v measurable ’ / w(zx) |v(x)|P de < oo} , pE[l, 00),
Q
L2 (Q) = {v measurable | esssupg w(x) [v(x)| < oo} .

These are Banach spaces with the norms

[o

o= | [ wl@) oty ] e

[0]|oo,w = esssup w(z)|v(e)].
TeN

The space C(Q) of Example 1.1.2 (¢) with the norm

v 0y — max |(v(x
ol = max|o(@)
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is also a Banach space, and it can be considered as a proper subset of
L (). See Example 2.5.3 for a situation where it is necessary to distin-
guish between C(Q2) and the subspace of L>(Q2) to which it is isometric
and isomorphic.

Example 1.2.28 (a) For any integer m > 0, the normed spaces C"™|a, b]
and C¥(27) of Example 1.2.5 (b) are Banach spaces.

(b) Let 1 < p < co. As an alternative norm on C™|a, b], introduce

1/p
m

A= D190

J=0

The space C™][a,b] is not complete with this norm. Its completion is de-
noted by WP (a,b), an example of a Sobolev space. It can be shown that
if f € W™P(a,b), then f, f',..., f(™ 1 are continuous, and f("™) exists
almost everywhere and belongs to LP(a,b). This Sobolev space and its
multi-variable generalizations are discussed at length in Chapter 7. O

A knowledge of the theory of Lebesgue measure and integration is very
helpful in dealing with problems defined on spaces of Lebesgue integrable
functions. Nonetheless, many results can be proven by referring to only the
original space and its associated norm, say C(Q2) with || - ||, from which a
Banach space is obtained by a completion argument, say LP(§2). We return

to this in Theorem 2.4.1 of Chapter 2.

Exercise 1.2.1 Prove the backward triangle inequality (1.2.5). More generally,

Hull =Nl < flu £ oll < Jlull + vl Yu,ve V.

Exercise 1.2.2 Let V be a normed space. Show that the vector addition and
scalar multiplication are continuous operations, i.e., from u, — u, v, — v and
oy, — a, we can conclude that

Un +Vn — U+ 0V, QpUp — Q.

Exercise 1.2.3 Show that || - ||« is a norm on C(Q), with Q a bounded open
set in RY.

Exercise 1.2.4 Show that || - ||« is a norm on L*(Q), with Q a bounded open
set in R%.

Exercise 1.2.5 Show that || - ||1 is a norm on L'(), with Q a bounded open
set in R?.

Exercise 1.2.6 Show that for p = 1,2, 00, || - ||, defined by (1.2.2)—(1.2.3) is a
norm in the space R
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Exercise 1.2.7 Show that the norm ||- ||, defined by (1.2.2)—(1.2.3) has a mono-
tonicity property with respect to p:

1<p<g<oo = |z|,<|zll, YzeR™

Exercise 1.2.8 Define C%[a,b], 0 < a < 1, as the set of all f € C[a, b] for which

M. (f): sup If(ﬂf)—f(y)l < 00
° _asZySb |z =yl '

Define ||f|la = ||flloc + Ma(f). Show C“[a,b] with this norm is complete.

Exercise 1.2.9 Define ([0, 00) as the set of all functions f that are continuous
on [0, c0) and satisfy
1fllee = sup |£(z)] < oo

Show C3[0, 00) with this norm is complete.
Exercise 1.2.10 Does the formula (1.2.2) define a norm on R? for 0 < p < 1?

Exercise 1.2.11 Consider the norm (1.2.7) on V = C[0,1]. For 1 < p < ¢ <
0o, construct a sequence {v,} C C]0,1] such that as n — oo, ||vn|lp — 0 and
l[vnllg — oo

Exercise 1.2.12 Prove the equivalence of the following norms on C'[0, 1]:
1
Il = 1100+ [ 17 @)l do.
1 1
!
17l = [ 1r@lde+ [ 17 @)de.
0 0

Hint: Recall the integral mean value theorem: Given g € C0, 1], there is a £ €
[0,1] such that

1
[ stz =66
0
Exercise 1.2.13 Let V4 and V2 be normed spaces with norms || - |1 and || - ||2.
Recall that the product space Vi x Vs is defined by
Vi x Vo ={(v1,v2) | v1 € V1, v2 € Va}.

Show that the quantities max{|jv1 |1, |[va]l2} and (||v1]|? + Jv2]|5)"/?, 1 < p < o0
all define norms on the space Vi x Va.

Exercise 1.2.14 Over the space C*[0, 1], determine which of the following is a
norm, and which is only a semi-norm:

(a) max fu(z)];

(b) max [[u(z)| + |u'(2)[];

0<z<
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() max |u'(z)];

(@ fu(O)] + max, o' (2)];

() max, [/ (2)] + 37 [u@)] da.

Exercise 1.2.15 Show that two norms on a linear space are equivalent if and
only if each sequence converging with respect to one norm also converges with
respect to the other norm.

Exercise 1.2.16 Over a normed space (V.|| - ||), we define a function of two
variables d(u,v) = |ju — v||. Show that d(-,-) is a distance function, in other
words, d(-,-) has the following properties of an ordinary distance between two
points:

(a) d(u,v) >0 for any u,v € V, and d(u,v) = 0 if and only if u = v;
(b) d(u,v) = d(v,u) for any u,v € V;
(c¢) (the triangle inequality) d(u,w) < d(u,v) + d(v,w) for any u,v,w € V.

Also show that the non-negativity of d(-,-) can be deduced from the property
“d(u,v) = 0 if and only if u = v” together with (b) and (c).

A linear space endowed with a distance function is called a metric space. Cer-
tainly a normed space can be viewed as a metric space. There are examples of
metrics (distance functions) which are not generated by any norm, though.

Exercise 1.2.17 Show that in a Banach space, if {v,}n=; is a sequence satisfy-
ing >>7° | |lon|| < oo, then the series Y 2 | v, converges. Such a series is said to
converge absolutely.

Exercise 1.2.18 Let V be a Banach space, and A € (0,2). Starting with any
two points v, v1 € V, define a sequence {v, }52o by the formula

Unt1 =AU + (1 = AN vp—1, n>1.

Show that the sequence {v,}52, converges.

Exercise 1.2.19 Let V be a normed space, Vo C V a closed subspace. The
quotient space V/Vp is defined to be the space of all the classes

[v] = {v+wvo | vo € Vo}.
Prove that the formula

||[U]||V/V0: lnf ||v+vo||v

defines a norm on V/Vp. Show that if V' is a Banach space, then V/Vj is a Banach
space.
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Exercise 1.2.20 Assuming a knowledge of Lebesgue integration, show that
W2 (a,b) C Cla,b].

Generalize this result to the space W™?(a,b) with other values of m and p.
Hint: For v € W"?(a,b), use

y
v(z) —v(y) = / v'(2)dz.
Exercise 1.2.21 On C'[0, 1], define

(u,v)x = u(0) v(0) —|—/0 o' (z) v (z) de

and
lvll« = v/ (v,v)« -
Show that
[vlls < cllvfls Vv e CH0,1]

for a suitably chosen constant c.

Exercise 1.2.22 Apply Theorem 1.2.26 to show the following form of Lebesgue
Dominated Convergence Theorem: Suppose a sequence {f,} C LP(D), 1 <p <
00, converges a.e. to f on a measurable set D. If there exists a function g € L?(D)
such that

|fn(z)] < g(x) ae inD, n>1,

then the limit f € LP(D) and

Jim (| fu = flle(py = 0.

1.3 Inner product spaces

In studying linear problems, inner product spaces are usually used. These
are the spaces where a norm can be defined through the inner product and
the notion of orthogonality of two elements can be introduced. The inner
product in a general space is a generalization of the usual scalar product
(or dot product) in the plane R? or the space R3.

Definition 1.3.1 Let V be a linear space over K = R or C. An inner
product (-,-) is a function from V x V to K with the following properties.

1. For anyv €V, (v,v) > 0 and (v,v) =0 if and only if v = 0.

2. For any u,v € V, (u,v) = (v,u).

3. For anyu,v,w €V, anya,B €K, (au+pv,w) = a(u,w)+5 (v,w).
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The space V' together with the inner product (-,-) is called an inner prod-
uct space. When the definition of the inner product (-,-) is clear from the
context, we simply say V is an inner product space. When K=1R, V 1is
called a real inner product space, whereas if K= C, V is a complex inner
product space.

In the case of a real inner product space, the second axiom reduces to
the symmetry of the inner product:

(u,v) = (v,u) Yu,veV.
For an inner product, there is an important property called the Schwarz

inequality.

Theorem 1.3.2 (SCHWARZ INEQUALITY) If V is an inner product space,

then
[(u,v)] <V (u,u) (v,0)  Yu,v eV,

and the equality holds if and only if u and v are linearly dependent.

Proof. We give the proof only for the real case; the complex case is treated
in Exercise 1.3.2. The result is obviously true if either u = 0 or v = 0. Now
suppose u # 0, v # 0. Define

o(t) = (u+tv,u+tv) = (u,u) +2(u,v)t + (v,0)t*, teR.

The function ¢ is quadratic and non-negative, so its discriminant must be
non-positive,
2 (u,v)]* — 4 (u,u) (v,v) <0,

i.e., the Schwarz inequality is valid. For v # 0, the equality holds if and
only if u = —t v for some t € R.
See Exercise 1.3.1 for another proof. O

An inner product (+,-) induces a norm through the formula

ol = V(v 0), veV.

In verifying the triangle inequality for the quantity thus defined, we need
to use the above Schwarz inequality. Moreover, equality

lw+ vl = ffull + o]

holds if and only if v or v is a non-negative multiple of the other. Proof of
these statement is left as Exercise 1.3.4.

Proposition 1.3.3 An inner product is continuous with respect to its in-
duced norm. In other words, if || - || is the norm defined by ||v|| = v/ (v,v),
then ||uy, —ul| — 0 and ||v, —v|| — 0 as n — oo imply

(tn,vn) — (u,v) asn — oo.
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In particular, if u, — u, then for any v,
(Up,v) — (u,v) as n — oo.

Proof. Since {u,} and {v,} are convergent, they are bounded, i.e., for
some M < 00, ||uy|| < M, [Jv,|| < M for any n. We write

(Un, vp) — (u,v) = (up — u,vy,) + (u, v, — ).
Using the Schwarz inequality, we have

|(tn, vn) = (u,0)] < un — ull [Jvnl| + [[ull |on — vl
< M |lun — ul| + [lul] [|vn —v]|-
Hence the result holds. O

Commonly seen inner product spaces are usually associated with their
canonical inner products. As an example, the canonical inner product for
the space R? is

d
(wvy) = szyz = yva Va = (xl’,.,"fpd)T7 Yy = (yla"'vyd)T € Rd‘
=1

This inner product induces the Euclidean norm

4 1/2
el = V2 = (z ) .

When we talk about the space R?, implicitly we understand the inner
product and the norm are the ones defined above, unless stated otherwise.
For the complex space C?, the inner product and the corresponding norm
are

d
(may) = ZIZE: y*mv Ve = (l‘lv"'7xd)T7 Y= (yla-”vyd)T € (Cd
=1

and
d 1/2
| = (%@Z(Z%Q) ~
i=1

The space L?(Q) is an inner product space with the canonical inner
product

(1, v) = /Q w(x) o(@) da.

This inner product induces the standard L?(£2)-norm

ol = V@0 = | [ o] "
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We have seen that an inner product induces a norm, which is always the
norm we use on the inner product space unless stated otherwise. It is easy
to show that on a complex inner product space,

1 ) . . .
(w,v) = 7 (luto® = flu = o +ilu+iv]® —iu—l?),  (13.1)
and on a real inner product space,
1
(u,v) = 1 (||u +0]|? = |ju — 11||2) . (1.3.2)

These relations are called the polarization identities. Thus in any normed
linear space, there can exist at most one inner product which generates the
norm.

On the other hand, not every norm can be defined through an inner
product. We have the following characterization for any norm induced by
an inner product.

Theorem 1.3.4 A norm || - || on a linear space V is induced by an inner
product if and only if it satisfies the Parallelogram Law:

w4+ v))? + |lu —v||* = 2||ul|® + 2||v]? Vu,veV. (1.3.3)

Proof. We prove the result for the case of a real space only. Assume ||-|| =
\/(+,+) for some inner product (-,-). Then for any u,v € V,

|u+v||? + lu—v|]® = (u+v,u+v)+ (u—v,u—2v)
= [[lull® +2(u, v) + [Jv]1?]
+ [l = 2(u, v) + [Jo]|]
= 2] + 2[|v]*.

Conversely, assume the norm || - || satisfies the Parallelogram Law. For
u,v € V, let us define

1
(w,v) =7 (lu+o]* = flu—o]?)
and show that it is an inner product. First,
1
(v,0) = Zl12v]* = [|o]|* = 0
and (v,v) = 0 if and only if v = 0. Second,
1
(w,v) = 7 (o +ull* = o = ul) = (v, u).
Finally, we show the linearity, which is equivalent to the following two

relations:
(u+v,w) = (u,w) + (v,w) Yu,v,weV
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and
(vu,v) =a(u,v) Yu,veV, aecR.
We have
1
() + (v,w) = 7 (u+wl” = flu=wl|* + v+ w|* = [l - w]|?)
1
= 7 [+l + o+ wl*) = (lu = wl* + [lv = w]*)]
111 9 9
= 1 |5 Ot o 20 4 Ju— o)
1 2 2
—5 (et =2w|" +[lu—o[)
1 2 2
§(||u—|—11—|—2w|| ||u—|—11—2w\|)
1
= 3 2Ulu+v+wl®+ [w]?) = u+of”

=2 (|lu+v = w|* + w]|*) + fJu + v]|*]
1
= (vt wl — futo—uf?)
= (u+v,w).

The proof of the second relation is more involved. For fixed u,v € V, let
us define a function of a real variable

fla) = lau+o]* = ou— vl
We show that f(«) is a linear function of o. We have

fla) = f(B) = ||0<U+UII2 HlIBu— ol = [law—v]* — | Bu+ vl

[II (a+B)ul® + l(a = B)u+ 20|

2
~ 5 [+ Bl + (e B)u—20]]
= 2 [l = ) u+ 2] ~ (o~ B)u — 20|

2 2
:2( a_ﬁu—l—v —Hagﬁu—v )

(557

Taking 8 = 0 and noticing f(0) = 0, we find that



1.3 Inner product spaces 27

Thus we also have the relation
fla) = f(B) = fla— D).

From the above relations, the continuity of f, and the value f(0) = 0, one
concludes that (see Exercise 1.3.8)

fla) =coa=a f(1)=a(futv]*— [u-v]?)

from which, we get the second required relation. O

Note that if u and v form two adjacent sides of a parallelogram, then ||u+
v|| and |Ju — v|| represent the lengths of the diagonals of the parallelogram.
Theorem 1.3.4 can be considered as a generalization of the Theorem of
Pythagoras for right triangles.

1.3.1 Hilbert spaces

Among the inner product spaces, of particular importance are the Hilbert
spaces.

Definition 1.3.5 A complete inner product space is called a Hilbert space.

From the definition, we see that an inner product space V is a Hilbert
space if V' is a Banach space under the norm induced by the inner product.

Example 1.3.6 (SOME EXAMPLES OF HILBERT SPACES)
(a) The Cartesian space C? is a Hilbert space with the inner product

d
i=1

(b) The space £* = {z = {z;}i>1 | Doy |z5]* < 00} is a linear space with
ar+py={ax; + Byiti>1-
It can be shown that

oo
i=1

defines an inner product on ¢2. Furthermore, ¢?> becomes a Hilbert space
under this inner product.
(c) The space L?(0,1) is a Hilbert space with the inner product
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(d) The space L?(2) is a Hilbert space with the inner product

(u,v):/ﬂu(w)v(w) dz.

More generally, if w(x) is a weight function on €, then the space

L2 (Q) = {v measurable ‘ /Q lv(z)|?w(z) de < oo}

is a Hilbert space with the inner product

This space is a weighted L? space. O

Example 1.3.7 Recall the Sobolev space W™ ?(a,b) defined in Example
1.2.28. If we choose p = 2, then we obtain a Hilbert space. It is usually
denoted by H™(a,b) = W™2(a,b). The associated inner product is defined
by

(fag)H’" :Z<f(J)vg(J))a f,geHm(a,b),

Jj=0

using the standard inner product (-,-) of L?(a,b). Recall from Exercise
1.2.20 that H(a,b) C C[a,b]. O

1.8.2  Orthogonality

With the notion of an inner product at our disposal, we can define the
angle between two non-zero vectors u and v in a real inner product space
as follows:
0 = arccos {M] .

[l o]l
This definition makes sense because, by the Schwarz inequality (Theorem
1.3.2), the argument of arccos is between —1 and 1. The case of a right
angle is particularly important. We see that two non-zero vectors u and v
form a right angle if and only if (u,v) = 0. In the following, we allow the
inner product space V' to be real or complex.

Definition 1.3.8 Two vectors u and v are said to be orthogonal if (u,v) =
0. An element v € V is said to be orthogonal to a subset U C V, if (u,v) =0
for anyu e U.



1.3 Inner product spaces 29

By definition, the zero vector is orthogonal to any vector and any subset
of the space. When some elements uq, ..., u, are mutually orthogonal to
each other, we have the equality

lus - = flua | 4 - [funl .

We will apply this equality for orthogonal elements repeatedly without
explicitly mentioning it.

Definition 1.3.9 Let U be a subset of an inner product space V. We define
its orthogonal complement to be the set

t={weV|(wu =0VuecU}.

As an example in R?, the orthogonal complement of the single element
set {e1} is the xsx3-plane {(O,xg,xg)T | zo, x5 € R}.

The orthogonal complement of any set is a closed subspace (see Exercise
1.3.12).

Definition 1.3.10 Let V' be an inner product space. We say {v;}i>1 CV
forms an orthonormal system if

(1]2',’0]') = (52']', i,j > 1. (134)

If the orthonormal system is a basis of V' following Definition 1.2.20, then
it is called an orthonormal basis for V.

Sometimes we also use the notion of an orthogonal basis. This refers to
the situation where the basis vectors are orthogonal and are not necessarily
normalized to be of length 1.

Theorem 1.3.11 Suppose {v;}32, is an orthonormal system in a Hilbert
space V. Then we have the followmg conclusions.
(a) Bessel’s inequality:

Z\ v,v)]? < ||| YveV. (1.3.5)
Jj=1

(b) For any v € V, the series Zoo (v,v;)vj converges in'V.

(c) Ifv= Zj La;v; €V, then a; = (v,v;).

(d) A series 23:1 a;jv; converges in V if and only if Z;o:l |a;|? < oc.
Proof. Let v € V. For any positive integer n,

2
n

n
Z v vi| = ol =D w0,

j=1
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ie.,
n

>l wp)P < loll®.

j=1

Taking the limit n — oo, we obtain Bessel’s inequality (1.3.5).
To prove part (b), we consider the partial sums

n

Sn = Z(v,vj)vj.

j=1
For m > n, we have
2
m m
lsm = sall® = || D wv)vsl| = D |(w,v)]> =0 asn— oo,
j=n+1 Jj=n+1

by (a). Hence, the sequence {s, } is a Cauchy sequence in the Hilbert space
V' and is therefore convergent.

For part (c¢), we know from Proposition 1.3.3 that the inner product is
continuous with respect to its arguments. Hence,

n
(v,v;) = HILH;O§ a;vj, v

j=1
n
= lim g a;v;,v;
n—oo ] J7 v
j=1

n
= nlLH;o Z Qj (’Uj, ’Ui)

=1

= Q.

Finally, for part (d), we consider the partial sums

n
Sp = E a;v;.
Jj=1

As in the proof of part (b), for m > n, we have

m

[8m — sull® = Z ‘aj‘Q'

j=n+1

So {s,} is a Cauchy sequence if and only if -, laj|* < co. Since V is a
Hilbert space, we then get the conclusion (d). O
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An orthonormal system does not need to be an orthonormal basis. The
next theorem provides several ways to check if a given orthonormal system
is a basis. For {v;}32; C V in a linear space, the symbol span {v;}$2,
stands for the set of all the finite linear combinations of {v;}32;. It is
easily seen that span {vj . is a subspace of V.

Theorem 1.3.12 Suppose {v] © 1 s an orthonormal system in a Hilbert
space V. Then the following statements are equivalent.

(a) {vj}32, is an orthonormal basis for V.

(b) For any u,v €'V,

(u,0) =Y (u,v;) (v,0;). (1.3.6)
Jj=1

(¢) Parseval’s equality holds:

o0

[l =S, 0)]2 Vv eV. (13.7)

=1

(d) The subspace span{v;}32, is dense in V.
(e) Forv eV, if (v, vj)—O j=>1, thenv =0.

Proof. (a) == (b). By Theorem 1.3.11 (c) and the assumption that {v;}52,
is an orthonormal basis, we can write

o 0o
E (u,vj5) vy, E (v,v5)v
j=1 j=1

By the continuity of the inner product with respect to its arguments, Propo-
sition 1.3.3, we have

n n
(u,v) = lim g u, vj) vy, g v, U;)
n—oo
Jj=1 Jj=1
n

= lim D (u,0)) (v, 05)

j=1
oo

= E (u vj
Jj=1

(b) = (c¢). Taking u = v in (1.3.6), we obtain (1.3.7).
(¢) = (d). For any v € V, we have

2
n

n
v=> (wupvl =lol* =D lwv)F =0 asn— oo,
j=1

j=1
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by Parseval’s equality (1.3.7). Hence, the subspace span {v;}22, is dense in
V.

(d) = (e). If (v,v;) =0, j > 1, then v is orthogonal to the subspace
span {v; Go1- Since the inner product is continuous with respect to its
arguments and since the subspace span {v;}72, is dense in V, we see that v
is orthogonal to any element in V. In particular, (v,v) = 0, implying v = 0.

(e) = (a). For any v € V, consider the element

o0

w ZU—Z(U,Uj)Uj eV.
j=1
For any ¢ > 1, again by the continuity of the inner product, we have

n

(w,v;) = (v,v;) — nh—{go Z(v,vj) (vj,vi) = (v,v;) — (v,v;) = 0.

Hence, by statement (e), w =0, i.e.,
o0
v = Z(v,vj) vy, (1.3.8)
j=1
and statement (a) is valid. O
The advantage of using an orthogonal or an orthonormal basis is that it
is easy to decompose a vector as a linear combination of the basis elements
(see (1.3.8)). From the proof of the part “(e) = (a)” for Theorem 1.3.12
we see that an orthonormal basis {v;}32; is also a Schauder basis: for each
v € V, we have the formula (1.3.8).
We now introduce a result useful in the theory of Fourier series.

Theorem 1.3.13 The functions

1 1 1
——, ——= cosjr, —= sinjx, j=1,2,--- 1.3.9
Ton 77 CosIm Tz singe, g (1.3.9)

form an orthonormal basis for the space L*(—m, ).

Proof. From Corollary 3.1.4 of Chapter 3, we note the following result
about approximation by trigonometric polynomials: Suppose f € C([—7,7])
satisfies f(—m) = f(m). Then for any € > 0, there exists a trigonometric
polynomial ¢, of a degree n = n. such that
_max |f(z) —(7)| <e.
Now consider any given v € L?*(—m,7) and € > 0. By the density of
C([~m,7]) in L?(—m, ) with respect to the L?(—m,7)-norm, we have the
existence of a function v(;) € C([—m,n]) such that

||U - U(1)||L2(77r,71') <e.
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We then modify v(1) in neighborhoods of the end points +7 to construct
v(2)y € C([—m,7]) with the properties v(2)(—7) = v(2)(7) and
lvay —ve)llLz(—mm <e.

For the function v(s), there exists a trigonometric polynomial g,, such that

max  |vgg (z) (2)] < °
X —n —
—r<ogn ) 1 Vo

Then,
lv2) = anllL2(—x,m) <e.

By the triangle inequality,

v = anllL2(—mm) < llv = v)llL2(—mm) + Iy — o)l L2(—7,m)
+ ||U(1) - anLQ(fﬂ',ﬂ')
< 3e.

Hence, the subspace of the trigonometric polynomials is dense in L?(—, 7).
The functions listed in (1.3.9) are clearly orthonormal. By Theorem 1.3.12,
these functions form an orthonormal basis for the space L?(—, 7). O

Example 1.3.14 Let us show that the sequence

eo(x) = %, er(z) = \/g cos(kx), k>1

is an orthonormal basis in L2(0, ).

First, using the identity (cosz)* = [(e™ + e_ix)/Q]k we can show that
any power (cosz)* is a linear combination of the elements from {e(z)}.
For any f € C[0,7], define g € C[—1,1] by g(t) = f(arccost). Then apply
Weierstrass’ theorem (Theorem 3.1.1 from Chapter 3) to approximate g(t)
by a sequence of polynomials {p,(¢)}. The sequence {p,(cosz)} approxi-
mates f. Finally we use the fact that C[0, 7] is dense in L?(0, ). O

Example 1.3.15 Let V = L?(—m,m). By Theorem 1.3.13, for any v €
L?(—m, ), we have the Fourier series expansion

ag
=5 + Z aj cos(jz) + bjsin(jz)],
7j=1
where

1 [7 . .

a; = ;/ v(x) cos(jx)dx, j >0,
1 [7 .. .

bj = ;/ ’U(.’E) Sln(]x) dfl;, J 2 ]‘
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Also we have the ordinary Parseval’s equality

laol® | <
10122y =7 | 5+ D (lag* + 105*) | - (1.3.10)
j=1

followed from (1.3.7). O

When a non-orthogonal basis for an inner product space is given, there
is a standard procedure to construct an orthonormal basis.

Theorem 1.3.16 Let {w,}n>1 be a set of linearly independent vectors in
the inner product space V. Then there is an orthonormal system {vy}n>1
with the property that

span {w, }N_; = span {v,})_;, VN >1. (1.3.11)

Proof. The proof is done inductively with the Gram-Schmidt method. For
N =1, define

wy
v = —
[ ]
which satisfies |[v1|| = 1. For N > 2, assume {v,}Y ' have been con-
structed with (vs,, V) = dpm, 1 <nm,m < N — 1, and
span {w,, }2 ' = span {v, }) .
Write
N-1
IN = WN + Z QN nUp-
n=1

Now choose {an ,}N ! by setting
(On,v,) =0, 1<n<N-—1.
This implies
ann=—(wn,v,), 1<n<N-—1
This procedure “removes” from wy the components in the directions of

Viy.oey UN—-1-
Finally, define

UN
UN = 7= 7>
[on ]|
which is meaningful since x5 # 0. Then the sequence {v, })_, satisfies
(vnvvm) =0nm, 1<n,m<N

and (1.3.11) holds. O

The Gram-Schmidt method can be used, e.g., to construct an orthonor-
mal basis in L?(—1, 1) for a polynomial space of certain degrees. As a result
we obtain the well-known Legendre polynomials (after a proper scaling)
which play an important role in some numerical analysis problems.
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Example 1.3.17 Let us construct the first three orthonormal polynomials
in L?(—1,1). For this purpose, we take

and choose

azq = —(z,vi(x)) = —/1 iJ:dx =

So U2(z) =z, and

Finally, we write

- 1 3
1}3(31‘) = wg(l') + Oé3711}1(l‘) + Oé3721}2(l‘) = 72 + EO@J + 50&37233‘.
Then
1
1 V2
2
—— — dy = -2
Qs (w3, v1) [1 x 5 x T
! 3
azo = —(ws3,v2) = —/ 22\ =xdr=0
_1 2
Hence 1
U3(z) = 2 — 3

Since ||73]|? = £, we have

15>
35/, 1
1]3(.13)—5 5(33 —§>

The fourth orthonormal polynomial is

va(x) = %\/; (52° — 3z).

Graphs of these first four Legendre polynomials are given in Figure 1.2. [J
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FIGURE 1.2. Graphs on [—1, 1] of the orthonormal Legendre polynomials of
degrees 0, 1, 2, 3

As is evident from Example 1.3.17, it is cumbersome to construct or-
thonormal (or orthogonal) polynomials by the Gram—Schmidt procedure.
Fortunately, for many important cases of the weighted function w(z) and in-
tegration interval (a, b), formulas of orthogonal polynomials in the weighted
space L? (a,b) are known; see Section 3.5.

Exercise 1.3.1 Suppose u # 0 and v # 0. Derive the following equality

2
u v

1
l[ull ol + (u,v) = 5 flull flv]] ’ T
2 l[all = vl

and use it to give another proof of Theorem 1.3.2 for the real case.

Exercise 1.3.2 Prove the Schwarz inequality for a complex inner product space
V.
Hint: For u,v € V, define an angle 6§ € R by the relation

(u,0) = |(u,0)] e

Then consider the function ¢(t) = (u+te*%v, u +te'%v), which is quadratic and
non-negative in ¢.

Exercise 1.3.3 Given an inner product, show that the formula [|v|| = /(v,v)
defines a norm.
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Exercise 1.3.4 Show that in an inner product space, ||u + v|| = ||Ju|| + ||v] for
some u,v € V if and only if u and v are non-negatively linearly dependent (i.e.,
for some ¢o > 0, either u = cov or v = cou).

Exercise 1.3.5 In a real inner product space, show that
2 2 2
[l + vl|* = [Jul|” + vl
implies u L v. For three non-zero vectors u, v and w satisfying
2 2 2 2
lw+v+w|” = lul” + llv]* + [lwl”,

does there hold any orthogonality property?

Exercise 1.3.6 Assume vi,---,v, are mutually orthogonal non-zero vectors.
Show that they are linearly independent.

Exercise 1.3.7 Derive the polarization identities (1.3.1) and (1.3.2) for a com-
plex and real inner product space, respectively.

Exercise 1.3.8 Assume f : R — R is a continuous function, satisfying f(«) =
f(B)+ f(a—p) for any o, 8 € R, and f(0) = 0. Then f(a) = a f(1).

Hint: Show first, f(na) = n f(«) for any integer n; then f(1/2") = (1/2") f(1)
for any integer n > 0; and finally, for any integer m, any non-negative integer
n, f(m2™") =m f(27") = (m2™") f(1). Represent any rational as a finite sum
g =Y, mi27", obtaining f(q) = >, f(mi27%) = >, m; 27" f(1) = q f(1). Use
the density of the rational numbers in R and the continuity of f.

Exercise 1.3.9 The norms || - ||, 1 < p < oo, over the space R are defined in
Example 1.2.3. Find all the values of p, for which the norm || - ||, is induced by
an inner product.

Hint: Apply Theorem 1.3.4.

Exercise 1.3.10 Let wi,...,wq be positive constants. Show that the formula
d
(x,y) = Zwiﬂfz‘yz‘
i=1

defines an inner product on R?. This is an example of a weighted inner product.
What happens if we only assume w; > 0, 1 <i < d?

Exercise 1.3.11 Let A € R¥™? be a symmetric, positive definite matrix and
let (-,-) be the Euclidean inner product on R¢. Show that the quantity (Az,y)
defines an inner product on R,

Exercise 1.3.12 Prove that the orthogonal complement of a subset is a closed
subspace.

Exercise 1.3.13 Let V| be a subset of a Hilbert space V. Show that the following
statements are equivalent:
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(a) Vo is dense in V, i.e., for any v € V, there exists {v, }n>1 C Vo such that
|[lv —vn|lv — 0 as n — oo.

(b) V5" = {0}.
(¢) If w € V satisfies (u,v) =0 Vv € Vo, then u = 0.
(d) For every 0 # u € V, there is a v € Vi such that (u,v) # 0.

Exercise 1.3.14 On C'[a,b], define
b
(f.9)- = F@ga)+ [ F@)g@de, f.9€CMay

and ||f|l« = \/(f, f)«. Show that
I flle < cllflls ¥ f€C'a,b]

for a suitable constant c.

Exercise 1.3.15 Show that the sequence

ex(z) = \/g sin(kx), k>1

is an orthonormal basis in L%(0, 7).
Hint: Apply Theorem 1.3.12 and the result from Example 1.3.14 to the function
f(z) sinz.

Exercise 1.3.16 Extend the discussion of Example 1.3.15 to complex Fourier
series. For any v € L?(—n,7) with complex scalars, show the Fourier series ex-

pansion
v(z) = Z QnUn () in L (—m,7), (1.3.12)
where
1 T ;
an = (V,vp) = — v(z)e "dx. 1.3.13
) = 7= [ v(a) (1.3.13)

Give the Parseval equality.

Exercise 1.3.17 Continuing Exercise 1.3.16, consider the Fourier series (1.3.12)
for a function v € C;"(27w) with m > 2. Show that

cm(v)
Nm—1’

N
v — E QnUn

n=—N

< N> 1.

[e’s}

Hint: Use integration by parts in (1.3.13).
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1.4 Spaces of continuously differentiable functions

Spaces of continuous functions and continuously differentiable functions
were introduced in Example 1.1.2. In this section, we provide a more de-
tailed review of these spaces.

From now on, unless stated explicitly otherwise, we will assume Q to
be a domain in R, ie., an open, bounded, connected subset of R%. A
generic point in R? is denoted by = = (z1,...,24)". For multi-variable
functions, it is convenient to use the multi-index notation for partial deriva-
tives. A multi-index is an ordered collection of d non-negative integers,
a = (a1,...,aq). The quantity |a] = Zle oy 1s said to be the length of a.
We will use the notation

This is a monomial of degree |a|. A general polynomial of degree less than
or equal to n can be expressed by the formula

p(x) = Z anx®, aq €R, o] <n.

la|<n

For two multi-indices o and (3, we define their sum « + § as the multi-
index constructed by componentwise addition:

(a+B)i=a;+ B, 1<i<d.
We write f < aif 8; < o fori =1,--- ,d. When 3 < o, we write o — 8 to

mean the multi-index with the components «; — 3;, 1 < i < d. Again for
B < «, we define the binomial coefficient

(5)-11(% )

We recall that for two non-negative integers m < n,

( m ) B #'_m)v (1.4.1)

By convention, 0! = 1.
If v is an m-times differentiable function, then for any o with |a| < m,

dlely(x)

T o
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is the a'® order partial derivative. This is a handy notation for partial
derivatives. Some examples are

0
3—;1 = 0% for = (1,0,...,0),
0%
%Y _ 9% fora=(1,1,...,1).
T v for a = (1, )
By convention, when o = (0,...,0), 9% = v. The set of all the derivatives
of order m of a function v can be written as {0%v | |a] = m}. For low

order partial derivatives, there are other commonly used notations; e.g.,
the partial derivative Ov/0z; is also written as 0,,v, or 9;v, Or v 4,, Or V.

The space C(£2) consists of all real-valued functions which are continuous
on €. Since  is open, a function from the space C'(£2) is not necessarily
bounded. For example, with d = 1 and = (0, 1), the function v(z) = 1/x
is continuous but unbounded on (0,1). Indeed, a function from the space
C(£2) can behave “nastily” as the variable approaches the boundary of €.
Usually, it is more convenient to deal with continuous functions which are
continuous up to the boundary. Let C(2) be the space of functions which
are uniformly continuous on ). (It is important that Q be a bounded set.)
Any function in C(Q) is bounded. The notation C(f2) is consistent with
the fact that a uniformly continuous function on €2 has a unique continuous
extension to Q. The space C(Q) is a Banach space with its canonical norm

lle@ = sup{lo(@)| | = € Q} = max{lv(z)| | = € Q}.

We have C(Q) € C(€), and the inclusion is proper, i.e. there are functions
v € C(Q) which cannot be extended to a continuous function on Q. A
simple example is v(x) = 1/2 on (0,1).

We use Z for the set of all the integers, and denote by Z, the set of
non-negative integers. For any m € Z;, C™(Q) is the space of functions
which, together with their derivatives of order less than or equal to m, are
continuous on (2; that is,

C™(Q)={veC)]| 0% e C(Q) for |a| < m}.
This is a linear space. The notation C™(Q) denotes the space of functions

which, together with their derivatives of order less than or equal to m, are
continuous up to the boundary:

C™(Q) ={veC() |0 e C(Q) for |a] < m}.
The space C™(1) is a Banach space with the norm

o]

C7n(§) = ‘alg}rin ||aa’l)||c(§).
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FIGURE 1.3. An infinitely smooth function with compact support

Algebraically, C"™ Q) c C™(2). When m = 0, we usually write C(Q2) and
C(Q) instead of C°(Q) and C°(Q). We set

c>*(Q) = ﬁ C"(Q)={vel)|velC™) YmeZi},
m=0

C>(Q) = ﬁ C"Q)={velCQ)|veC™Q) VmeZ,}.
m=0

These are spaces of infinitely differentiable functions.
Given a function v on €, its support is defined to be

supp(v) = {@ € 2| v(@) £ 0.

We say that v has a compact support if supp(v) is a proper subset of €.
Thus, if v has a compact support, then there is a neighboring open strip
about the boundary 0f2 such that v is zero on the part of the strip that
lies inside 2. Later on, we need the space

C5e(R2) = {v e C*(Q) | supp(v) is a proper subset of Q}.

Obviously, Cg°(2) € C*°(2). In the case () is an interval such that Q D
[—1,1], a standard example of a C§° () function is

2 2
wo(w) = e /@D ] <1,
0, otherwise.

A graph of the function wuo(x) is shown in Figure 1.3.

1.4.1 Holder spaces

A function v defined on Q is said to be Lipschitz continuous if for some
constant ¢, there holds the inequality

jv(@) —v(y)| <clz—yll Va,yel
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In this formula, || — y|| denotes the standard Euclidean distance between
x and y. The smallest possible constant in the above inequality is called the
Lipschitz constant of v, and is denoted by Lip(v). The Lipschitz constant
is characterized by the relation

[v(x) — v(y)|

|z —yl

Lip(v):sup{ T,y €, a:;éy}.

More generally, a function v is said to be Hdélder continuous with exponent
B € (0,1] if for some constant c,

v(@) — v(y)| < cllz —y[? for z,y € Q.

The Hoélder space C%P(Q) is defined to be the subspace of C(Q) functions
that are Holder continuous with the exponent 5. With the norm

[v(z) — v(y)|

v B0y = ||V ——|—Sup{ mayeﬂym#y}
I HCDB(Q) | ”C(Q) |z —yl?

the space C%#(Q) becomes a Banach space. When 3 = 1, the Holder space
C%1(Q) consists of all the Lipschitz continuous functions.
For m € Z4 and 8 € (0,1], we similarly define the Holder space

cm™P(Q ={vel™ ) | 9% € C%P(Q) Y with |a] = m};

this is a Banach space with the norm

[vllgm.om B(Q) = ||| cm(Q)

+ > Sup{aa v(@) = 0%uly)| z,y €, :c;éy}.

| -yl

o=
For m € Z, and 0 < o < # < 1, we have the obvious relations
cmi(@) c C™P@) C (@) C CT(R),

valid for any open set Q C R% When € is bounded and convex, we also
have

Cerl( ) le( )

Exercise 1.4.1 Show that C(Q) with the norm [lvllc @) is a Banach space.

Exercise 1.4.2 Show that the space C'(Q) with the norm [vllcm) is not a
Banach space.

Exercise 1.4.3 Let @ C R? be a non-empty open set. Construct a function that
belongs to the space C§°(Q2).
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Exercise 1.4.4 Let v,(z) = (sinnz)/n. Show that v, — 0 in C%?[0, 1] for any
B € (0,1), but v, /4 0in C%'[0,1].

Exercise 1.4.5 Discuss whether it is meaningful to use the Holder space C°#(Q)
with g > 1.

Exercise 1.4.6 Consider v(s) = s for some 0 < o < 1. Show that v € C%?|0, 1]
for any 8 € (0, a]; moreover, [[v||co.ajo,1] = 2.

Hint: To compute the maximum value of [s* — ¢%|/|s — ¢|* for s,¢ € [0,1] and
s # t, it is sufficient to consider the case s > t. For fixed z > 1, define f(«a) =
(2% —1)/(z — 1)*. Show that f(«) is an increasing function of a € (0, 1], and so
f(a) < f(1) = 1. On the other hand, with t = 0, |s* — 0|/|s — 0|* = 1.

Exercise 1.4.7 Let m > 0 be an integer, 8 € (0, 1]. Show that Cm“Lﬁ) C
C™8(€Y), and moreover, “v, — v in C™T1(Q)” implies “v, — v in C™P(Q)”.

Exercise 1.4.8 This and the next two exercises let the reader get familiar with
some formulas and results involving the multi-index notation. Show the general-
ization of the formula (1.4.1) to binomial numbers of two multi-indices:

<g>:#!_ﬂ)!v B <a.

Exercise 1.4.9 Recall the binomial theorem:
n __ - n min—m
(a+0)" = 220 ( m ) a™b .

Use this result to prove the multi-variate binomial formula

(x4+y)* = Z < g )wﬁyafﬁ, a:,ye]Rd,

B«

Exercise 1.4.10 We use the symbol P,, = P, (R?) or P,(Q), @ C R? a non-
empty open set, for the space of polynomials of degree less than or equal to n in
R? or Q. The dimension of the space IP,, is the number of monomials %, |a| < n.
Show by an inductive argument that

dimP, = ( ”;“d )

Exercise 1.4.11 Consider the function

eVl 52,
(@) { 0, z=0.

Prove
lim £ (z) =0

x—0

for all integers m > 0.
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Exercise 1.4.12 Let 0 < a < b < oo. Define

f@)‘{ exp(1/(a® = l2*) + 1/(l2[* ~ %) , o < Jlzl] <b

0, el < a or ] > b.
Show that f € C§°(R?).

Exercise 1.4.13 Construct a function f € C*°(R) such that f(z) = 0 for x <
—1, and f(z) =1 for z > 1.

1.5 L?” spaces

Let Q C R? be a non-empty open set. In the study of LP(Q) spaces, we
identify functions (i.e. such functions are considered identical) which are
equal a.e. on Q. For p € [1,00), LP(f2) is the linear space of measurable
functions v :  — R such that

ol oy = [ / |v<cc>f’dx} * oo (15.1)

The space L*°(2) consists of all essentially bounded measurable functions
v:Q—R,
|vl|Lee(y =  inf sup |v(x)| < oo. (1.5.2)
meas (2/)=0 zEQ\Q
For p = 1,2, 00, it is quite straightforward to show || - ||»(q) is a norm.
For other values of p, in proving || - || L»(q) is a norm, the main difficulty is to
show the triangle inequality, known as the Minkowski inequality (Lemma
1.5.4 below). To prove the Minkowski inequality, we start with Young’s
inequality and then the Holder inequality.
For p € [1, 00}, we define its conjugate ¢ by the relation
! + ! =1. (1.5.3)
p q
Here we adopt the convention 1/00 = 0. It is easy to see that 1 < ¢ < co.
Moreover, 1 < g < 0 if l <p<oo,g=1if p=o0,and ¢ =oc0 if p=1.
For p # 1, 00, we obtain from the defining relation (1.5.3) that its conjugate

is given by the formula

g=—2— (1.5.4)

p—1
We first introduce Young’s inequality.

Lemma 1.5.1 (YoUNG’S INEQUALITY) Let a,b> 0,1 < p < o0, and q

the conjugate of p. Then
a? b
ab < — 4+ —.
p q
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Proof. For any fixed b > 0, define a function
fla)=—+——ab
(a) .

on [0, 00). From f’(a) = 0 we obtain a = b"/(P=1_ We have f(b*/P~1) = 0.
Since f(0) > 0, limg—0 f(a) = oo and f is continuous on [0, 00), we see
that

inf f(a) = f(0/*" V) =0.

0<a<oo
Hence Young’s inequality holds. 0

Some other ways of proving Young’s inequality are given in Exercises
1.5.2-1.5.4.
It is usually useful to include a parameter in the Young inequality.

Lemma 1.5.2 (MODIFIED YOUNG’S INEQUALITY) Let a,b > 0, € > 0,
1 < p< oo, and q the conjugate of p. Then

Lemma 1.5.3 (HOLDER'S INEQUALITY) Let p € [1,00| and q be its con-
jugate. Then for any u € LP(Q) and any v € L1(Q),

/ (@) v(@)] dz < [Jull Loy o] Lo

Proof. The inequality is obviously true if p = 1 or oo, or |lul|zsq) = 0.
For p € (1,00) and [Jul|z»(q) # 0, we use the modified Young’s inequality
to obtain

17
/ u(e) o@) do < Sfullg) + N0l Ve >0,

Then we set € = H'U”LQ(Q)/H'LLHLP(Q), this choice of ¢ minimizes the value of
the right-hand side of the above inequality. O

We are now ready to show the Minkowski inequality, i.e. the triangle
inequality for || - || Lr(q) defined in (1.5.1)—(1.5.2).

Lemma 1.5.4 (MINKOWSKI INEQUALITY)

lu+vlzr) < lullze) + Vllr) Yu,v € LP(Q), p e [1,00].
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Proof. The inequality is obviously true for p = 1 and co. Suppose p €
(1,00). Applying the Holder inequality, we have

/Q lu(x) + v(x)|Pdx
slgwm»+wmw—medx+KQMww+wmw-medx

1/q
< Uﬂ U(fv)+v(w)“’_1)qdﬂﬁ] [lullze@) + vl e )]

1-1/p
=[/w@+w@w4 lallzoy + ollone)] -
Q

Therefore, the Minkowski inequality holds. |

The reference [118] provides a comprehensive study of inequalities in
analysis.

Some basic properties of the LP spaces are summarized in the following
theorem.

Theorem 1.5.5 Let Q be an open bounded set in R?.
(a) Forp € [1,00], LP(2) is a Banach space.

(b) For p € [1,00], every Cauchy sequence in LP(S) has a subsequence
which converges pointwise a.e. on €.

(¢) If 1 < p < q< o0, then L1(Q) C LP(Q),
[0l Lo () < meas ()P~ o]l Loy Vo € LUQ),
and
vl ooy = pllﬂolo lvllLe) Yov e L(Q).
(d) If1 <p<r<gqg<oo and we choose 6 € [0, 1] such that
16, (1-0)
r

= — 4+ s
p q

then
lollzr@ < 010y lolisln, Vo € L.

In (¢), when ¢ = 00, 1/q¢ is understood to be 0. The result (d) is called an
interpolation property of the LP spaces. We can use the Holder inequality
to prove (c) and (d) (Exercise 1.5.5).

For p € (1,00), we have the following Clarkson inequalities. Let u,v €
Lr(Q). If 2 < p < oo, then

p p

1 1

u—+v
2

u—
2

LP() LP()
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If 1 <p<2, then

q—1

q 1 1
p p
< |:§ HuHLp(Q) + 3 ||’UHL,,(Q) , (1.5.6)

U+ v 4

2

uU—0
2

_|_
LP(Q)

LP(Q)

where ¢ = p/(p — 1) is the conjugate exponent of p. A proof of these
inequalities can be found in [1, Chapter 2].
Smooth functions are dense in L?(Q2), 1 < p < oco.

Theorem 1.5.6 Let Q C R? be an open set, 1 < p < co. Then the space
C§°(2) is dense in LP(Y); in other words, for any v € LP(Q)), there exists
a sequence {v,} C C§°(Q) such that

lvm — UHLP(Q) — 0 asn— oo.

For any m € 7, by noting the inclusions C§°(Q) € C™(Q) C L*(Q2), we
see that the space C™(f) is also dense in LP(€2).

Exercise 1.5.1 Prove the modified Young’s inequality by applying Young’s in-
equality.

Exercise 1.5.2 Lemma 1.5.1 is a special case of the following general Young’s
inequality: Let f : [0,00) — [0,00) be a continuous, strictly increasing function
such that f(0) = 0, limy—0 f(x) = c0. Denote by g the inverse function of f. For
0 <z < o0, define

F(z) = /Oz f(t)dt, G(z) = /Ozg(t) dt.
Then
ab < F(a)+ F(b) Va,b>0,

and the equality holds if and only if b = f(a). Prove this result and deduce
Lemma 1.5.1 from it.

Exercise 1.5.3 Show that Young’s inequality can be written equivalently as
b’ <Oa+(1—-0b Va,b>0, 0€(0,1).
Prove this inequality by using the convexity of the natural exponential function.
Further, prove Holder’s inequality for p € (1,00) from this inequality by taking
1 |u()]” _ |o(=)[*

0=~-, a= = .
P’ ”u”ip(gz)7 ”U”qu(Q)

Exercise 1.5.4 Another method to prove the Young inequality is based on the
fact that log x is a concave function so that

P q 1 1
log a_+b_ > =~ loga? + = log b.
p q p q

Use this inequality to prove the Young inequality.
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Exercise 1.5.5 Use the Holder inequality to prove (¢) and (d) of Theorem 1.5.5.

Exercise 1.5.6 Show the generalized Holder inequality

/vl---vmdaz
Q

where the exponents p; > 0 satisfy the relation > ;" 1/p; = 1.

< ||’U1||LP1(Q) cee vaHme(Q) Yov; € LP? (Q), 1<1<m,

Exercise 1.5.7 Prove the discrete analogue of Lemma 1.5.3, the Holder inequal-
ity on R%:
d
lz -yl < llzllpllylle, = yeR,

where 1 < p,q < oo, and ¢ is the conjugate of p. Then prove the Minkowski
inequality on R%:

Iz +yllp < lzlls + lyl, Ve,y R 1<p< oo

Show that for p € (1,00), || - ||, defined by (1.2.2) is a norm on R?. The cases
where p = 1,2, 00 have been considered in Exercise 1.2.6.

Exercise 1.5.8 Let 1 < p,q < co. Show that

max |f(2)] < (b—a) P fllzeas + b —a) VY ey ¥ f € CMa, b

a<x<b

Hint: Start with f(z) = f(t) + [;" f'(s) ds.

Exercise 1.5.9 The evolution of two functions f and ¢ on R? is defined by the
formula

(f*g)(z) = g fy)g(z —y)dy

whenever the integral exists a.e. Let 1 < p < oo. Show that if f € LP(R?) and
g € L*(RY), then f* g € LP(R?) and

I1f *gllLe@ay < N flle @ayllgllor ray-

Hint: For 1 < p < oo, write

IU*m@HSAJUWMAm—wWﬂmw—yW”@

where ¢ is the conjugate exponent of p, and apply Lemma 1.5.3.

Exercise 1.5.10 For p € [1,00], recall the definition (1.2.4) of the space ¢P.
Prove the discrete Holder inequality: Let p € (1,00), 1/p+1/g = 1,u = (un)n>1 €
P and v = (Vn)n>1 € €7. Then

[eS)
S unvn < Julles Joller
n=1

Hint: Mimic the proof of Lemma 1.5.3, or apply Lemma 1.5.3 through choosing
piecewise constant functions f(z) and g(z), 0 < z < oo, with values from the
components of u and v.
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Exercise 1.5.11 Continuing the previous exercise, prove the discrete Minkowski
inequality:

[+ oller < [lufler + ||vller Vu,v €€, 1<p< oo

Exercise 1.5.12 Show by examples that when 2 is unbounded, for 1 <p < ¢ <
oo, we have neither L?(Q) C L?(2) nor L(Q) C L*(Q).

1.6 Compact sets

There are several definitions of the concept of compact set, most being
equivalent in the setting of a normed space.

Definition 1.6.1 (a) Let S be a subset of a normed space V. We say S
has an open covering by a collection of open sets {U, | « € A}, A an index
set, if
sc ..
acA
We say S is compact if for every open covering {U,} of S, there is a finite
subcover {Uq, | j=1,...,m} C {Ua | @ € A} which also covers S.

(b) Equivalently, S is compact if every sequence {vj} C S contains a con-
vergent subsequence {vj, } which converges to an element v € S.

(c) If S is a set for which the closure S is compact, we say S is precompact.

Part (a) of the definition is the general definition of compact set, valid in
general topological spaces; and (b) is the usual form used in metric spaces
(spaces with a distance function defining the topology of the space, see
Exercise 1.2.16). In a general topological space, part (b) defines sequential
compactness. In every normed space, a compact set is both closed and
bounded.

For finite dimensional spaces, the compact sets are readily identified.

Theorem 1.6.2 (HEINE-BOREL THEOREM) Let V be a finite dimen-
sional normed space, and let S be a subset of V. Then S is compact if
and only if S is both closed and bounded.

A proof of this result can be found in most textbooks on advanced cal-
culus; for example, see [7, Theorems 3-38, 3—40]. Indeed, a normed space
is finite dimensional if and only if any closed and bounded set in the space
is compact. For a proof of this result, see e.g. [49, Section 1.4].

For infinite dimensional normed spaces, it is more difficult to identify the
compact sets. The results are dependent on the properties of the norm being
used. We give an important result for the space of continuous functions
C(D) with the uniform norm || - ||, with some set D C R A proof is
given in [135, p. 27].
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Theorem 1.6.3 (ARZELA-AScOLI THEOREM) Let S C C(D), with D C
R? closed and bounded. Suppose that the functions in S are uniformly
bounded and equicontinuous over D, meaning that

sup || flloe < 00
fes

and
[f(x) = f)l <cse) for lo—yl[<e VfeS Va,yeD,
with cg(e) — 0 as € — 0. Then S is precompact in C(D).

In Chapter 7, we review compact embedding results for Sobolev spaces,
and these provide examples of compact sets in Sobolev spaces.

Exercise 1.6.1 Show that in a normed space, a compact set is closed and
bounded.

Exercise 1.6.2 Show that the intersection of a family of compact sets and the
union of a finite number of compact sets are compact. Construct an example to
show that the union of an infinite number of compact sets may fail to be compact.

Exercise 1.6.3 Use Heine-Borel Theorem to show that any finite-dimensional
normed space is complete.

Exercise 1.6.4 In a normed space, any closed subset of a compact set is com-
pact.

Exercise 1.6.5 Use the Arzala-Ascoli theorem to show that a bounded set in
C*[a, b] is precompact in Cfa, b].

Suggestion for Further Reading.

Detailed discussions of normed spaces, Banach spaces, Hilbert spaces,
linear operators on normed spaces and their properties are found in most
textbooks on Functional Analysis; see for example CONWAY [58], HUTSON
AND PyM [128], KANTOROVICH AND AKILOV [135], ZEIDLER [249], [250].

In this work, we emphasize the ability to understand and correctly ap-
ply results from functional analysis in order to analyze various numerical
methods and procedures. An important pioneering paper which advocated
and developed this approach to numerical analysis is that of L.V. KAN-
TOROVICH [134], appearing in 1948; and much of the work of this paper
appears in expanded form in the book of KANTOROVICH AND AKILOV [135,
Chaps 14-18]. Another associated and influential work is the text of KAN-
TOROVICH AND KRYLOV [136] which appeared in several editions over a 30
year period. Other important general texts which set the study of numer-
ical analysis within a framework of functional analysis include COLLATZ
[56], CRYER [60], LEBEDEV [154], and LiNz [157].



2

Linear Operators on Normed Spaces

Many of the basic problems of applied mathematics share the property of
linearity, and linear spaces and linear operators provide a general and useful
framework for the analysis of such problems. More complicated applications
often involve nonlinear operators, and a study of linear operators also offers
some useful tools for the analysis of nonlinear operators. In this chapter we
review some basic results on linear operators, and we give some illustrative
applications to obtain results in numerical analysis. Some of the results are
quoted without proof; and usually the reader can find detailed proofs of
the results in a standard textbook on functional analysis, e.g. see Conway
[58], Kantorovich and Akilov [135], and Zeidler [249], [250].

Linear operators are used in expressing mathematical problems, often
leading to equations to be solved or to functions to be optimized. To ex-
amine the theoretical solvability of a mathematical problem and to develop
numerical methods for its solution, we must know additional properties
about the operators involved in our problem. The most important such
properties in applied mathematics involve one of the following concepts or
some mix of them.

e Closeness to a problem whose solvability theory is known. The Geo-
metric Series Theorem given in Section 2.3 is the basis of most results
for linear operator equations in this category.

e Closeness to a finite dimensional problem. One variant of this leads
to the theory of completely continuous or compact linear operators,
which is taken up in Section 2.8.

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis 51
Framework, Texts in Applied Mathematics 39, DOI: 10.1007/978-1-4419-0458-4_2,
© Springer Science + Business Media, LLC 2009
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e Arguments based on finding the minimum of a function, with the
point at which the minimum is attained being the solution to the
problem under study. The function being minimized is sometimes
called an objective function in optimization theory or an energy func-
tion in mechanics applications. This is taken up in later chapters, but
some of its framework is provided in the material of this chapter.

There are other important means of examining the solvability of mathemat-
ical problems in applied mathematics, based on Fourier analysis, complex
analysis, positivity of an operator within the context of partially order lin-
ear spaces, and other techniques. However, we make only minimal use of
such tools in this text.

2.1 Operators

Given two sets V and W, an operator T from V' to W is a rule which assigns
to each element in a subset of V' a unique element in W. The domain D(T)
of T is the subset of V' where T is defined:

D(T)={v eV |T(v) is defined},
and the range R(T") of T is the set of the elements in W generated by T":
R(T) ={w e W |w=T(v) for some v € D(T)}.
It is also useful to define the null set, the set of the zeros of the operator:
N(T)={veV|T(v)=0}.

An operator is sometimes also called a mapping, a transformation, or a
function. Usually the domain D(T') is understood to be the whole set V,
unless it is stated explicitly otherwise. Also, from now on, we will assume
both V' and W are linear spaces, as this suffices in the rest of the book.

Addition and scalar multiplication of operators are defined similarly to
that of ordinary functions. Let S and T be operators mapping from V to
W. Then S+ T is an operator from V to W with the domain D(S)ND(T)
and the rule

(S +T)(v) = S(w) + T(v) Yov e D(S)NDT).

Let o € K. Then oT is an operator from V to W with the domain D(T')
and the rule
(aT)(v) =aT(v) YveDT).



2.1 Operators 53

Definition 2.1.1 An operator T : V. — W is said to be one-to-one or
injective if

V1 7é V2 — T(’Ul) 7é T(’UQ). (211)
The operator is said to map V onto W or is called surjective if R(T) = W.
If T is both injective and surjective, it is called a bijection from V to W.

Evidently, when T : V' — W is bijective, we can define its inverse 7! :
W — V by the rule

v=T"*w) +—= w=T().

More generally, if T : V — W is one-to-one, we can define its inverse from
R(T) C W to V by using the above rule.

Example 2.1.2 Let V be a linear space. The identity operator I : V — V
is defined by
Iv)=v YveW

It is a bijection from V to V; and moreover, its inverse is also the identity
operator. O

Example 2.1.3 Let V = R", W = R™, and L(v) = Av, v € R", where
A = (a;;) € R™*" is a real matrix and Av denotes matrix-vector multi-
plication. From results in linear algebra, the operator L is injective if and
only if rank(A) = n; and L is surjective if and only if rank(A) = m. Recall
that the rank of a matrix is the maximal number of independent column
vectors, that is also the maximal number of independent row vectors.

The same conclusion holds for complex spaces V = C", W = C™, and
complex matrix A € C™*™, g

Example 2.1.4 We consider the differentiation operator d/dz from V =
C10,1] to W = C10, 1] defined by

d
o cvis v forv e CH0,1].

We take the domain of the operator, D(d/dz), to be C'[0,1] which is a
proper subspace of C[0,1]. It can be verified that the differentiation oper-
ator is a surjection, R(d/dz) = C[0,1]. The differentiation operator is not
injective, and its null set is the set of constant functions. O

Example 2.1.5 Although the differentiation operator d/dx is not injective
from C[0, 1] to €0, 1], the following operator

is a bijection between V = C[0,1] and W = C[0,1] x R. O
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If both V' and W are normed spaces, we can talk about the continuity
and boundedness of the operators.

Definition 2.1.6 Let V' and W be two normed spaces. An operator T :
V — W is continuous at v € D(T) if

{vn,} cD(T) and v, mvin V. = T(v,)— T(v)in W.

T is said to be continuous if it is continuous over its domain D(T). The
operator is bounded if for any r > 0, there is an R > 0 such that

veD(T) and |v||<r = | T(v)|| <R.

We observe that an alternative definition of the boundedness is that for
any set B C D(T),

sup ||[vllv <oo = sup [|[T(W)||lw < oc.
veB veB

Example 2.1.7 Let us consider the differentiation operator again. The
spaces C[0,1] and C1[0, 1] are associated with their standard norms

||11||C[0,1] = 0213%(1 |U($)‘
and
lollenton = Ivllcoa + 1o lego,u- (2.1.2)
Then the operator
d .
ri= Lo c o opy

is not continuous using the infinity norm of C[0, 1] for C*[0, 1], whereas the
operator

d
dz
is continuous using the norm of (2.1.2) for C'*[0, 1]. O

Ty = — : C0,1] — C[0,1]

Exercise 2.1.1 Consider Example 2.1.7. Show that 7T} is unbounded and T3 is
bounded, as asserted in the example.

Exercise 2.1.2 Let T3 : C[a,b] — C|a, b] be an operator defined by the formula
b
Tiv(z) = / (z—t)v(t)dt, a<z<b, veCa,b]

Determine the range of Ti. Is T1 injective?
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Exercise 2.1.3 Extending Exercise 2.1.2, for an arbitrary positive integer n, let
T, : Cla,b] — C|a,b] be defined by

Tov(z) = /b(x —t)"v(t)dt, a<z<b, veC[a,b].
Determine the range of 7T), and decide if T3, is injective.
Exercise 2.1.4 Over the space Cla, b], define the operator T' by
Tv(z) = /Zv(t)dt, a<z<b, veCClab].

Find the range of T'. Is T" a bijection between C|a, b] and its range?

2.2 Continuous linear operators

This chapter is focused on the analysis of a particular type of operators
called linear operators. From now on, when we write 7' : V. — W, we im-
plicitly assume D(T) = V, unless stated otherwise. As in Chapter 1, K
denotes the set of scalars associated with the vector space under consider-
ation.

Definition 2.2.1 Let V and W be two linear spaces. An operator L : V —
W is said to be linear if

L(Ozﬂ}l + OQ’UQ) = OqL(’Ul) + a2L(U2) Vvl,vg eV, Val,aQ ckK,
or equivalently,

L(’Ul —‘r’Ug) = L(’Ul) + L(’UQ) Voi,vg €V,
Llav)=aL(v) YveV, VaekK.

For a linear operator L, we usually write L(v) as Lv.

An important property of a linear operator is that continuity and bound-
edness are equivalent. We state and prove this result in the form of a the-
orem after two preparatory propositions which are themselves important.

Proposition 2.2.2 Let V and W be normed spaces, L : V — W a linear
operator. Then continuity of L over the whole space is equivalent to its
continuily at any one point, say at v = 0.

Proof. Continuity over the whole space certainly implies continuity at any
point. Now assume L is continuous at v = 0:

v, - 0inV = Lv, —0in W. (2.2.1)
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Let v € V be arbitrarily given and {v,} C V a sequence converging to v.
Then v, —v — 0, and by (2.2.1), L(v,, —v) = Lv, —Lv — 0, i.e., Lv, — Lv.
Hence L is continuous at v. 0

Proposition 2.2.3 Let V and W be normed spaces, L : V — W a linear
operator. Then L is bounded if and only if there exists a constant v > 0
such that

ILv|lw < Allvllvy Yve W (2.2.2)

Proof. Obviously (2.2.2) implies the boundedness. Conversely, suppose L
is bounded, then

v = sup ||[Lv||lw < oo,
veB;

where By = {v € V | ||v]|ly < 1} is the unit ball centered at 0. Now for any
v #£ 0, v/||v||v € By and by the linearity of L,
[Lvllw = [[ollvIL@/[[vlv)lw <~ llvllv,

i.e., (2.2.2) holds. O

Theorem 2.2.4 Let V and W be normed spaces, L : V — W a linear
operator. Then L is continuous on V if and only if it is bounded on V.

Proof. Firstly we assume L is not bounded and prove that it is not contin-
uous at 0. Since L is unbounded, we can find a bounded sequence {v,} C V/
such that ||Lv,|| — oco. Without loss of generality, we may assume Lv,, # 0
for all n. Then we define a new sequence

—_— vn
[ Lonlw

Un

This sequence has the property that o,, — 0 and ||Lo,|lw = 1. Thus L is
not continuous.

Secondly we assume L is bounded and show that it must be continuous.
Indeed from (2.2.2) we have the Lipschitz inequality

[Lvy — Lus|lw < v|lv1 —w2lly  Voi,ua €V, (2.2.3)

which implies the continuity in an obvious fashion. O

From (2.2.3), we see that for a linear operator, continuity and Lipschitz
continuity are equivalent.

We use the notation L£(V,W) for the set of all the continuous linear
operators from a normed space V to another normed space W. In the
special case W = V', we use L(V) to replace L(V,V). We see that for
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a linear operator, boundedness (2.2.2) is equivalent to continuity. Thus if
L e L(V,W), it is meaningful to define

L
[L]lvw = sup | Lollw
0#veV [vllv

(2.2.4)

Using the linearity of L, we have the following relations

[Lllvw = sup |[Lv|lw = sup [ Lv[lw
vEB1 vi||v]|v=1

1 1
=~ sup |[Loflw =~ sup |Loflw
T vifolly =r T viflofly <r

for any r > 0. The norm || L||yv,w is the maximum size in W of the image
under L of the unit ball By in V.

Theorem 2.2.5 The set L(V,W) is a linear space, and (2.2.4) defines a
norm over the space.

We leave the proof of the theorem to the reader. The norm (2.2.4) is usu-
ally called the operator norm of L, which enjoys the following compatibility

property
[Lvlw < [[Lllvwllvllv Vv e V. (2:2.5)

If it is not stated explicitly, we always understand the norm of an operator
as an operator norm defined by (2.2.4). Another useful inequality involving
operator norms is given in the following result.

Theorem 2.2.6 Let U, V and W be normed spaces, Ly : U — V and
Ly : V. — W be continuous linear operators. Then the composite operator
LoLy : U — W defined by

L2L1(’U) = LQ(Ll(’U)) YvelU
is a continuous linear mapping. Moreover,
|LoLillow < | ZallovllZellvw. (2:2.6)

Proof. The composite operator LoL4 is obviously linear. We now prove
(2.2.6), that also implies the continuity of LoL;. By (2.2.5), for any v € U,

[ LaLi(v)|lw = [[L2(L1(v))|lw
<||La|lv,w|| L1v]||v

< | LallvwllLallov|v]o-

Hence, (2.2.6) is valid. O
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As an important special case, if V' is a normed space and if L € L(V),
then for any non-negative integer n,

L < (LA™

The operator L" is defined recursively: L™ = L(L"~ '), L"v = L(L" 'v)
Vv € V, and L° = [ is defined to be the identity operator. Both (2.2.5)
and (2.2.6) are very useful relations for error analysis of some numerical
methods.

For a linear operator, the null set N'(L) becomes a subspace of V', and
we have the statement

L is one-to-one < N(L) = {0}.

Example 2.2.7 Let V be a linear space. Then the identity operator [ :
V — V belongs to L(V), and ||I|| = 1. O

Example 2.2.8 Recall Example 2.1.3. Let V =C", W = C™, and L(v) =

Av, v € C", where A = (a;;) € C™*" is a complex matrix. If the norms
on V and W are || - ||, then the operator norm is the matrix co-norm,

[Afloo = max Z\az;l

If the norms on V and W are || - ||1, then the operator norm is the matrix
1-norm,
m
Al = max Zl |ai;]-
If the norms on V and W are || - |2, then the operator norm is the spectral
norm

1All2 = V1o (A A) = /o (AAY),

where A* denotes the conjugate transpose of A. For a square matrix B,
75 (B) denotes the spectral radius of the matrix B,

ro(B) = max |}
A€o (B)

and o(B) denotes the spectrum of B, the set of all the eigenvalues of B.
Proofs of these results are given in [15, Section 7.3]. O

Example 2.2.9 Let V = W = Cla,b] with the norm | - ||-. Let k €
C(la,b)?), and define K : C[a,b] — Cla,b] by

b
x) z/ k(z,y)v(y) dy. (2.2.7)
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The mapping K in (2.2.7) is an example of a linear integral operator, and
the function k(-, -) is called the kernel function of the integral operator. Un-
der the continuity assumption on k(-, -), the integral operator is continuous
from Cla, b] to C|a,b]. Furthermore,

b
[ K] :Jél?%‘b/a |k(z, y)| dy. (2.2.8)

The linear integral operator (2.2.7) is later used extensively. O

2.2.1 L(V,W) as a Banach space

In approximating integral and differential equations, the integral or dif-
ferential operator is often approximated by a sequence of operators of a
simpler form. In such cases, it is important to consider the limits of conver-
gent sequences of bounded operators, and this makes it important to have
L(V,W) be a complete space.

Theorem 2.2.10 Let V be a normed space, and W be a Banach space.
Then L(V,W) is a Banach space.

Proof. Let {L,,} be a Cauchy sequence in £L(V, W). This means

€n =8up || Lyptp — Ly|| = 0 as n — oo.
p=1

We must define a limit for {L,,} and show that it belongs to L(V, W).
For each v e V,

| Lytpv — Lpv|lw < €lv|ly — 0 asn — oo. (2.2.9)

Thus {L,v} is a Cauchy sequence in W. Since W is complete, the sequence
has a limit, denoted by L(v). This defines an operator L : V' — W. Let us
prove that L is linear, bounded, and || L,, — L||v,w — 0 as n — oo.

For any v1,v2 € V and a;, a2 € K|

L(ayvy + agus) = nh—{go Ly (a1 + agvg)
= nler;O(al L,v1 + aaLyv9)
= nh—{go L,v1 + as nh—{go L, v
= a1 L(v1) + asL(v2).

Thus L is linear.
Now for any v € V, we take the limit p — oo in (2.2.9) to obtain

[ Lv = Lvllw < enllo][v.
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Thus
|IL — Ly|lvw = sup |[Lv—Lyv|lw <€, =0 asn— oo.
lvllv<1
Hence L € L(V,W) and L,, — L as n — oo. O

Exercise 2.2.1 For a linear operator L : V — W, show that L(0) = 0.

Exercise 2.2.2 Prove that if a linear operator is discontinuous at one point,
then it is discontinuous everywhere.

Exercise 2.2.3 Prove that £(V, W) is a linear space, and (2.2.4) defines a norm
on the space.

Exercise 2.2.4 For L € L(V,W), show that its norm is given by

IL]| = inf{e | [[Lo[lw < eflvllv Vo € V.

Exercise 2.2.5 Assume k € C([a,b]?). Show that the integral operator K de-
fined by (2.2.7) is continuous, and its operator norm is given by the formula
(2.2.8).

Exercise 2.2.6 Let Q C R? be a domain, 1 < p < co. Given m € C(Q), define
an operator M : LP(Q) — LP(Q) by the formula

Muv(z) = m(z)v(z), ve LP(Q).

Show that M is linear, bounded, and || M|| = [|m/| ¢ )

Exercise 2.2.7 A linear operator L is called nonsingular if N'(L) = {0}. Oth-
erwise, it is called singular. Show that if L is nonsingular, then a solution of the
equation Lu = f is unique.

Exercise 2.2.8 Let a linear operator L : V' — W be nonsingular and map V'
onto W. Show that for each f € W, the equation Lu = f has a unique solution
ueV.

2.3 The geometric series theorem and its variants

The following result is used commonly in numerical analysis and applied
mathematics. It is also the means by which we can analyze the solvability
of problems that are “close” to another problem known to be uniquely
solvable.
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Theorem 2.3.1 (GEOMETRIC SERIES THEOREM) Let V' be a Banach space,
L e L(V). Assume
IIL| < 1. (2.3.1)

Then I — L is a bijection on V', its inverse is a bounded linear operator,
o0
(- =Yoo
n=0

and
1

(I = L) € —7-
1—|[L]|

(2.3.2)

Proof. Define a sequence in L(V): M, =Y. L, n>0. For p > 1,

ntp n+p 4 n+p )
1My = Mall = || Y- L[ < Y ILI< Y IL)"
i=n+1 i=n+1 i=n+1
Using the assumption (2.3.1), we have
Moy — M < S (233)
L— L]

Hence,
sup [|[Myqp — M,|| — 0 asn — oo,
p>1

and {M,} is a Cauchy sequence in £(V'). Since L(V) is complete, there is
an M € L(V) with

|M, — M|| -0 asn— oco.
Using the definition of M,, and simple algebraic manipulation,
(I -L)M,=M,(I—-L)=1-L"""

Let n — oo to get
(I—-L)M=M{I-L)=1

This relation implies (I — L) is a bijection, and
M=(I-L)"=lim Y L'=)"L"
TS0 n=0
To prove the bound (2.3.2), note that

1M < Izl < .
2 -1zl
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Taking the limit n — oo, we obtain (2.3.2). O

The theorem says that under the stated assumptions, for any f € V', the
equation
(I-Lu=f (2.3.4)

has a unique solution u = (I — L)™' f € V. Moreover, the solution depends
continuously on the right hand side f: Letting (I — L)uy = f1 and (I —
L)us = fo, it follows that

uy —ug = (I = L)"'(fi — f2),
and so

Jur —uall < c|lfi = fall

with ¢ =1/(1 — || L]]).
The theorem also provides an approach to approximate the solution of
the equation (2.3.4). Under the stated assumptions of the theorem, we have

uw= lim wu,
n—oo

where

up =y L'f. (2.3.5)
j=0
Example 2.3.2 Consider the linear integral equation of the second kind

b
u(z) - / ko) uly)dy = (@), a<z<b  (23.6)

with A # 0, k(z,y) continuous for z,y € [a,b], and f € C[a,b]. Let V =
Cla,b] with the norm || - || . Symbolically, we write the equation (2.3.6) as

(M — K)u=f, (2.3.7)

where K is the linear integral operator generated by the kernel function
k(-,-). We also will often write this as (A — K)u = f, understanding it to
mean the same as in (2.3.7).

This equation (2.3.7) can be converted into the form needed in the geo-
metric series theorem:

1 1
I-Lu=-~ L=-K.
(I=Lyu=+f, 3

Applying the geometric series theorem we assert that if

1

L =
L= 15

1K <1,
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then (I — L)~ ! exists and
1

—1
10 =07 < =y
Equivalently, if ,
1K1 = s, [ 1K Gy < (238)
then (A\] — K)~! exists and
L= ) € — .
A= TE]]

Hence under the assumption (2.3.8), for any f € Cfa, b, the integral equa-
tion (2.3.6) has a unique solution v € Cla, b] and

[1f1lo0

oo <N = K) M| flloo € -

We observe that the geometric series theorem is a straightforward gen-
eralization to linear continuous operators on a Banach space of the power
series

(1—x)" Zx zeR, |z] <1

or its complex version
(1—2)" Zz z€C, |z| <1

From the proof of the theorem we see that for a linear operator L € L(V)
over a Banach space V, if ||L|| < 1, then the series Y.~ ;L™ converges in
L(V) and the value of the series is the operator (I — L)~!. More generally,
we can similarly define an operator-valued function f(L) of an operator
variable L from a real function f(z) of a real variable z (or a complex-
valued function f(z) of a complex variable z), as long as f(x) is analytic
at © =0, i.e., f(x) has a convergent power series expansion:

(')
= Zanmnv |J)| <7
n=0

for some constant v > 0, where a, = f(™(0)/n!, n > 0. Now if V is a
Banach space and L € L(V) satisfies ||L|| < v, then we define

(L)=> anL".
n=0
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The series on the right-hand side is a well-defined operator in £(V'), thanks
to the assumption || L|| < . We now give some examples of operator-valued
functions obtained by this approach, with L € £(V') and V' a Banach space:

n=0
i G (_l)n 2n+1
bln(L) = ZO m L ,

o0 _1 n
arctan(L) = Z (=1) L L) < 1.

2.3.1 A generalization

To motivate a generalization of Theorem 2.3.1, consider the Volterra inte-
gral equation of the second kind

)~ [ el dy = @), ce0.B. (239

Here, B > 0 and we assume the kernel function ¢(x,y) is continuous for
0<y<z<B,and f € C[0, B]. If we apply Theorem 2.3.1, then we will
need to assume a condition such as

xr
max Uz, y)|dy <1
s [ el ay
in order to conclude the unique solvability. However, we can use a variant of
the geometric series theorem to show that the equation (2.3.9) is uniquely
solvable, irregardless of the size of the kernel function ¢(z,y). Symbolically,
we write this integral equation as (I — L)u = f.

Corollary 2.3.3 Let V' be a Banach space, L € L(V). Assume for some
integer m > 1 that
IL™] < 1. (2.3.10)

Then I — L is a bijection on V', its inverse is a bounded linear operator,
and

m—1
) 1 i
(I -L)7 < T > (2.3.11)
=0

Proof. From Theorem 2.3.1, we know that (I — L™)~! exists as a bounded
bijective operator on V to V,

(I—-Lm) ' = iLmJ in L(V)

Jj=0
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and
1

(1 = L™ < sy
L= [[Lm

From the identities

m—1 m—1
— L) (Z Li> = (Z Li> (I-Ly=I1-1L",
=0 =0

we then conclude that (I — L) is a bijection,
(I — ( >u ) I—L™)~
and the bound (2.3.11) holds. O

Example 2.3.4 Returning to (2.3.9), define
/fxy y)dy, 0<x<B,vel]0,B].

Easily, L is a bounded linear operator on C[0, B] to itself. The iterated
operators L* take the form

z) = / "l y)oly) dy

for k=2,3,..., and ¢1(x,y) = €(z,y). It is straightforward to show

L1 (z,y) :/ Up(z,2)l(z,y)dz, k=1,2,....
y

Let

M= oA [(x, ).

Then
[0 (z,y)| <M, 0<y<xz<B.

Assume for an integer k > 1,

(z—y)lr !

RV R

0<y<z<B.
Then for 0 <y <z < B,

st < [ leate )66 0)| a2

Y

T k—1
<Mk+l/ (l'—Z)
= ,  (k—1) dz

_ k+1($—y)k
=M 0
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Hence, for any integer & > 1 and any z € [0, B],
ILFu(a)] < / k(. )] ()] dy
/ kAT

Mk k
k. ||UHOO’
and then -
MF*B
|L¥|| < T k=12

It is clear that the right side converges to zero as k — oo, and thus (2.3.10)
is satisfied for m large enough. We can also use this result to construct
bounds for the solutions of (2.3.9), which we leave to Exercise 2.3.11. [

2.3.2 A perturbation result

An important technique in applied mathematics is to study an equation
by relating it to a “nearby” equation for which there is a known solvability
result. One of the more popular tools is the following perturbation theorem.

Theorem 2.3.5 Let V and W be normed spaces with at least one of them
being complete. Assume L € L(V,W) has a bounded inverse L= : W — V.
Assume M € L(V,W) satisfies

1
|IM—-L| < —— (2.3.12)
[
Then M : V. — W s a bijection, M~ € L(W,V) and
1271
MY < : (2.3.13)
L= [|L=H[ L — M|
Moreover,
LY L - M

L= LML — M

For solutions of the equations Lvy = w and Mvs = w, we have the bound
lor = va|| < [IMTHI (L — M) v ). (2.3.15)
Proof. We write M as a perturbation of L. If W is complete, we write

M=[I—-(L-M)LYL;
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whereas if V' is complete, we write
M=L[I—-LYL—-M).

Let us prove the result for the case W is complete.
The operator (L — M) L~! € L(W) satisfies

(L —M)L7Y < |- M| 7Y < 1.
Thus by the geometric series theorem, [I — (L — M) L~!]7! exists and

1 1
< :
L= [|(L = M) L= = 1= [L=Y L = M|

17— (L= M) L7 <

So M~ exists with
M =L —(L-M)L

and

fIH < HL71”
T 1= |ILTY L — M|

1= < LM = (L = M) L7

To prove (2.3.14), we write
L' -M't'=M*'M-L)L,
take norms and use (2.3.13). For (2.3.15), write
v —ve=L'-MHw=M* ' M-LY L 'w=M"*M-L)v

and take norms and bounds. O

The above theorem can be paraphrased as follows: An operator that is
close to an operator with a bounded inverse will itself have a bounded in-
verse. This is the framework for innumerable solvability results for linear
differential and integral equations, and variations of it are also used with
nonlinear operator equations.

The inequality (2.3.14) can be termed the local Lipschitz continuity of
the operator inverse. The bound (2.3.15) can be used both as an a priori
and an a posteriori error estimate, depending on the way we use it. First,
let us view the equation Lv = w as the exact problem, and we take a
sequence of approximation problems L,v, = w, n = 1,2,.... Assuming
the sequence {L, } converges to L, we can apply the perturbation theorem
to conclude that at least for sufficiently large n, the equation L,v, = w
has a unique solution v,, and we have the error estimate

[v = vnll < ILZHHIE — L) w]. (2.3.16)
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The consistency of the approximation is defined by the condition
(L = Ln)v| — 0,

whereas the stability is defined by the condition that {||L, ||}, 1arge is uni-
formly bounded. We see that consistency plus stability implies convergence:

||l —v,| — 0.

The error estimate (2.3.16) provides sufficient conditions for convergence
(and order error estimate under regularity assumptions on the solution v)
before we actually solve the approximation problem L,v, = w. Such an
estimate is called an a priori error estimate. We notice that usually an a
priori error estimate does not tell us quantitatively how small is the error.

Another way to use (2.3.15) is to view M v = w as the exact problem, and
L = M,, an approximation of M, n =1,2,.... Denote by v,, the solution of
the approximation equation M,v, = w; the equation is uniquely solvable
at least for sufficiently large n. Then we have the error estimate

lv = vl < [IMTHI(M = M) val.

Suppose we can estimate the term ||[M ~!||. Then after the approximate

solution v, is found, the above estimate offers a numerical upper bound for
the error. Such an estimate is called an a posteriori error estimate.

Example 2.3.6 We examine the solvability of the integral equation
1
Au(x) — / sin(zy)u(y)dy = f(z), 0<zx<1 (2.3.17)
0
with A # 0. From the discussion of the Example 2.3.2, if
1
Al > K] = / sin(y) dy = 1 — cos(1) ~ 0.4597, (2.3.18)
0

then for every f € C[0,1], (2.3.17) admits a unique solution u € C0, 1].

To extend the values of A for which (2.3.17) has a unique solution, we
apply the perturbation theorem. Since sin(zy) ~ xy for small values of |zy|,
we compare (2.3.17) with

Aov(z) —/0 zyov(y)dy = f(z), 0<z<1. (2.3.19)

In the notation of the perturbation theorem, equation (2.3.17) is Mu = f
and (2.3.19) is Lv = f. The normed space is V = C[0,1] with the norm
|| : HOO7 and LaM € ‘C(V)
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The integral equation (2.3.19) can be solved explicitly. From (2.3.19),
assuming A\ # 0, we have that every solution v takes the form

1

o(a) = 5 1/ (@) + cal

for some constant c. Substituting this back into (2.3.19) leads to a formula
for ¢, and then

v(z) =

1 ! _ 1
X {f(x)—l—m/o xyf(y)dy} 1f)\7é0,§. (2.3.20)
The relation (2.3.20) defines L1 f for all f € C|0, 1].

To use the perturbation theorem, we need to measure several quantities.
It can be computed that

1 1
IY< (14—
R |< +2A—1m>

and L
1
|IL— M| = / (y —siny) dy = cos(1) — 3~ 0.0403.
0
The condition (2.3.12) is implied by

1 1
Al <1+ 21\ — 1/3|> S cos() —1/2°

(2.3.21)

A graph of the left side of this inequality is given in Figure 2.1. If A is
assumed to be real, then there are three cases to be considered: A > 1/3,
0 <A< 1/3,and A < 0. For the case A < 0, (2.3.21) is true if and only if
A < Ag &~ —0.0881, the negative root of the equation

P (g—cosl> )\—% (COS].—%) =0.

As a consequence of the perturbation theorem, we have that if A < A,
then (2.3.17) is uniquely solvable for all f € C[0,1]. This is a significant
improvement over the negative portion of the condition (2.3.18). Bounds
can also be given on the solution u, but these are left to the reader, as are
the remaining two cases for . O

Exercise 2.3.1 Consider the integral equation

1
u(y) _
)\u(a:)—/o " dy=f(z), 0<z<1
for a given f € C0,1]. Show this equation has a unique continuous solution
if |A| is chosen sufficiently large. For such values of A, bound the solution u in
terms of || f||so-
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¢ = 1/(cos(1) - 0.5)

FIGURE 2.1. Graph of the left-hand side of inequality (2.3.21)

Exercise 2.3.2 Show that the integral equation

u(x) — /0 sinm(z —t) u(t) dt = f(x)

has a unique solution u € C0, 1] for any given f € C[0,1]. As an approximation
of the solution wu, use the formula (2.3.5) to compute usa.

Exercise 2.3.3 Let V and W be Banach spaces. Assume L € L(V,WW) has a
bounded inverse L™ : W — V and {Mx}xea C L(V,W) is a family of linear
continuous operators such that |My|| < e, VA € A. Define Ly = L + M,. Find
a condition on ¢ so that given f € W, for any A € A, the equation Lyuy = f
has a unique solution uy € V, and the iteration method: uo € V' chosen, and for
n=0,1,...,

Unsr = L7 (f = Maun),

converges to the solution uy.
Exercise 2.3.4 A linear continuous operator L is said to be nilpotent if for some
integer m > 1, L™ = 0. Show that if L is nilpotent, then (I — L)' exists. Find

a formula for (I — L)~ *.

Exercise 2.3.5 Complete the solvability analysis for Example 2.3.6.
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Exercise 2.3.6 Repeat the solvability analysis of Example 2.3.6 for the integral
equation

1
Au(z) — / u(y) arctan(zy) dy = f(z), 0<z<1.
0
Use the approximation based on the Taylor approximation
arctan(s) = s

for small values of s.

Exercise 2.3.7 Let V be a Banach space, L € £L(V'). Assume ||[I — L|| < 1. Show
that L has a bounded inverse, and

o]

L' =Y (I-1L).

=0

Exercise 2.3.8 Assume the conditions of the geometric series theorem are sat-
isfied. Then for any f € V, the equation (I — L)u = f has a unique solution
u € V. Show that this solution can be approximated by a sequence {u, } defined
by: uo € V, un = f 4+ Lun—1, n = 1,2,.... Derive an error bound for ||u — un||.

Exercise 2.3.9 Let f € C0, 1]. Show that the continuous solution of the bound-
ary value problem

[
Q\

O
I

flx), O0<z<1l,
u(0) =u(l) =0
is
1
u(e) = [ k9) 1) dy,

0
where the kernel function k(z,y) = min(z,y) (1 — max(x,y)). Let a € C|0,1].
Apply the geometric series theorem to show that the boundary value problem

—u(z) + alx)u(z) = f(z), 0<z<1,
u(0) =u(1) =0

has a unique continuous solution « if maxo<z<1 |a(z)| < ao is sufficiently small.
Give an estimate of the value ao.

Exercise 2.3.10 Let V and W be Banach spaces. Assume L € L(V,W) has a
bounded inverse L™ : W — V and M € L(V, W) satisfies

1

M =Ll < 57—
2Ll

For any f € W, the equation Lu = f has a unique solution v € V which is
approximated by the following iteration method: choose an initial guess uo € V
and define

Uni1 = Un + M (f — Lu,), n>0.
Prove the convergence u, — u as n — oo.

This iteration method is useful where it is much easier to compute M ~!g than
L 'gforgeW.
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Exercise 2.3.11 Recall the Volterra equation (2.3.9). Bound the solution u us-
ing Corollary 2.3.3. Separately, obtain a bound for u by examining directly the
convergence of the series

and relating it to the Taylor series for exp(M B).

2.4 Some more results on linear operators

In this section, we collect together several independent results which are
important in working with linear operators.

2.4.1 An extension theorem

Bounded operators are often defined on a subspace of a larger space, and
it is desirable to extend the domain of the original operator to the larger
space, while retaining the boundedness of the operator.

Theorem 2.4.1 (EXTENSION THEOREM) Let V' be a normed space, and let
V' denote its completion. Let W be a Banach space. Assume L € L(V,W).
Then there is a unique operator L € L(V, W) with

Iv=Lv YveV

and
ILllg w = I Lllv,w

The operator L s called an extension of L.

Proof. Given v € V, let {v,} C V with v, — v in V. The sequence {Lv,, }
is a Cauchy sequence in W by the following inequality

[ Lvntp = Lol < L]} [[on+p = vnl]-

Since W is complete, there is a limit L(v) € W. We must show that L
is well-defined (i.c., L(v) does not depend on the choice of the sequence
{vn}), linear and bounded.

To show L is well-defined, let v, — v and &, — v with {v,}, {o,} C V.
Then as n — oo,

| Lvp — Log|| < ||L|| lvn — Ol < L] (lvn — vl| + |n —v]|) — 0.

Thus {Lv,} and {Lv,} must have the same limit.
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To show the linearity, let u,, — v and v,, — v, and let o, 3 € K. Then
z(au—i—ﬂv) = lim L(au,+fv,) = lim (a Lu, + (5 Lv,) = aLu+ B Lv.

To show the boundedness, let v,, — v and {v,} C V. Then taking the
limit n — oo in

[Lonllw < ILlHvnllv = L] vnllg,

we obtain R
[Lollw < LI [v][5-

So L is bounded and
IILUHW

IZI| = < [IL]-
ozoe IVllp
To see that ||E||9 w = IIL|lv,w, we note
[ Lollw 1o w |Zo]lw
[L]lv,w = sup = s S = 1Ly w-
ozvev oy ozvev Ivllg ™~ oper vlp

To_show that L is unique, let L be another extension of L to V. Let
v €V and let v, — v, {v,} C V. Then

|Lv — Lvp||lw = | Lv — Lon|lw < |L|| [v = val| = 0 as n — occ.

This shows Lv, — Lv as n — o0. On the other hand, Lv, — Lv. So we
must have Lv = LU for any v € V. Therefore, L = L. O

There are a number of ways in which this theorem can be used. Often we
wish to work with linear operators which are defined and bounded on some
normed space, but the space is not complete with the given norm. Since
most function space arguments require complete spaces, the above theorem
allows us to proceed with our arguments on a larger complete space, with
an operator which agrees with our original one on the original space.

Example 2.4.2 Let V = C'[0, 1] with the inner product norm
[vll12 = (loll3 + [[v'13)2.

The completion of C'[0,1] with respect to | - |12 is the Sobolev space
H(0,1), which was introduced earlier in Example 1.3.7. (Details of Sobolev
spaces are given later in Chapter 7.) Let W = L?(0,1) with the standard
norm || - [|2.

Define the differentiation operator D : C'1[0,1] — L?(0,1) by

(Dv)(z) =v'(z), 0<z<1,veC0,1].
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‘We have
[Dvllz = [[v"]l2 < [|v]l1,2,

and thus
[Dllv,w < 1.

By the extension theorem, we can extend D to D € L(H'(0,1),L2%(0,1)),
the differentiation operator on H'(0,1). A more concrete realization of D
can be obtained using the notion of weak derivatives. This is also discussed

in Chapter 7. O

2.4.2  Open mapping theorem

This theorem is widely used in obtaining boundedness of inverse operators.
When considered in the context of solving an equation Lv = w, the theorem
says that existence and uniqueness of solutions for all w € W implies the
stability of the solution v, i.e., “small changes” in the given data w causes
only “small changes” in the solution v. For a proof of this theorem, see [58,
p. 91] or [250, p. 179].

Theorem 2.4.3 Let V' and W be Banach spaces. If L € L(V,W) is a
bijection, then L~' € LW, V).

To be more precise concerning the stability of the problem being solved,
let Lv =w and Lo = w. We then have

v—0=L"Yw—w),
and then
lo =0l < L7 lw — @]|.

As w—1 becomes small, so must v— 9. The term || L~|| gives a relationship
between the size of the error in the data w and that of the error in the
solution v. A more important way is to consider the relative changes in the
two errors:

lo ol _ IL 7 llw =l _ gy gy 0 =2
< P [0 it
o] o]l 1L ]l
Applying ||w|| < ||L|| ||v]|, we obtain
lv — o] - [w — ]|
< ILTHHIL : (2.4.1)
o] ]l

The quantity cond(L) = ||L~Y| ||L|| is called the condition number of the
equation, and it relates the relative errors in the data w and in the solution
v. Note that we always have cond(L) > 1 as

IL7HHIL > 1222 = |11 = 1.
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Problems with a small condition number are called well-conditioned, whereas
those with a large condition number ill-conditioned.

In a related vein, consider a problem Lv = w, L : V — W in which L is
bounded and injective, but not surjective. The inverse operator L~! exists
on the range R(L) C W. If L~! is unbounded on R(L) to V, we say the
original problem Lv = w is ill-posed or unstable. Such problems are not
considered in this text, but there are a number of important applications
(e.g. many indirect sensing devices) which fall into this category. Problems
in which L~! is bounded (along with L) are called well-posed or stable; they
can still be ill-conditioned, as was discussed in the preceding paragraph.

2.4.3 Principle of uniform boundedness

Another widely used set of results refer to the collective boundedness of a
set of linear operators.

Theorem 2.4.4 Let {L,} be a sequence of bounded linear operators from
a Banach space V' to a normed space W. Assume for every v € V, the
sequence {Lyv} is bounded. Then

sup || L, < oo.
n

This theorem is often called the principle of uniform boundedness; see
[58, p. 95] or [250, p. 172] for a proof and a more extended development.
We also have the following useful variant of this principle.

Theorem 2.4.5 (BANACH-STEINHAUS THEOREM) Let V' and W be normed
spaces with V' being complete, and let L, L, € L(V,W). Let V be a dense
subspace of V.. Then in order for Lo,v — Lv Yv € V, it is necessary and
sufficient that

(a) Lpv — Lo Yv € Vy; and

(b) sup,, || Ln|| < oo.

Proof. (=) Assume L,v — Lv for all v € V. Then (a) follows trivially;
and (b) follows from the principle of uniform boundedness.

(<) Assume (a) and (b). Denote B = sup,, || Ly||. Let v € V and € > 0. By
the denseness of V4 in V, there is an element v. € Vj such that

€
_ < -
lo=vell < iz, By
Then
|ILv — Lyl < ||Lv — Lve|| + || Lve — Lypve|| + || Lnve — Lo

Lo = vell + | Lve = Lvel| + | Ln]| [[ve = v]]

2
?6 + || Lve — Love|.

IA

IN
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Using (a), we can find a natural number n. such that

|Lve — Lpve|| < n > Ne.

€
3’
Combining these results,

|ILv — Lyv|| <€, n>n.

Therefore, L,v — Lv as n — oo. O

Next, we apply Banach-Steinhaus theorem to discuss the convergence of
numerical quadratures (i.e., numerical integration formulas).

2.4.4  Convergence of numerical quadratures

As an example, let us consider the convergence of numerical quadratures
for the computation of the integral

Lv= /Olw(x)v(x) da,

where w is a weighted function, w(z) > 0, w € L'(0,1). There are several
approaches to constructing numerical quadratures. One popular approach
is to replace the function v by some interpolant of it, denoted here by Ilv,
and then define the corresponding numerical quadrature by the formula

/01 w(z) Mv(z) dz.

The topic of function interpolation is discussed briefly in Section 3.2. If ITv is
taken to be the Lagrange polynomial interpolant of v on a uniform partition
of the integration interval and the weight function w(z) = 1, the resulting
quadratures are called Newton-Cotes integration formulas. It is well-known
that high degree polynomial interpolation on a uniform partition leads to
strong oscillations near the boundary of the interval and hence divergence
of the interpolation in many cases. Correspondingly, one cannot expect the
convergence of the Newton-Cotes integration formulas. To guarantee the
convergence, one may use the Lagrange polynomial interpolant ITv of v on
a properly chosen partition with more nodes placed near the boundary,
or one may use a piecewise polynomial interpolant on a uniform partition
or a partition suitably refined in areas where the integrand wwv changes
rapidly. With the use of piecewise polynomial interpolants of v, we get
the celebrated trapezoidal rule (using piecewise linear interpolation) and
Simpson’s rule (using piecewise quadratic interpolation).

A second popular approach to constructing numerical quadratures is by
the method of undetermined parameters. We approximate the integral by a
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sequence of finite sums, each of them being a linear combination of some
function values (and more generally, derivative values can used in the sums
as well). In other words, we let

Lv~ L,v= ngn)v(xgn)) (2.4.2)
=0

and choose the weights {wl(") ", and the nodes {xgn)}?:o C [0, 1] by some
specific requirements. Some of the weights and nodes may be prescribed
a priori according to the context of the applications, and the remaining
ones are usually determined by requiring the quadrature be exact for poly-
nomials of degree as high as possible. If none of the weights and nodes is
prescribed, then we may choose these 2n + 2 quantities so that the quadra-
ture is exact for any polynomial of degree less than or equal to 2n + 1. The
resulting numerical quadratures are called Gaussian quadratures.

Detailed discussions of numerical quadratures (for the case when the
weight function w = 1) can be found in [15, Section 5.3]. Here we study
the convergence of numerical quadratures in an abstract framework.

Let there be given a sequence of quadratures

Lyv = ngn)v(x(»n)), (2.4.3)

where 0 < x(()") < x:(ln) << x;") < 1is a partition of [0, 1]. We regard L,

as a linear functional (i.e. a continuous linear operator with scalar values,
see next section) defined on C[0,1] with the standard uniform norm. It is
straightforward to show that

Lol = ™, (2.4.4)
1=0

and this is left as an exercise for the reader.

As an important special case, assume the quadrature scheme L,, has a
degree of precision d(n), i.e. the scheme is exact for polynomials of degree
less than or equal to d(n),

L,v=Lv Yve Pd(n)

Here P4y, is the space of all the polynomials of degree less than or equal
to d(n), and we assume d(n) — oo as n — oo. Note that the subspace Vj
of all the polynomials is dense in V' = ([0, 1]. Then an application of the
Banach-Steinhaus theorem shows that L,v — Lv for any v € C0, 1] if and
only if

supz \wgn)\ < 0.

" i=0
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Continuing the discussion on the convergence of numerical quadratures,
we assume all the conditions stated in the previous paragraph are valid.
Additionally, we assume the weights wz(") > 0. Then it follows that L,v —
Lo for any v € C[0,1] (Exercise 2.4.3).

From the point of view of numerical computations, it is important to have
non-negative quadrature weights to avoid round-off error accumulations. It
can be shown that for the Gaussian quadratures, all the quadrature weights
are non-negative; and if the weight function w is positive on (0, 1), then
the quadrature weights are positive. See [15, Section 5.3] for an extended
discussion of Gaussian quadrature.

In the above discussion, we consider the situation where the degree of
precision of the integration formula is increasingly large. Another situation
we can consider is where the degree of precision of the integration formula
does not increase and the integration formulas integrate exactly piecewise
low degree polynomials corresponding to more and more integrating nodes;
see Exercise 2.4.5 for such an example.

Exercise 2.4.1 Assume V is a Banach space with either of two norms || - [|1 and
| - |2 Suppose for some constant ¢ > 0,

lollz <cllv]i Vo eV

Show that the two norms are equivalent.
Exercise 2.4.2 Prove the formula (2.4.4).

Exercise 2.4.3 Consider the quadrature formula (2.4.3). Assume all the weights
w§") are non-negative and the quadrature formula is exact for polynomials of
degree less than or equal to d(n) with d(n) — oo as n — oo. Prove the convergence

of the quadrature: L,v — Luv, for all v € C[0, 1].
Exercise 2.4.4 Let V and W be two Banach spaces. Assume {L,} C L(V,W)

is such that for any v € V,
lim L,(v) = L(v)

n—oo

exists. Show that L € £(V, W) and

| L|| < liminf || Ly ||

Hint: Apply the principle of uniform boundedness (Theorem 2.4.4) on the oper-
ator sequence {Ly}.

Exercise 2.4.5 A popular family of numerical quadratures is constructed by

approximating the integrand by its piecewise polynomial interpolants. We take
the composite trapezoidal rule as an example. The integral to be computed is

Lv = /01 v(z) dz.
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We divide the interval [0, 1] into n equal parts, and denote z; = i/n, 0 < i < n,
as the nodes. Then we approximate v by its piecewise linear interpolant II,v
defined by

Mav(z) =n(xs —x)v(zict) +n(x — xi—1) v(xs)

for ;-1 < x < x;, 1 <i<n. Then the composite trapezoidal rule is

Lpv = /0 M,v(z)de = % [%U(xo) + i v(zs) + %U(l’n)

Show that L,v — Lv for any v € C0, 1].
Using piecewise polynomials of higher degrees based on non-uniform partitions
of the integration interval, we can develop other useful numerical quadratures.

Exercise 2.4.6 In the formula (2.4.1), show that the inequality can be made as
close as desired to equality for suitable choices of v and v. More precisely, show

tht lo =3l . Jlw—a]
v —v w —w _
sup( - ) T
e A AT ol

Exercise 2.4.7 Let the numerical integration formula L,v of (2.4.2) be the
Newton-Cotes formula that is described earlier in Subsection 2.4.4. It is known
that there are continuous functions v € C|0, 1] for which L,v 4 Lv as n — oo.
Accepting this, show that
supz ’wf")
" =0

= 0.

Moreover, show
ngn) =1
i=0

These results imply that the quadrature weights must be of varying sign and that
they must be increasing in size as n — co.

2.5 Linear functionals

An important special case of linear operators is when they take on scalar
values. Let V' be a normed space, and W = K the set of scalars associated
with V. The elements in £(V,K) are called linear functionals. Since K is
complete, £(V,K) is a Banach space. This space is usually denoted as V'
and it is called the dual space of V. Usually we use lower case letters, such
as £, to denote a linear functional.

In some references, the term linear functional is used for the linear oper-
ators from a normed space to K, without the functionals being necessarily
bounded. In this work, since we use exclusively linear functionals which
are bounded, we use the term “linear functionals” to refer to only bounded
linear functionals.
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Example 2.5.1 Let © C R? be a bounded open set. It is a well-known
result that for 1 < p < oo, the dual space of LP()) can be identified with
L? (). Here p’ is the conjugate exponent of p, defined by the relation

+—==1

1
v

K=

By convention, p’ = oo when p = 1. In other words, given an ¢ € (L?(Q))’,
there is a function u € LP (), uniquely determined a.e., such that

L(v) = / u(x)v(z)dr Vove LP(Q). (2.5.1)
Q
Conversely, for any u € L?' (Q), the rule
v — / u(x)v(z)de, ve LP(Q)
Q

defines a bounded linear functional on LP(Q2). It is convenient to identify
e (LP(2)) and u € LP (), related as in (2.5.1). Then we write

(LP(Q)) = L' (Q), 1<p< co.

When p = 2, we have p’ = 2. This special case is examined later in Example
2.5.9 from another perspective. For p = oo, p’ = 1. The dual space of
L>(£)), however, is larger than the space L!(). O

All the results discussed in the previous sections for general linear op-
erators certainly apply to linear functionals. In addition, there are useful
results particular to linear functionals only.

2.5.1 An extension theorem for linear functionals

We have seen that a bounded linear operator can be extended to the closure
of its domain. It is also possible to extend linear functionals defined on an
arbitrary subspace to the whole space.

Theorem 2.5.2 (HAHN-BANACH THEOREM) Let Vy be a subspace of a
normed space V', and £ : Vo — K be linear and bounded. Then there exists
an extension £ € V' of £ with £(v) = £(v) Vv € Vo, and ||£]| = ||4]].

A proof can be found in [58, p. 79] or [250, p. 4]. This theorem can be
proved by applying the Generalized Hahn-Banach Theorem, Theorem 2.5.5
(Exercise 2.5.1). Note that if V; is not dense in V, then the extension need
not be unique.
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Example 2.5.3 This example is important in the analysis of some numer-
ical methods for solving integral equations. Let V' = L°°(0,1). This is the
space of all cosets (or equivalence classes)

v = [v] = {w Lebesgue measurable on [0,1] | w = v a.e. in [0, 1]}

for which
[[V]loo = ||V|loo = esssup|v(x)] < co. (2.5.2)
0<a<1

With this norm, L>°(0,1) is a Banach space.

Let Vo be the set of all cosets v = [v], where v € C]0,1]. It is a proper
subspace of L>°(0,1). When restricted to Vj, the norm (2.5.2) is equivalent
to the usual norm || - [l on C[0,1]. It is common to write Vo = C[0, 1];
but this is an abuse of notation, and it is important to keep in mind the
distinction between Vg and C[0, 1].

Let ¢ € [0, 1], and define

Le([v]) =v(e) Yove C[0,1]. (2.5.3)
The linear functional ¢.([v]) is well-defined on Vj. From
L[] = [o(e)] < [[vlloc = [[V]lo, v = [0],

we see that |[£.]] < 1. By choosing v € C[0,1] with v(c) = ||v]|c0, we then
obtain
[ell = 1.

Using Hahn-Banach Theorem, we can extend £, to ¢, : L°(0,1) — K with
[€cll = [l€c]l = 1.

The functional /. extends to L°°(0,1) the concept of point evaluation of a
function, to functions which are only Lebesgue measurable and which are
not precisely defined because of being members of a coset.

Somewhat surprisingly, many desirable properties of /. are carried over
to /.. These include the following.

e Assume [v] € L>°(0,1) satisfies m < v(z) < M for almost all = in
some open interval about c¢. Then m < .([v]) < M.

e Assume c is a point of continuity of v. Then

lim £,([v]) = v(c).
These ideas and properties carry over to L (D), with D a closed, bounded
set in R?, d > 1, and ¢ € D. For additional detail and the application of
this extension to numerical integral equations, see [22]. O
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In some applications, a stronger form of the Hahn-Banach Theorem is
needed. We begin by introducing another useful concept for functionals.

Definition 2.5.4 A functional p on a real vector space V is said to be
sublinear if

p(u+v) <p(u)+pv) Yu,veV,
plav) = apv) YoeV,Va>0.

We note that a semi-norm is a sublinear functional. A proof of the fol-
lowing result can be found in [58, p. 78] or [250, p. 2|.

Theorem 2.5.5 (GENERALIZED HAHN-BANACH THEOREM) Let V' be a
linear space, Vo C V a subspace. Suppose p : V. — R is a sublinear func-
tional and £ : Vo — R a linear functional such that ¢(v) < p(v) for all
v € Vy. Then £ can be extended to V' such that £(v) < p(v) for allv e V.

Note that p(v) = c||v||v, ¢ a positive constant, is a sublinear functional
on V. With this choice of p, we obtain the original Hahn-Banach Theorem.
Another useful consequence of the generalized Hahn-Banach Theorem is
the following result, its proof being left as Exercise 2.5.2.

Corollary 2.5.6 Let V' be a normed space. For any 0 # v € V, there exists
L, € V' such that ||€,]| =1 and £,(v) = ||v]|.

We can use Corollary 2.5.6 to characterize the norm in a normed linear
space.

Corollary 2.5.7 Let V' be a normed space. Then for any v € V,
[v]] = sup{[é(v)| | £ € V", l€] = 1}. (2.5.4)

Proof. The result is obvious for v = 0. Assume v # 0. For any £ € V'’ with
[I4]] = 1, we have
(@) < Nl o]l = [lo]l-

By Corollary 2.5.6, we have an ¢,, € V' with ||£,|| = 1 such that £,(v) = ||v]|.
Hence, the equality (2.5.4) holds. O

2.5.2  The Riesz representation theorem

On Hilbert spaces, linear functionals are limited in the forms they can take.
The following theorem makes this more precise; and the result is one used
in developing the solvability theory for some important partial differential
equations and boundary integral equations. The theorem also provides a
tool for introducing the concept of the adjoint of a linear operator in the
next section.



2.5 Linear functionals 83

Theorem 2.5.8 (RIESZ REPRESENTATION THEOREM) Let V' be a real or
complex Hilbert space, £ € V'. Then there is a unique u € V' for which

L(v) = (v,u) YveV. (2.5.5)

In addition,
1]l = . (2.5.6)

Proof. Assuming the existence of u, we first prove its uniqueness. Suppose
u € V satisfies
L) = (v,u) = (v,u) YveV.
Then
(v,u—a)=0 YveV.
Take v = u — @. Then ||u — @] = 0, which implies u = 4.
We give two derivations of the existence of u, both for the case of a real

Hilbert space.
STANDARD PROOF OF EXISTENCE. Denote

N=N() ={veV]|iv) =0,

which is a subspace of V. If N = V| then ||¢|| = 0, and we may take u = 0.
Now suppose N # V. Then there exists at least one vy € V such that
l(vg) # 0. It is possible to decompose V as the direct sum of N and N+
(see Section 3.6). From this, we have the decomposition vy = v1 + vy with
vy € N and vy € N*. Then £(vy) = £(vg) # 0.
For any v € V, we have the property

(o190 2o

£(v)
{(v2)

and in particular, it is orthogonal to wvo:

(” - ;&)) ) -0

f0) = (01 )

[v2]

Thus

vy € N,

ie.,

In other words, we may take u to be [((v2)/||v2]?]v2.
PROOF USING A MINIMIZATION PRINCIPLE. From Theorem 3.3.12 in
Chapter 3, we know the problem

T
inf [5 101 - 00)
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has a unique solution v € V. The solution u is characterized by the relation
(2.5.5).

We complete the proof of the theorem by showing (2.5.6). From (2.5.5)
and the Schwarz inequality,

()] < [lull lvll Vv eV

Hence

1l < flfl-
Let v = w in (2.5.5). Then

U(u) = [[ull?
and

el = sup L KL
vro llll T [lull

Therefore, (2.5.6) holds. O

This theorem seems very straightforward, and its proof seems fairly sim-
ple. Nonetheless, this is a fundamental tool in the solvability theory for
elliptic partial differential equations, as we see later in Chapter 8.

Example 2.5.9 Let  C R? be open bounded. V = L?(€) is a Hilbert
space. By the Riesz representation theorem, there is a one-to-one correspon-
dence between V' and V' by the relation (2.5.5). We can identify ¢ € V'
with u € V related by (2.5.5). In this sense, (L?(Q)) = L*(Q). O

For the space L?(Q), the element u in (2.5.5) is almost always immedi-
ately apparent. But for spaces such as the Sobolev space H'(a,b) intro-
duced in Example 1.3.7 of Chapter 1, the determination of u of (2.5.5) is
often not as obvious. As an example, define ¢ € (H'(a,b))’ by

{(v) =v(c), ve HY(a,b) (2.5.7)
for some ¢ € [a,b]. This linear functional can be shown to be well-defined

(Exercise 2.5.5). From the Riesz representation theorem, there is a unique
u € H*(a,b) such that

b
/ [u/(z) v () + u(x) v(x)] dz = v(c) Yve H'(a,b). (2.5.8)

The element u is the generalized solution of the boundary value problem

—u" +u=46(x—c) in (a,b),
u'(a) = u'(b) =0,
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where §(z — ¢) is the Dirac d-function at ¢. This boundary value problem
can be written equivalently as

—u"+u=0 in (a,c) U (c,b),
u'(a) = u'(b) =0,
u(c—) = ufc+),
w(e—=) —u(ct+) =1

Exercise 2.5.1 Use Theorem 2.5.5 to prove Theorem 2.5.2.
Hint: Take p(v) = ||€]| ||v]l-

Exercise 2.5.2 Prove Corollary 2.5.6.

Exercise 2.5.3 Let us discuss the Riesz representation theorem for a finite-
dimensional inner product space. Suppose £ is a linear functional on R?. Show
directly the formula

((z) = (x,1) YaeR"

Determine the vector I € RZ.

Exercise 2.5.4 Suppose {e;}72; is an orthonormal basis of a real Hilbert space
V. Show that the element u € V satisfying (2.5.5) is given by the formula

o]

u = Z lej)e;.
j=1
Exercise 2.5.5 Show that the functional defined in (2.5.7) is linear and bounded
on H'(a,b).
Hint: Use the following results. For any f € H'(a,b), f is continuous on [a, b],
and therefore,

for some ¢ € (a,b). In addition,
1) =1©)+ [ @)z,
¢
Exercise 2.5.6 Find the function u of (2.5.8) through the boundary value prob-
lem it satisfies.

2.6 Adjoint operators

The notion of an adjoint operator is a generalization of the matrix transpose
to infinite dimensional spaces. First let us derive a defining property for the
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matrix transpose. Let A € R™*" which is viewed as a linear continuous
operator from R” to R™. We use the conventional Euclidean inner products
for the spaces R™ and R™. Then

yTAx = (Az,y)gm, xT ATy = (x,ATy)p. Va cR", ycR™

Since yT Az is a real number, y? Az = (y? Ax)T = 27 ATy. We observe
that the transpose (or adjoint) A7 is uniquely defined by the property

(Az,y)gm = (¢, ATy)gn Vx €R", y € R™.

Turning now to the general situation, assume V and W are Hilbert
spaces, L € L(V,W). Let us use the Riesz representation theorem to define
a new operator L* : W — V called the adjoint of L. For simplicity, we
assume in this section that K = R for the set of scalars associated with W
and V. Given w € W, define a linear functional £,, € V' by

Ly(v) = (Lv,w)yw Yo eV
This linear functional is bounded because
1w (V)| < [ILol ]l < [IZ] o] [[w]]

and so
1wl < L fl2w]]-

By the Riesz representation theorem, there is a uniquely determined ele-
ment, denoted by L*(w) € V such that

Ly(v) = (v, L*(w)) YveV.

We write
(Lv,w)w = (v, L*(w))y VveV,weW.

We first show that L* is linear. Let wy,wy € W, and consider the linear
functionals

l1(v) = (Lv,w)w = (v, L*(w1))v,
la(v) = (Lo, we)w = (v, L*(w2))v

for any v € V. Add these relations,
(Lv,wy + wa)w = (v, L*(w1) + L*(w2))y VveV.

By definition,
(Lv,wy + wa)w = (v, L* (w1 + w2))v;
SO
(v, L™ (w1 + w2))y = (v, L*(w1) + L*(w2))y Vv eV.
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This implies
L*(wl —|—w2) = L*(wl) + L*(’wg)

By a similar argument, for any o € R, any w € W,
L*(aw) = aL*(w).
Hence L* is linear and we write L*(w) = L*w, and the defining relation is
(Lv,w)w = (v, L*w)y Yv eV, weW. (2.6.1)
Then we show the boundedness of L*. We have
1L w] = [[wll < (L] lw] Vw e W.

Thus
2 < L]l (2.6.2)

and L* is bounded. Let us show that actually the inequality in (2.6.2) can
be replaced by an equality. For this, we consider the adjoint of L*, defined
by the relation

(L*w,v)y = (w, (L") *v)w YveV,weW.
Thus
(w, (L") 0)w = (w, Lv)w YveV,weW.

By writing this as (w, (L*)*v — Lv)w = 0 and letting w = (L*)*v — Lv, we
obtain
(L*Yv=Lv YvelV.

Hence
(L*)* = L. (2.6.3)
We then apply (2.6.1) to L* to obtain

LA = 1)< L7
Combining this with (2.6.2), we have
IL*[F = [[L]]- (2.6.4)

From the above derivation, we see that for a continuous linear operator
between Hilbert spaces, the adjoint of its adjoint is the operator itself.

In the special situation V =W and L = L*, we say L is a self-adjoint
operator. When L is a self-adjoint operator from R™ to R", it is represented
by a symmetric matrix in R™"*". Equations of the form Lv = w with L self-
adjoint occur in many important physical settings, and the study of them
forms a large and important area within functional analysis.
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Example 2.6.1 Let V = W = L?(a,b) with the real numbers as scalars
and the standard norm || - ||2. Consider the linear integral operator

b
Ko@) = [ Kooy, a<o<o,

where the kernel function satisfies the condition
R 1/2
/ / |k(x,y)|*dx dy] < 0.

2
dx

B =

For any v € L?(a,b),

ol = | b
</ b [ / bk(m,ywdyl [ / bv<y>2dy] da

= B|lv]3.

b
/ ke, y) o(y) dy

Thus,
[Kvlla < Bllolla Vv e L(a,b),

and then
K| < B.

Hence we see that K is a continuous linear operator on L?(a,b).
Now let us find the adjoint of K. By the defining relation (2.6.1),

(v, K*w) = (Kv,w)

-/ () [ / ko) o) dy] dx
- /ab V;k(%y)w(x) dx} v(y) dy

for any v,w € L?(a,b). This implies

b
K*v(y) :/ k(z,y)v(z)de Yo € L*(a,b).

The integral operator K is self-adjoint if and only if k(z,y) = k(y,x). O

Given a Hilbert space V, the set of self-adjoint operators on V form a
subspace of L(V). Indeed the following result is easy to verify.
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Proposition 2.6.2 If L1, Ly € L(V) are self-adjoint, then for any real
scalars ay and aa, the operator ay Ly + as Ly is self-adjoint.

Proof. From Exercise 2.6.1, we have

(1 L1 + aslo)* = an L] + ao L.
Since L; and Lo are self-adjoint,

(L1 + aolo)” = a1 Ly + aa L.
Hence oy L1 + asLs is self-adjoint. O
Proposition 2.6.3 Assume L1, Ly € L(V) are self-adjoint. Then LiLoy is
self-adjoint if and only if L1 Lo = LoL;.
Proof. Since Ly and Ly are self-adjoint, we have

(L1 Lou,v) = (Lou, L1v) = (u, LoLyv) Yu,v e V.

Thus
(L1Lo)* = LoLs.

It follows that LqLs is self-adjoint if and only if L1Ly = LoLq is valid. O

Corollary 2.6.4 Suppose L € L(V) is self-adjoint. Then for any non-
negative integer n, L™ is self-adjoint (by convention, L° = I, the identity
operator). Consequently, for any polynomial p(x) with real coefficients, the
operator p(L) is self-adjoint.

We have a useful characterization of the norm of a self-adjoint operator.

Theorem 2.6.5 Let L € L(V) be self-adjoint. Then

IL|| = sup |(Lv,v)]. (2.6.5)

lloll=1

Proof. Denote M = sup, =y [(Lv,v)|. First for any v € V, [jv]| = 1, we
have
(L, 0)| < [|Lof| [[o]| < [IL].

So
M < ||L|. (2.6.6)

Now for any u,v € V, we have the identity

(Lu,v) = = [(L(u+v),u +v) — (L(u — v),u — v)].

W] =
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Thus

M
(Lu,0) < =

M
(Il 11 + = vl%) = 5= (lull? + [|o]%)-

For v € V with Lu # 0, we take v = (||u|| /|| Lu||) Lu in the above inequality
to obtain
lull [ Lull < M |ull,

ie.,
[ Lull < M |Jul.

Obviously, this inequality also holds if Lu = 0. Hence,
[Lul| < M [lul| VueV,
and we see that ||L|| < M. This inequality and (2.6.6) imply (2.6.5). O

Exercise 2.6.1 Prove the following properties for adjoint operators.

(11 + aslo)” = a1 L] + a2L3, a1, as real,
(Li1L2)* = L5L7,
(L") = L.

Exercise 2.6.2 Define K : L?(0,1) — L?(0,1) by

Kf(z) = /0 k@) f@)dy, 0<z<1, feL?0,1),

with k(z,y) continuous for 0 < y < z < 1. Show K is a bounded operator. What
is K*? To what extent can the assumption of continuity of k(z,y) be made less
restrictive?

Exercise 2.6.3 The right-hand side of (2.6.5) defines a quantity |||L||| for a
general linear continuous operator L € L£(V). Prove the inequality

| (L, 0)| < [ILL{[ | e o]

Hint: First consider the case ||[u|| = ||v|| = 1.

2.7 Weak convergence and weak compactness

We recall from Definition 1.2.8 that in a normed space V', a sequence {uy, },
is said to converge to an element u € V' if

lim ||u, —ul| = 0.
n—oo

Such convergence is also called strong convergence or convergence in norm.
We write u,, — u in V as n — oo to express this convergence property.
In this section, we introduce convergence in a weak sense.
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Definition 2.7.1 Let V be a normed space, V' its dual space. A sequence
{un} C V converges weakly to u € V if

l(up) — L(u) asn— oo, VLe V'
In this case, we write u, — u as n — 0.

From the definition, it is easy to see that strong convergence implies weak
convergence.

Proposition 2.7.2 Let V be a normed space, and assume {u,} converges
weakly to w in V. Then

sup ||up|| < oo.
n

Proof. From the sequence {u,} C V, we define a sequence {u}} C (V')
by

up(0) = Ll(uy) YLEV'.
Then {u} is a sequence of bounded linear operators defined on the Ba-
nach space V', and for every £ € V', the sequence {u}(¢)} is bounded

since u (£) = £(uy) converges. By the principle of uniform boundedness
(Theorem 2.4.4), we know that

sup |lur || < oo.
n

Apply Corollary 2.5.7, for any n,

[unll = sup{|€(un)| | £ € V', || = 1}
= sup{[uy(O)] | L€ V', || =1}
< lup -
Hence, sup,, ||un|| < sup,, ||uk|l < co. O

Thus, a weakly convergent sequence must be bounded.

Example 2.7.3 Let f € L?(0,27). Then we know from Parseval’s equality
(1.3.10) that the Fourier series of f converges in L%(0,27). Therefore the
Fourier coefficients converge to zero, and in particular,

27
(z) sin(nz)dz — 0 Vfec L*0,27).
0

This result is known as the Riemann-Lebesgue Lemma. Thus the sequence
{sin(nz)},>1 converges weakly to 0 in L?(0,2 ). But certainly the sequence
{sin(nz)},>1 does not converge strongly to 0 in L?(0,2). O
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Strong convergence implies weak convergence, but not vice versa as Ex-
ample 2.7.3 shows, unless the space V is finite-dimensional. In a finite-
dimensional space, it is well-known that a bounded sequence has a conver-
gent subsequence (see Theorem 1.6.2). In an infinite-dimensional space, we
expect only a weaker property; but even the weaker property is still useful
in proving many existence results.

In the proof of Proposition 2.7.2, we have used the bidual V" = (V').
The bidual V" of a normed space V is the dual of its dual V'’ with the
corresponding dual norm. The mapping J : V — V" through the relation

<J1},€>VH><V/ = <f,’U>V/><V Yove V, Vi e V/

defines an isometric isomorphism between V' and J(V') C V. The isometry
refers to the equality

| Jol|yr = ||v]lv YoveV.

This equality is proved as follows: Easily, ||Jv|lyv» < |[v]v, and by an
application of Corollary 2.5.6, ||Jv||v» > ||v]v. We identify J(V') with V.

Definition 2.7.4 A normed space V' is said to be reflexive if (V') =V.

An immediate consequence of this definition is that a reflexive normed
space must be complete (i.e. a Banach space). By the Riesz representation
theorem, it is relatively straightforward to show that any Hilbert space is
reflexive.

The most important property of a reflexive Banach space is its weak com-
pactness, given in the next theorem. It is fundamental in the development
of an existence theory for abstract optimization problems (see Section 3.3).
A proof is given in [58, p. 132] and [250, p. 64].

Theorem 2.7.5 A Banach space V' is reflexive if and only if any bounded
sequence in 'V has a subsequence weakly converging to an element in V.

Let Q € R? be open and bounded. Recall from Example 2.5.1 that for
p € (1,00), the dual space of LP(2) is LP (), where p’ is the conjugate of
p defined by the relation 1/p’ + 1/p = 1. Therefore,

(@) = (' (@) = @),

ie., if p € (1,00), then the space LP(Q) is reflexive. Consequently, the above
theorem implies the following: If {u,} is a bounded sequence in L?(), i.e.
sup,, [[un|lLr (o) < 0o, then we can find a subsequence {u, } C {u,} and a
function v € L?(Q2) such that

lim Up () v(x) doe = / w(x)v(x)de Yve LP (Q).

n’—oo [o Q
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The space L(Q) is not reflexive since (L1(£2))" = L>(Q), but (L>(Q))’
strictly contains L'(Q)) (Example 2.5.1). To state a result on weak com-
pactness of the space L'(£2), we need the concept of uniform integrability.
We say a set U C L1(R) is uniformly integrable if U is bounded and for any
€ > 0, there is a § = 0(g) > 0 such that for any measurable subset {23 C 2
with measure |21]| < d, we have

sup/ |v(x)| de < e.
Q

velU

Then from Dunford-Pettis theorem ([26, Subsection 2.4.5]), U is uniformly
integrable if and only if each sequence {uy, },, C U has a subsequence {u, }/
converging weakly to some element u € L*(Q):

lim U () v(x) do = / u(xz)v(x)dr VYve L®(Q).

n’—oo Q Q

A necessary and sufficient condition for U C L'(Q) to be uniformly inte-
grable is that there exists a function f : [0,00) — [0, 00) such that

fs) —ooas s — oo, and supinf f(Jv(x)|)dr < co.
S veU §

Finally, we introduce the concepts of strong convergence and weak-* con-
vergence of a sequence of linear operators.

Definition 2.7.6 Let V and W be normed spaces. A sequence of linear op-
erators {Ly} from V to W is said to converge strongly to a linear operator
L:V—->Wif

lim ||L — L,|| = 0.

n—oo

In this case, we write L, — L as n — oo. We say {L,} converges weak-*
to L and write L,, —* L if

lim L,v=Lv VYveV.

n—0oo
We also say {Ly} converges pointwise to L on V.

For a reflexive Banach space V', a sequence {L,,} C V' converges weak-*
to L if and only if the sequence converges weakly to L in V.

We end this section with the following equivalent definitions of weak
convergence in LP(Q) for 1 < p < oo and weak-* convergence in L>(): a
sequence {uy }n, C LP(2) weakly converges to u € LP(Q) if

lim [ w,(x)v(x)de = / w(z)v(z)de Yo e L (Q);
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a sequence {unt, C L(Q) weakly-* converges to u € L>°(Q) if

lim [ w,(x)v(x)de = / u(z)v(z)de Yve LYQ).

Exercise 2.7.1 Consider the linear operators from Cla, b] to R defined by

Lv = /abv(w)dw

and

b—a— b—a
Lpv = ; s :1,2,....
v ” E v<a+ o z) n

i=1
We recognize that {L,v} is a sequence of Riemann sums for the integral Lv.
Show that L, —* L but L, /4 L.

Exercise 2.7.2 If u, — u, then
lu]] < liminf ||u,||.
Show by an example that in general,

||l # liminf ||u,]|.
n—oo

Exercise 2.7.3 Show that in an inner product space,

Up — U <=  up = uand ||un| — ||y

Exercise 2.7.4 The equivalence stated in Exercise 2.7.3 can be extended to a
class of Banach spaces known as uniformly convex Banach spaces. A Banach space
V is said to be uniformly convex if for any sequence {u,} C V and {v,} C V
such that ||un|| = ||vn]|| = 1 for any n, the following implication holds as n — oo:

lan +vall =2 = Jlun = vall = 0.

(a) Show that a Hilbert space is uniformly convex.

(b) Apply the Clarkson inequalities (1.5.5) and (1.5.6) to show that LP(Q), 1 <
p < 00, is uniformly convex.

(¢) Show that in a uniformly convex Banach space,

Up U <= U, —uand [[u,]] — |Ju].

Hint: For the “<” part, consider w,/||u,|| and u/||lu||, and note that w, /||u,| —

u/|ull

Exercise 2.7.5 Recall the following Riemann-Lebesgue Theorem ([61, Theo-
rem 2.1.5]): Let 1 < p < oo and Q = (a1,b1) X --- X (aq,bq) for real num-
bers a; < b;, 1 < i < d. For any u € LP(Q), extend it by periodicity from Q
to R and define a sequence of functions {un}n>1 by un(2) = u(nzx). Denote
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U = [, u(x)dr/meas(Q) for the mean value of u over Q. Then u, — u in LP(Q)
if 1 <p<oo,and u, =" win L>(Q) if p = oo.

Apply this result to determine the weak limits of the following sequences:
{sinnz}n,>1 C LP(0,7); {sinnz},>1 C LP(0,7/2); {sin®nz},>1 C LP(0,2n);
{un(z)}n>1 C LP(0,1) with un(z) = u(nz) and u is a piecewise constant function:
u(z) = ¢ for x € ((i —1)/m,i/m), 1 <i < m.

2.8 Compact linear operators

When V is a finite dimensional linear space and A : V' — V is linear,
the equation Au = w has a well-developed solvability theory. To extend
these results to infinite dimensional spaces, we introduce the concept of a
compact operator K and then we present a theory for operator equations
Au = w in which A = I — K. Equations of the form

u—Ku=Ff (2.8.1)

are called “equations of the second kind”, and generally K is assumed to
have special properties. The main idea is that compact operators are in
some sense closely related to finite-dimensional operators, i.e. operators
with a finite-dimensional range. If K is truly finite-dimensional, in a sense
we define below, then (2.8.1) can be reformulated as a finite system of
linear equations and solved exactly. If K is compact, then it is close to
being finite-dimensional; and the solvability theory of (2.8.1) is similar to
that for the finite-dimensional case.
In the following, recall the discussion in Section 1.6.

Definition 2.8.1 Let V' and W be normed spaces, and let K : V. — W
be linear. Then K is compact if the set {Kv | ||[v|ly < 1} has compact
closure in W. This is equivalent to saying that for every bounded sequence
{vn} C V, the sequence {Kv,} has a subsequence that is convergent to
some point in W. Compact operators are also called completely continuous
operators.

There are other definitions for a compact operator, but the above is
the one used most commonly. In the definition, the spaces V and W need
not be complete; but in virtually all applications, they are complete. With
completeness, some of the proofs of the properties of compact operators
become simpler, and we will always assume V and W are complete (i.e.
Banach spaces) when dealing with compact operators.
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2.8.1 Compact integral operators on C(D)

Let D be a closed bounded set in R?. The space C(D) is to have the norm
Il - ||oo- Given a function k: D x D — R, we define

Kv(z) = /D k(z,y)v(y)dy, x €D, veC(D). (2.8.2)

We want to formulate conditions under which K : C(D) — C(D) is both
bounded and compact. We assume k(x,y) is integrable as a function of y,

for all x € D, and further we assume the following.
(A1) Ain})w(h) =0, with

w(h)= sup / |k(z,y) — k(z,y)| dy. (2.8.3)
x,zeD
[[e—z||<h

Here, ||z — z|| denotes the Euclidean length of  — z.

(A2)

sup/ |k(x,y)| dy < cc. (2.8.4)
xeD JD

By (A1), if v(y) is bounded and integrable, then Kv(x) is continuous
and

[Kv(z) — Ko(y)| < w((jz —yl) [|v] s (2.8.5)

Using (Asz), we have boundedness of K, with its norm

1K = max / k(@) dy. (2.8.6)
xeD D

To discuss compactness of K, we first need to identify the compact sets
in C(D). To do this, we apply Arzela-Ascoli theorem (Theorem 1.6.3).
Consider the set S = {Kv | v € C(D), ||[v|leo < 1}. This set is uniformly
bounded, since ||Kv||co < [|K||||v]|co < || K] for any v € S. In addition, S
is equicontinuous from (2.8.5). Thus S has compact closure in C(D), and
K is a compact operator on C(D) to C(D).

What kernel functions k satisfy (A;) and (As)? Easily, these assumptions
are satisfied if k(x,y) is a continuous function of (z,y) € D. In addition,
let D = [a,b] and consider

b
Kou(z) = / log |z — y|v(y) dy (2.8.7)

and

!
x):/a Wﬂ(y)dy (2.8.8)



2.8 Compact linear operators 97

with § < 1. These operators K can be shown to satisfy (A;)—(A4z), although
we omit the proof. Later we show by other means that these are compact
operators. An important and related example is

1
Kov(x) = /D Wv(y) dy, x €D, veC(D).

The set D C R? is assumed to be closed, bounded, and have a non-empty
interior. This operator satisfies (A41)—(Az) provided 8 < d, and therefore
K is a compact operator from C(D) — C(D).

Still for the case D = [a,b], another way to show that k(z,y) satisfies
(A7) and (As) is to rewrite k in the form

k(o) =Y hiz,y)li(z,y) (2.8.9)
=0

for some n > 0, with each [;(z,y) continuous for a < x,y < b and each
hi(x,y) satisfying (A1)—(As2). It is left to the reader to show that in this
case, k also satisfies (A1)—(A2). The utility of this approach is that it is
sometimes difficult to show directly that k satisfies (A41)—(A2), whereas
showing (2.8.9) with h;, l; satisfying the specified conditions may be easier.

Example 2.8.2 Let [a,b] = [0, 7] and k(z,y) = log| cosz — cos y|. Rewrite
the kernel function as

k(z,y) = |z —y|~"/? |z — y|"/?log | cos z — cos y] . (2.8.10)

h(z,y) l(z,y)

Easily, [ is continuous. From the discussion following (2.8.8), h satisfies
(A1)—(Az). Thus k is the kernel of a compact integral operator on C|0, 7]
to C[0, 7]. O

2.8.2  Properties of compact operators

Another way of obtaining compact operators is to look at limits of simpler
“finite-dimensional operators” in L£(V,W), the Banach space of bounded
linear operators from V' to W. This gives another perspective on compact
operators, one that leads to improved intuition by emphasizing their close
relationship to operators on finite dimensional spaces.

Definition 2.8.3 Let V' and W be linear spaces. The linear operator K :
V — W is of finite rank if R(K), the range of K, is finite dimensional.

Proposition 2.8.4 Let V and W be normed spaces, and let K : V. — W
be a bounded finite rank operator. Then K is a compact operator.
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Proof. The range R(K) is a finite-dimensional normed space, and therefore
it is complete. Consider the set

S=A{Kv|[|v]v <1}

It is bounded, each of its elements being bounded by || K. Notice that
S C R(K). Then S has a compact closure, since all bounded closed sets in
a finite dimensional space are compact. This shows K is compact. O

Example 2.8.5 Let V =W = CJ[a, b] with the norm || - ||oc. Consider the
kernel function

k(z,y) =Y Bi(z)%i(y) (2.8.11)
i=1

with each (3; continuous on [a, b] and each 7; absolutely integrable on [a, b].
Then the associated integral operator K is a bounded, finite rank operator
on Cla,b] to Cla,b]:
n b
Kv(x) = Zﬂl(m)/ vi(y)v(y)dy, v € Cla,b]. (2.8.12)
i=1 @

Indeed, we have
n b
1K1 < S 1B / 7)) dy.
i=1 a

From (2.8.12), Kv € Cla,b] and R(K) C span{f1,...,8,}, a finite dimen-
sional space. O

Kernel functions of the form (2.8.11) are called degenerate. Below we see
that the associated integral equation (Al — K)v = f, A # 0, is essentially
a finite dimensional equation.

Proposition 2.8.6 Let K € L(U,V) and L € L(V,W) with at least one
of them being compact. Then LK is a compact operator from U to W.

The proof is left as Exercise 2.8.1 for the reader.
The following result gives the framework for using finite rank operators
to obtain similar, but more general compact operators.

Proposition 2.8.7 Let V and W be normed spaces, with W complete.
Assume {K,} C L(V,W) is a sequence of compact operators such that
K, — K in L(V,W). Then K is compact.

This is a standard result found in most books on functional analysis; e.g.
see [58, p. 174] or [71, p. 486].

For almost all function spaces V' that occur in applied mathematics, the
compact operators can be characterized as being the limit of a sequence
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of bounded finite-rank operators. This gives a further justification for the
presentation of Proposition 2.8.7.

Example 2.8.8 Let D be a closed and bounded set in R?. For example, D
could be a region with nonempty interior, a piecewise smooth surface, or a
piecewise smooth curve. Let k(x,y) be a continuous function of &,y € D.
Suppose we can define a sequence of continuous degenerate kernel functions
kn(x,y) for which

max/ (@, y) — kn (2, 9) | dy — 0 as n — oo. (2.8.13)
xzeD Jp

Then for the associated integral operators, it easily follows that K, — K;
and by Proposition 2.8.7, K is compact. The condition (2.8.13) is true for
general continuous functions k(x, y), and we leave to the exercises the proof
for various choices of D. Of course, we already knew that K was compact
in this case, from the discussion following (2.8.8). But the present approach
shows the close relationship of compact operators and finite dimensional
operators. O

Example 2.8.9 Let V =W = C|[a,b] with the norm || - ||oc. Consider the

kernel function )

for some 0 < v < 1. Define a sequence of continuous kernel functions to
approximate it:

1

ma |z —yl =

kn(z,y) = (2.8.15)

n’yv ‘Jf—y‘g

Sl= 3=

This merely limits the height of the graph of &, (x, y) to that of k(x, y) when
|x —y| = 1/n. Basily, k,(x,y) is a continuous function for a < z,y < b,
and thus the associated integral operator K, is compact on Cla, b]. For the
associated integral operators,

27y 1

K — K|l =1{_~ 15

—7 ' n
which converges to zero as n — oco. By Proposition 2.8.7, K is a compact
operator on Cla, b]. O

2.8.3 Integral operators on L*(a,b)

Let V =W = L?(a,b), and let K be the integral operator associated with
a kernel function k(z,y). We first show that under suitable assumptions on
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k, the operator K maps L?(a,b) to L?(a,b) and is bounded. Assume

- 1/2
M= [/a /a k(x,y)|2dydx] < 0. (2.8.16)

For v € L?(a,b), we use the Cauchy-Schwarz inequality to obtain

Kol = [ b a
< / b [ / b|K<x,y>|2dy] [ / b |v<y>|2dy] da

= M?|jv]l3.

b 2
/ k(e v)o(y)dy| de

Thus, Kv € L?(a,b) and
K|l < M. (2.8.17)

This bound is comparable to the use of the Frobenius matrix norm to bound
the operator norm of a matrix 4: R" — R™, when the vector norm || - |2
is being used. Recall that the Frobenius norm of a matrix A is given by

e = (3 1402) "
4,J

Kernel functions k for which M < oo are called Hilbert-Schmidt kernel
functions, and the quantity M in (2.8.16) is called the Hilbert-Schmidt
norm of K.

For integral operators K with a degenerate kernel function as in (2.8.11),
the operator K is bounded if all 3;, v; € L?(a,b). This is a straightforward
result which we leave as a problem for the reader. From Proposition 2.8.4,
the integral operator is then compact.

To examine the compactness of K for more general kernel functions,
we assume there is a sequence of kernel functions ky,(z,y) for which (i)
K, : L*(a,b) — L*(a,b) is compact, and (ii)

- 1/2
M, = l/ / \k(x,y) — kn(z,y)|*dy dz —0 asn—oo. (2.8.18)

For example, if K is continuous, then this follows from (2.8.13). The oper-
ator K — K,, is an integral operator, and we apply (2.8.16)—(2.8.17) to it
to obtain

|K — K,|| <M, —0 asn— oco.

From Proposition 2.8.7, this shows K is compact. For any Hilbert-Schmidt
kernel function, (2.8.18) can be shown to hold for a suitable choice of de-
generate kernel functions k,,.
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We leave it for the reader to show that log |z — y| and |z —y|™7, v < 1,
are Hilbert-Schmidt kernel functions (Exercise 2.8.4). For 3 < v < 1, the
kernel function |z — y|~7 still defines a compact integral operator K on
L?(a,b), but the above theory for Hilbert-Schmidt kernel functions does
not apply. For a proof of the compactness of K in this case, see Mikhlin
[172, p. 160].

2.8.4 The Fredholm alternative theorem

Integral equations were studied in the 19th century as one means of inves-
tigating boundary value problems for the Laplace equation, for example,

Au(x) =0, T e,
w(@) = f(z), = cd, (2.8.19)
and other elliptic partial differential equations. In the early 1900’s, Ivar
Fredholm found necessary and sufficient conditions for the solvability of a
large class of Fredholm integral equations of the second kind. With these
results, he then was able to give much more general existence theorems for
the solution of boundary value problems such as (2.8.19). In this subsection,
we state and prove the most important results of Fredholm; and in the
following subsection, we give additional results without proof.

The theory of integral equations has been due to many people, with
David Hilbert being among the most important popularizers of the area.
The subject of integral equations continues as an important area of study
in applied mathematics; and for an introduction that includes a review of
much recent literature, see Kress [149]. For an interesting historical account
of the development of functional analysis as it was affected by the develop-
ment of the theory of integral equations, see Bernkopf [36]. From hereon,
to simplify notation, for a scalar A and an operator K : V. — V| we use
A — K for the operator A\I — K, where I : V — V is the identity operator.

Theorem 2.8.10 (FREDHOLM ALTERNATIVE) Let V' be a Banach space,
and let K : V. — V be compact. Then the equation (A — K)u = f, A # 0,
has a unique solution uw € V' for any f € V if and only if the homogeneous
equation (A — K)v = 0 has only the trivial solution v = 0. In such a case,

the operator A\ — K :'V jn;ti V has a bounded inverse (A — K)~ L.

Proof. The theorem is true for any compact operator K, but here we
give a proof only for those compact operators which are the limit of a
sequence of bounded finite-rank operators. For a more general proof, see
Kress [149, Chap. 3] or Conway [58, p. 217]. We remark that the theorem
is a generalization of the following standard result for finite dimensional
vector spaces V. For A a matrix of order n, with V' = R™ or C" (with A
having real entries for the former case), the linear system Au = w has a
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unique solution v € V for any w € V if and only if the homogeneous linear
system Az = 0 has only the zero solution z = 0.

(a) We begin with the case where K is finite-rank and bounded. Let
{¢1,...,on} be a basis for R(K), the range of K. Rewrite the equation
A=K)u= [ as

1
u=5 (f + Ku). (2.8.20)
If this equation has a unique solution u € V', then
1
U= 3 (f+cro1+ -+ cupn) (2.8.21)
for some uniquely determined set of constants cy, ..., cy,.

By substituting (2.8.21) into the equation (A — K) u = f, we have
1L, 1 1 1<
A (Xf+ X ;Ci%‘) - XKf_ X;CjK%‘ =
Multiply by A, and then simplify to obtain
AY cipi— Y Ko =KFf. (2.8.22)

i=1 j=1

Using the basis {p;} for R(K), write
Kf=Y i
i=1

and

Kop; = Zaij@ia 1<j<n.
i=1

The coefficients {v;} and {a;;} are uniquely determined. Substitute these
expressions into (2.8.22) and rearrange the terms,

n n n
Z Ac; — Zaijcj i = Z%‘%x
i=1 j=1 i=1
By the independence of the basis elements ¢;, we obtain the linear system
n
)\Ci - Zaijcj = Yi, 1 S ) S n. (2823)
j=1

Claim: This linear system and the equation (A — K)u = f are completely
equivalent in their solvability, with (2.8.21) furnishing a one-to-one corre-
spondence between the solutions of the two of them.
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We have shown above that if w is a solution of (A — K)u = f, then
(c1,...,cn)T is a solution of (2.8.23). In addition, suppose u; and uy are
distinct solutions of (A — K)u = f. Then

Kuy =My — f and Kug=dug — f, A#0,

are also distinct vectors in R(K), and thus the associated vectors of coor-
dinates (¢\V, ..., )T and (¥, ..., )T

Koi=> clor, i=1,2

must also be distinct.

For the converse statement, suppose (c1, . .., c,)? is a solution of (2.8.23).
Define a vector v € V' by using (2.8.21), and then check whether this u
satisfies the integral equation:

(A= K)u =X (— %Z )—%Kf—%chKw
=1 j=1

>/I'—‘

=1

>/I'—‘

( i~ Kf =Y K,
i=1

(Z Cipi — Z%‘%‘ - ZCJ Zaij‘Pi
-1 i j=1 i=1

%Z Aci — i — Zaijcj Pi

j=1
=0, i=1,...,n
=f.
Also, distinct coordinate vectors (ci, ..., c,)? lead to distinct solutions u

given by (2.8.21), because of the linear independence of the basis vectors
{¢1,-..,¢n}. This completes the proof of the claim given above.

Now consider the Fredholm alternative theorem for (A — K)u = f with
this finite rank operator K. Suppose

A=KV =V

Then trivially, the null space N'(A — K) = {0}. For the converse, assume
(A= K)wv = 0 has only the solution v = 0. Note that we want to show that
(A — K)u = f has a unique solution for every f € V.

Consider the associated linear system (2.8.23). It can be shown to have
a unique solution for any right hand side (vy1,...,7v,)? by showing that
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the homogeneous linear system has only the zero solution. The latter is
done by means of the equivalence of the homogeneous linear system to
the homogeneous equation (A — K)v = 0, which implies v = 0. But since
(2.8.23) has a unique solution, so must (A — K)u = f, and it is given by
(2.8.21).

We must also show that (A— K)~! is bounded. This can be done directly
by a further examination of the consequences of K being a bounded and
finite rank operator; but it is simpler to just cite the open mapping theorem
(see Theorem 2.4.3).

(b) Assume now that ||K — K, || — 0, with K, finite rank and bounded.
Rewrite (A — K)u = f as

A= (K —-Ky)u=f+ Kyu, n>1. (2.8.24)
Pick an index m > 0 for which
IK — Kl < |A (2.8.25)
and fix it. By the geometric series theorem (Theorem 2.3.1),
Qum =\ = (K = Kp)] ™
exists and is bounded, with

1

1Qmll € T—7—-
Al = [ K = K|

The equation (2.8.24) with n = m can now be written in the equivalent
form

U= QmEnu=Qnf. (2.8.26)

The operator @,,K,, is bounded and finite rank. The boundedness fol-
lows from that of @, and K,,. To show it is finite rank, let R(K,,) =
span{®1, ..., Un}. Then

R(Qme) = Span{QmQDh ceey Qmum}

is a finite-dimensional space.
The equation (2.8.26) is one to which we can apply part (a) of this proof.
Assume (A — K)v = 0 implies v = 0. By the above equivalence, this yields

(I-QmKn)v=0 = v=0.

But from part (a), this says (I — @, K,;,)u = w has a unique solution
u for every w € V, and in particular, for w = @,,f as in (2.8.26). By
the equivalence of (2.8.26) and (A — K)u = f, we have that the latter is
uniquely solvable for every f € V. The boundedness of (A — K)~! follows
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from part (a) and the boundedness of @,,. Alternatively, the open mapping
theorem can be cited, as earlier in part (a). O

For many practical problems in which K is not compact, it is important
to note what makes this proof work. It is not necessary to have a sequence of
bounded and finite rank operators { K, } for which ||K — K| — 0. Rather,
it is necessary to satisfy the inequality (2.8.25) for one finite rank operator
K,,,; and in applying the proof to other operators K, it is necessary only
that K, be compact. In such a case, the proof following (2.8.25) remains
valid, and the Fredholm Alternative still applies to such an equation

AN=K)u={.

2.8.5 Additional results on Fredholm integral equations

In this subsection, we give additional results on the solvability of compact
equations of the second kind, (A — K)u = f, with A # 0. No proofs are
given for these results, and the reader is referred to a standard text on
integral equations; e.g. see Kress [149] or Mikhlin [171].

Definition 2.8.11 Let K : V — V. If there is a scalar A and an associated
vector u # 0 for which Ku = \u, then X is called an eigenvalue and u an
associated eigenvector of the operator K.

When dealing with compact operators K, we generally are interested in
only the nonzero eigenvalues of K.
In the following, recall that N'(A) denotes the null space of A.

Theorem 2.8.12 Let K : V. — V be compact, and let V be a Banach
space. Then:

(1) The eigenvalues of K form a discrete set in the complex plane C, with
0 as the only possible limit point.

(2) For each nonzero eigenvalue A of K, there are only a finite number
of linearly independent eigenvectors.

(3) FEach nonzero eigenvalue \ of K has finite index v(\) > 1. This means
N\ - K) ;M(A—K)z) -

¢ N(A = K)*N) = N((A = K)YV+), (2.8.27)

In addition, N (A\—K)*N) is finite dimensional. The elements of the

subspace N'(A\—K)*M)WN(A\=K) are called generalized eigenvectors
of K.
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(4) For any A #0, R(A — K) is closed in V.
(5) For each nonzero eigenvalue \ of K,
V=N((A=EK)MaR(N—K)'W) (2.8.28)

1s a decomposition of V' into invariant subspaces. This implies that
every u € V can be written as u = uy + ug with unique choices

u; € N(A— K)V(/\)) and  uy € R((\ — K)I/(}\))'
Being invariant means that

K N((A = K)"™) = N((A = K)*™),
K :R(\—K)"M) = R((A — K)*™).

(6) The Fredholm alternative theorem and the above results (1)—(5) re-
main true if K™ is compact for some integer m > 1.

For results on the speed with which the eigenvalues {\,} of compact
integral operators K converge to zero, see Hille and Tamarkin [125] and
Feny6 and Stolle [80, Section 8.9]. Generally, as the differentiability of the
kernel function k(z,y) increases, the speed of convergence to zero of the
eigenvalues also increases.

For the following results, recall from Section 2.6 the concept of an adjoint
operator.

Lemma 2.8.13 Let V be a Hilbert space with scalars the complexr numbers
C, and let K : V. — V be a compact operator. Then K* :V — V is also a
compact operator.

This implies that the operator K* also shares the properties stated above
for the compact operator K. There is, however, a closer relationship be-
tween the operators K and K*, which is given in the following theorem.

Theorem 2.8.14 Let V' be a Hilbert space with scalars the complex num-
bers C, let K : V. — V be a compact operator, and let X\ be a nonzero
etgenvalue of K. Then:

(1) X is an eigenvalue of the adjoint operator K*. In addition, N (A — K)
and N' (A — K*) have the same dimension.

(2) The equation (A — K)u = f is solvable if and only if
(f,v)=0 YveNO\-K"). (2.8.29)
An equivalent way of writing this is

R\ —K)=NX\—-K*)*,
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the subspace orthogonal to N'(\ — K*). With this, we can write the
decomposition -
V=NA-K)aRN\-K). (2.8.30)

Theorem 2.8.15 Let V' be a Hilbert space with scalars the complex num-
bers C, and let K :' V. — V be a self-adjoint compact operator. Then all
eigenvalues of K are real and of index v(\) = 1. In addition, the corre-
sponding eigenvectors can be chosen to form an orthonormal set. Order the
nonzero eigenvalues as follows:

A=A > > A > >0 (2.8.31)

with each eigenvalue repeated according to its multiplicity (i.e. the dimen-
sion of N(A\ — K)). Then we write

with
(’LLZ‘, uj) = 5”

Also, the eigenvectors {u;} form an orthonormal basis for R(A — K).

Much of the theory of self-adjoint boundary value problems for ordinary
and partial differential equations is based on Theorems 2.8.14 and 2.8.15.
Moreover, the completeness in L?(D) of many families of functions is proven
by showing they are the eigenfunctions to a self-adjoint differential equation
or integral equation problem.

Example 2.8.16 Let D = {x € R3 | ||| = 1}, the unit sphere in R3, and
let V = L%(D). Here ||z|| denotes the Euclidean length of . Define

-~ v(y) .
Kv(z) = /D T desy, €D. (2.8.33)

This is a compact operator, a proof of which is given in Mikhlin [172,
p. 160]. The eigenfunctions of K are called spherical harmonics, a much-
studied set of functions; e.g. see [86], [161]. For each integer k > 0, there
are 2k 4+ 1 independent spherical harmonics of degree k; and for each such
spherical harmonic ¢y, we have

4

CYSERLE k=0,1,.... (2.8.34)

K(pk =
Letting py = 47/(2k+1), we have N'(ug — K) has dimension 2k+1, k > 0.
It is well-known that the set of all spherical harmonics forms a basis for
L?(D), in agreement with Theorem 2.8.15. O
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Exercise 2.8.1 Prove Proposition 2.8.6.

Exercise 2.8.2 Suppose k is a degenerate kernel function given by (2.8.11) with
all B;,v: € L*(a,b). Show that the integral operator K, defined by

b
Ko(a) = [ k.9) o(w) dy
is bounded from L?(a,b) to L*(a,b).

Exercise 2.8.3 Consider the integral operator (2.8.2). Assume the kernel func-
tion k has the form (2.8.9) with each l;(z,y) continuous for a < x,y < b and each
hi(z,y) satisfying (A1)—-(A2). Prove that k also satisfies (A1)—(A2).

Exercise 2.8.4 Show that log |z —y| and |z —y|~7, v < 1, are Hilbert-Schmidt
kernel functions.

Exercise 2.8.5 Consider the integral equation

vm—le“%@@:am 0<z<l

with g € C]0,1]. Denote the integral operator in the equation by K. Consider
K as a mapping on C0, 1] into itself, and use the uniform norm || - ||. Find a
bound for the condition number

cond(A — K) = A = K| (A = K) 7'

within the framework of the space C[0, 1]. Do this for all values of A for which
(A—K) ™! exists as a bounded operator on C[0, 1]. Comment on how the condition
number varies with \.

Exercise 2.8.6 Similar to Example 2.3.6 of Section 2.3, use the approximation
eV ~1+axy

to examine the solvability of the integral equation

Au(z) —/0 eu(y)dy = f(z), 0<z<1.

To solve the integral equation associated with the kernel 1+ zy, use the method
developed in the proof of Theorem 2.8.10.

Exercise 2.8.7 For any f € C[0, 1], define

0<z<l,

/z W 4

Af(@)=q Jo VT =y
370, z=0.

This is called an Abel integral operator. Show that f(z) = x® is an eigenfunction

of A for every a > 0. What is the corresponding eigenvalue? Can A be a compact
operator?
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2.9 The resolvent operator

Let V' be a complex Banach space, e.g. V' = C(D) the set of continuous
complex-valued functions on a closed set D with the uniform norm || - || oo;
and let L : V — V be a bounded linear operator. From the geometric series
theorem, Theorem 2.3.1, we know that if |A| > ||L||, then (A — L)™' exists
as a bounded linear operator from V to V. It is useful to consider the set of
all complex numbers A for which such an inverse operator (A — L)~! exists
onV to V.

Definition 2.9.1 (a) Let V be a complex Banach space, and let L : V — V
be a bounded linear operator. We say A € C belongs to the resolvent set
of L if (\— L)1 ewists as a bounded linear operator from V to V. The
resolvent set of L is denoted by p(L). The operator (A — L)~! is called the
resolvent operator.

(b) The set (L) = C\p(L) is called the spectrum of L.

From the remarks preceding the definition,
{Ae CLIAI> LI} € p(L).
In addition, we have the following.

Lemma 2.9.2 The set p(L) is open in C; and consequently, o(L) is a
closed set.

Proof. Let Ao € p(L). We use the perturbation result in Theorem 2.3.5 to

show that all points A in a sufficiently small neighborhood of g ar? also

in p(L); this is sufficient for showing p(L) is open. Since (\g — L) ~ is a
bounded linear operator on V' to V, consider all A € C for which
1
A =X < ———F—. (2.9.1)
(Ao = L)~

Using Theorem 2.3.5, we have that (A — L)™' exists as a bounded operator
from V to V, and moreover,

12
IA=Xol [|(ho — L)1
— A= 2o[ (Ao = L)~

|A=L)7 = Qo - L)1 < 5 (2.9.2)
This shows
{AeC|IA=X| <e}Cp(l)
provided ¢ is chosen sufficiently small. Hence, p(L) is an open set.
The inequality (2.9.2) shows that R(\) = (A— L)' is a continuous
function of A from C to £(V). O

A complex number A can belong to o(L) for several different reasons.
Following is a standard classification scheme.
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1. Point spectrum. X\ € op(L) means that A is an eigenvalue of L. Thus
there is a nonzero eigenvector u € V' for which Lu = Au. Such cases
were explored in Section 2.8 with L a compact operator. In this case,
the nonzero portion of o (L) consists entirely of eigenvalues, and more-
over, 0 is the only possible point in C to which sequences of eigenval-
ues can converge.

2. Continuous spectrum. X € oc(L) means that (A — L) is one-to-one,
R(A—L)#V,and R(A — L) = V. Note that if A # 0, then L cannot
be compact. (Why?) This type of situation, A € o¢(L), occurs in
solving equations (A — L)u = f that are ill-posed. In the case A = 0,
such equations can often be written as an integral equation of the
first kind

b
/ U, y)uly) dy = f(z), a<z<b,

with ¢(z,y) continuous and smooth.

3. Residual spectrum. A\ € or(L) means A € o(L) and that it is in
neither the point spectrum nor continuous spectrum. This case can
be further subdivided, into cases with R(A— L) closed and not closed.
The latter case consists of ill-posed problems, much as with the case of
continuous spectrum. For the former case, the equation (A — L)u = f
is usually a well-posed problem; but some change in it is often needed
when developing practical methods of solution.

If L is a compact operator on V' to V, and if V is infinite dimensional,
then it can be shown that 0 € o(L). In addition in this case, if 0 is not
an eigenvalue of L, then L=! can be shown to be unbounded on R(L).
Equations Lu = f with L compact make up a significant proportion of
ill-posed problems.

2.9.1 R()\) as a holomorphic function

Let A\g € p(L). Returning to the proof of Lemma 2.9.2, we can write R(\) =
(A—L) ! as

R(\) = i(—nk(x — X0)*R(\o)" ! (2.9.3)
k=0

for all \ satisfying (2.9.1). Thus we have a power series expansion of R(\)
about the point A\g. This can be used to introduce the notion that R is
an analytic (or holomorphic) function from p(L) C C to the vector space
L(V). Many of the definitions, ideas, and results of complex analysis can
be extended to analytic operator-valued functions. See [71, p. 566] for an
introduction to these ideas.
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In particular, we can introduce line integrals. We are especially interested
in line integrals of the form

ar(L) = 5 [ (= L) () d (2.9.4)
i Jp

Note that whereas g : p(L) — C, the quantity gr(L) € L£(V). In this
integral, I' is a piecewise smooth curve of finite length in p(L); and I" can
consist of several finite disjoint curves. In complex analysis, such integrals
occur in connection with studying Cauchy’s theorem.

Let F(L) denote the set of all functions g which are analytic on some
open set U containing o (L), with the set U dependent on the function g
(U need not be connected). For functions in F(L), a number of important
results can be shown for the operators g(L) of (2.9.4) with g € F(L). For
a proof of the following, see [71, p. 568].

Theorem 2.9.3 Let f,g € F(L), and let fr(L), gr(L) be defined using
(2.9.4), assuming T is located within the domain of analyticity of both f
and g. Then

(a) f-g€F(L), and fr(L)-gr(L) = (f-g)p (L);
(b) if f has a power series expansion

FO) =) an\"
n=0

that is valid in some open disk about (L), then
fo(L) = a,L™
n=0

In numerical analysis, such integrals (2.9.4) become a means for studying
the convergence of algorithms for approximating the eigenvalues of L.

Theorem 2.9.4 Let L be a compact operator from V to V', and let Ny be
a nonzero eigenvalue of L. Introduce

1 -1
E(ho,L) = 5— /A—Aol—s()\ — L) tdx (2.9.5)

with € less than the distance from Ao to the remaining portion of o(L).
Then:

(a) E(Xo, L) is a projection operator on'V to V.

(b) E(Xo, L)V is the set of all ordinary and generalized eigenvectors asso-
ciated with Ao, i.e.

E(Xo, L)V = N((A — K)"*)
with the latter taken from (2.8.27) and v(X\o) the index of \o.
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For a proof of these results, see Dunford and Schwartz [71, pp. 566-580].

When L is approximated by a sequence of operators {L,}, we can ex-
amine the convergence of the eigenspaces of L,, to those of L by means of
tools fashioned from (2.9.5). Examples of such analyses can be found in
[11], [13], and Chatelin [48].

Exercise 2.9.1 Let A € p(L). Define d()) to be the distance from A to o (L),
d(A\) = min | —k|.

reo(L)

Show that .

-1
H(/\_L) H = d(\)’
This implies ||(A— L) ™"|| — oo as A — o(L).
Exercise 2.9.2 Let V = (0, 1], and let L be the Volterra integral operator
Lv(z) = /z k(z,y)v(y)dy, 0<z<1, veC|0,1]
0
with k(x,y) continuous for 0 <y < x < 1. What is o(L)?
Exercise 2.9.3 Derive the formula (2.9.3).

Exercise 2.9.4 Let F C p(L) be closed and bounded. Show (A — L)™' is a
continuous function of A € F, with

max (A= L)71|| < o0.

Exercise 2.9.5 Let L be a bounded linear operator on a Banach space V to V/;
and let A\g € o(L) be an isolated nonzero eigenvalue of L. Let {L,} be a sequence
of bounded linear operators on V' to V with ||[L — L,|| — 0 as n — oo. Assume
F C p(L) is closed and bounded. Prove that there exists N such that

n>N = FCp(Ln).

This shows that approximating sequences {L,, } cannot produce extraneous con-
vergent sequences of approximating eigenvalues.
Hint: Use the result of Exercise 2.9.4.

Exercise 2.9.6 Assume L is a compact operator on V to V, a complex Banach
space, and let { L, } be a sequence of approximating bounded linear compact oper-
ators with |L— Ly || — 0 as n — co. Referring to the curve I' = {\ : |[A — \o| = ¢}
of (2.9.5), we have from Exercise 2.9.5 that we can define

1

E(O’n,Ln) - %

/ (A—=L,) " "dx, n>N
[A=Xol=¢

with o, denoting the portion of o(Ly,) located within I". Prove

|E(on, Ln) — E(Xo, L)|| — 0 as n — oo.
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It can be shown that R(E(oyn, Ly)) consists of combinations of the ordinary and
generalized eigenvectors of L, corresponding to the eigenvalues of L,, within o,.
In addition, prove that for every u € N'((A — K)"*0)),

E(op, Ln)u —u asn — 0.

This shows convergence of approximating simple and generalized eigenfunctions
of L, to those of L.

Suggestion for Further Reading.

See “Suggestion for Further Readings” in Chapter 1.



3
Approximation Theory

In this chapter, we deal with the problem of approximation of functions.
A prototype problem can be described as follows: For some function f,
known exactly or approximately, find an approximation that has a more
simply computable form, with the error of the approximation within a given
error tolerance. Often the function f is not known exactly. For example,
if the function comes from a physical experiment, we usually have a table
of function values only. Even when a closed-form expression is available, it
may happen that the expression is not easily computable, for example,

fla) = /O et

The approximating functions need to be of simple form so that it is easy to
make calculations with them. The most commonly used classes of approxi-
mating functions are the polynomials, piecewise polynomial functions, and
trigonometric polynomials.

We begin with a review of some important theorems on the uniform
approximation of continuous functions by polynomials. We then discuss
several approaches to the construction of approximating functions. In Sec-
tion 3.2, we define and analyze the use of interpolation functions. In Section
3.3 we discuss best approximation in general normed spaces, and in Sec-
tion 3.4 we look at best approximation in inner product spaces. Section
3.5 is on the important special case of approximations using orthogonal
polynomials, and Section 3.6 introduces approximations through projec-
tion operators. The chapter concludes with a discussion in Section 3.7 of
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the uniform error bounds in polynomial and trigonometric approximations
of smooth functions.

3.1 Approximation of continuous functions by
polynomials

The classical Weierstrass Theorem is a fundamental result in the approxi-
mation of continuous functions by polynomials.

Theorem 3.1.1 (WEIERSTRASS) Let f € Cla,b]. Then for any ¢ > 0,
there exists a polynomial p for which

If =Pl <e.

The theorem states that any continuous function f can be approximated
uniformly by polynomials, no matter how badly behaved f may be on [a, b].
Several proofs of this seminal result are given in [64, Chap. 6], including
an interesting constructive result using Bernstein polynomials.

Various generalization of this classical result can be found in the liter-
ature. The following is one such general result. Its proof can be found in
several textbooks on analysis or functional analysis (e.g., [44, pp. 420-422]).

Theorem 3.1.2 (STONE-WEIERSTRASS) Let D C R? be a compact set.
Suppose S is a subspace of C(D), the space of continuous functions on D,
with the following three properties.

(a) S contains all constant functions.
(b) u,ve S =uwes.

(¢) For each pair of points @,y € D, © # y, there exists v € S such that

v(x) # v(y)-

Then S is dense in C(D), i.e., for any v € C(D), there is a sequence
{vn} C S such that

lv —vnllopy — 0 asn — oo.

As simple consequences of Theorem 3.1.2, we have the next two results.

Corollary 3.1.3 Let D be a compact set in R%. Then the set of all the
polynomials on D is dense in C(D).

Corollary 3.1.4 The set of all trigonometric polynomials is dense in the
space Cp([—m,7]) of 2m-periodic continuous functions on R.
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Obviously, Theorem 3.1.1 is a particular case of Corollary 3.1.3.

Denote by P([0,1]) the space of all polynomials on [0,1]. Then Theo-
rem 3.1.1 states that P([0,1]) is dense in C[0,1]. This also implies that
P([0,1]) is dense in the space L?(0, 1) since C|[0,1] is dense in L?(0,1) and
vl 22(0,1) < [|[v]|oe for any v € C[0,1]. An interesting question is whether
proper subspaces of P([0,1]) is also dense in L?(0,1). In this regard, the
following result holds; for its proof, see e.g. [102, Section 6.2].

Theorem 3.1.5 (MUNTZ’S THEOREM) Let A\ < Ao < -+ be a sequence
of positive numbers with A\, — oo as n — oo. Then span{z*i }i>1 is dense
i P . . o -1 _ N
in L*(0,1) if and only if 37—, A;" = oo.

Note that in this theorem, the exponents {\;};>1 are allowed to be non-
integers.

Exercise 3.1.1 Prove Corollary 3.1.3 by applying Theorem 3.1.2.

Exercise 3.1.2 Prove Corollary 3.1.4 by applying Theorem 3.1.2.

Hint: v € Cp([—m,7]) can be viewed as a continuous function on the unit circle
in R? when the argument ¢ of v is identified with the point on the unit circle
whose angle measured from z;-axis is t.

Exercise 3.1.3 Prove Corollary 3.1.4 by applying Corollary 3.1.3.
Hint: Let D be the unit circle in R?, and consider the trigonometric polynomials
as the restrictions to D of polynomials in two variables.

Exercise 3.1.4 Let D be a compact set in R?. Assume f € C(D) is such that
Jp f(®)x*de = 0 for any multi-index a = (o, ,aq). Then f(x) = 0 for
zeD.

Exercise 3.1.5 Show that every continuous function f defined on [0, 00) with
the property limy—.o f(z) = 0 can be approximated by a sequence of functions
of the form

n .
Gn(@) =) enge I,
j=1

where a > 0 is any fixed number, and {cy ;} are constants.
Hint: Apply Theorem 3.1.1 to the function

f(=logt/a), 0<t<1,
0, t=0.

Exercise 3.1.6 Assume f € C([—1,1]) is an even function. Show that f(x) can
be uniformly approximated on [—1,1] by a sequence of polynomials of the form
pn(a?).

Hint: Consider f(y/x) for z € [0,1].
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Exercise 3.1.7 Let f € C™[a,b], m > 0 integer. Show that there is a sequence
of polynomials {pn }»>1 such that

If = pnllemiap) — 0 asn— oo.

Hint: Apply Theorem 3.1.1.

Exercise 3.1.8 Let Q C R? be a domain, and f € C™(Q), m > 0 integer. Show
that there is a sequence of polynomials {p, }»>1 such that

IIf —pn||cm(§) —0 asn— oo.

Hint: Apply Corollary 3.1.3.

3.2 Interpolation theory

We begin by discussing the interpolation problem in an abstract setting.
Let V' be a normed space over a field K of numbers (R or C). Recall that
the space of all the linear continuous functionals on V' is called the dual
space of V and is denoted by V' (see Section 2.5).

An abstract interpolation problem can be stated in the following form.
Suppose V,, is an n-dimensional subspace of V', with a basis {v1,...,v,}.
Let L; € V', 1 < i < n, be n linear continuous functionals. Given n numbers
b; € K,1<1i<n, find u, €V, such that the interpolation conditions

Liun:bi, 1§Z§’n

are satisfied.

Some questions arise naturally: Does the interpolation problem have a
solution? If so, is it unique? If the interpolation function is used to approx-
imate a given function f(z), what can be said about error in the approxi-
mation?

Definition 3.2.1 We say that the functionals L;, 1 < i < n, are linearly
independent over V,, if

ZaiLi(v)zo VveV, =— a=0 1<i<n.
i=1
Lemma 3.2.2 The linear functionals L+, ..., L, are linearly independent

over V,, if and only if

Livy -+ Liv,
det(L;vj)nxn = det : : £0.

Ln'Ul T ann
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Proof. By definition,

L1,..., L, are linearly independent over V,,
= Y aLi(v;)=0,1<j<n = ¢;=0,1<i<n
=1
— det(Livj) 7é 0. U

Theorem 3.2.3 The following statements are equivalent:
1. The interpolation problem has a unique solution.
2. The functionals Lq,..., Ly, are linearly independent over V.
3. The only element u,, € V,, satisfying
L;u, =0, 1<i:<n
is u, = 0.
4. For any data {b;}?_,, there exists one u, € V,, such that
Liuy =b;, 1<i<n.
Proof. From linear algebra, for a square matrix A € K™*"  the following
statements are equivalent:
1. The system Ax = b has a unique solution « € K" for any b € K".
2. det(A) # 0.
3. If Az =0, then = 0.
4. For any b € K", the system Ax = b has a solution € K".

The theorem now follow from these statements and Lemma 3.2.2. O

Now given u € V| its interpolant u,, = Z?zl a;v; in V,, is defined by the
interpolation conditions

Liu, = Liu, 1<i<n.

The coefficients {a;}?_, can be found from the linear system

L11}1 te Lﬂ]n aiq L1u
Ly,vi -+ Lyv, ay Lyu
which has a unique solution if the functionals L4, ..., L, are linearly inde-

pendent over V,.

An error analysis in the abstract framework is difficult to carry out. For
a general discussion of such error analysis, see Davis [64, Chap. 3]. Here we
only give error formulas or bounds for certain concrete situations.
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3.2.1 Lagrange polynomial interpolation
Let f be a continuous function defined on a finite closed interval [a, b]. Let
Aca<zry<zi < ---<x,<b

be a partition of the interval [a,b]. Choose V' = Cla, b], the space of con-
tinuous functions f : [a,b] — K; and choose V11 to be P,, the space
of the polynomials of degree less than or equal to n. Then the Lagrange
interpolant of degree n of f is defined by the conditions

pn(xi) = f(x;), 0<i<n, p,€P,. (3.2.1)
Here the interpolation linear functionals are
Lif = f(x;), 0<i<n.

If we choose the monomials vj(x) =127,0< j < n, as the basis for P,,
then it can be shown that

det(Li’Uj)(n+1)X(n+1) = H(l‘] —x;) #0. (3.2.2)

j>i

Thus there exists a unique Lagrange interpolation polynomial.
Furthermore, we have the representation formula

(@) =3 @) dilz), dilw) = [[ —L, (3.2.3)
1=0

G V1T

called Lagrange’s formula for the interpolation polynomial. The functions
¢; satisfy the special interpolation conditions

07 ] .’

The functions {¢;}—, form a basis for P, and they are often called La-
grange basis functions. See Figure 3.1 for graphs of {¢;(z)}3_, for n = 3,
the case of cubic interpolation, with even spacing on the interval [1,4].

Outside of the framework of Theorem 3.2.3, the formula (3.2.3) shows
directly the existence of a solution to the Lagrange interpolation problem
(3.2.1). The uniqueness result can also be proven by showing that the inter-
polant corresponding to the homogeneous data is zero. Let us show this. Let
Pn € Py, with p,(2;) =0, 0 <4 < n. Then the polynomial p,, must contain
the factors (r —x;), 1 < i < n. Since deg(p,) < n and degII?"_, (z—x;) = n,
we have

pn(x) =c H(x — ;)
i=1
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FIGURE 3.1. The Lagrange basis functions for n = 3, with nodes {1, 2, 3,4}

for some constant ¢. Using the condition p,(xg) = 0, we see that ¢ = 0
and therefore, p, = 0. We note that by Theorem 3.2.3, this result on the
uniqueness of the solvability of the homogeneous problem also implies the
existence of a solution.

In the above, we have indicated three methods for showing the exis-
tence and uniqueness of a solution to the interpolation problem (3.2.1).
The method based on showing the determinant of the coefficient is non-
zero, as in (3.2.2), can be done easily only in simple situations such as
Lagrange polynomial interpolation. Usually it is simpler to show that the
interpolant corresponding to the homogeneous data is zero, even for com-
plicated interpolation conditions. For practical calculations, it is also useful
to have a representation formula that is the analogue of (3.2.3), but such
a formula is sometimes difficult to find.

These results on the existence and uniqueness of polynomial interpolation
extend to the case that {zg,...,x,} are any n + 1 distinct points in the
complex plane C. The proofs remain the same.

For the interpolation error in Lagrange polynomial interpolation, we have
the following result.
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Proposition 3.2.4 Assume f € C""Ya,b]. Then there exists a point &,
between min;{xz;,x} and max;{z;,x} such that

(;:nT(xl))! f(n+1)(§z)7 wn(x) = H(gg — xl) (3.2_4)

i=0

f(@) = pn(x) =

Proof. The result is obvious if x = z;, 0 < i < n. Suppose x # z;,
0 <i <n, and denote

Consider the function

wn (1)
wn(z)

g(t) = B(t) — 2 B(a),

We see that g(¢) has (n 4 2) distinct roots, namely ¢t = 2 and ¢t = x;, 0 <
i < n. By the Mean Value Theorem, ¢'(t) has n+ 1 distinct roots. Applying
repeatedly the Mean Value Theorem to derivatives of g, we conclude that
g™t (t) has a root &, € (min;{x;, 2}, max;{z;, r}). Then

(n+1)!
wn ()

and the result is proved. O

0=g" (&) = ") - E(z),

There are other ways of looking at polynomial interpolation error. Using
Newton divided differences, we can show

f(@) = pu(@) = wn(z) flzo, 21, ..., 20, ] (3.2.5)

with f[zo,21,...,2Zn, 2] a divided difference of f of order n + 1. See [15,
Section 3.2] for a development of this approach, together with a general
discussion of divided differences and their use in interpolation.

We should note that high degree polynomial interpolation with a uniform
mesh is likely to lead to problems. Figure 3.2 contains graphs of w,, (z) for
various degrees n. From these graphs, it is clear that the error behaviour is
worse near the endpoint nodes than near the center node points. This leads
to pn(x) failing to converge for such simple functions as f(x) = (14 2?)~!
on [—5,5], a famous example due to Carl Runge. A further discussion of
this can be found in [15, Section 3.5]. In contrast, interpolation using the
zeros of Chebyshev polynomials leads to excellent results. This is discussed
in Section 3.7 of this chapter; and a further discussion is given in [15, p.
228].

3.2.2  Hermate polynomaial interpolation

The main idea is to use values of both f(z) and f’(x) as interpolation
conditions. Assume f is a continuously differentiable function on a finite
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-3 o4(X) x10™ 0s(X)

-7 (ﬂlz(x)

FIGURE 3.2. Examples of the polynomials wy(z) occurring in the interpolation
error formulas (3.2.4) and (3.2.5)

interval [a, b]. Let
Ara<z <<z, <b

be a partition of the interval [a, b]. Then the Hermite interpolant ps,_1 €
P, —1 of degree less than or equal to 2n — 1 of f is chosen to satisfy

pon-1(2:) = f(2:),  Php1(z:) = f'(2;), 1<i<n (3.2.6)

We have results on Hermite interpolation similar to those for Lagrange
interpolation, as given in Exercise 3.2.6.

More generally, for a given set of non-negative integers {m;}" ;, one
can define a general Hermite interpolation problem as follows. Find py €
Py(a,b), N =31  (m; +1)— 1, to satisfy the interpolation conditions

Py (@) = fO (@), 0<j<m,1<i<n
Again it can be shown that the interpolant with the homogeneous data

is zero so that the interpolation problem has a unique solution. Also if
f € CN*1a,b], then the error satisfies

)= pxte) = gy L =014 e)
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for some &, € [a,b]. For an illustration of an alternative error formula for
the Hermite interpolation problem (3.2.6) that involves only the Newton
divided difference of f, see [15, p. 161].

3.2.8  Piecewise polynomial interpolation

For simplicity, we focus our discussion on piecewise linear interpolation.
Let f € Cla,b], and let

Aca=xrg<o1 < ---<xp=>b

be a partition of the interval [a,b]. Denote h; = z; — 2,1, 1 < i < n,
and h = maxi<;<pn h;. The piecewise linear interpolant Il f of f is defined
through the following two requirements:

e Fori=1,....,n,IIanf

[#;_1,a;] 1S linear.
e Fori=0,1,...,n, Ia f(x;) = f(x;).
It is easy to see that IIa f exists and is unique, and

€Tr; —

h;

T — Ty
hi

Taf(2) = 22 f(ai1) + fx), z€lvim,a),  (3.27)
forl1 <i<n.

For a general f € Cla,b], it is relatively straightforward to show

ﬁﬁ%M@Q_HAﬂ@‘SWUW) (3.2.8)

with w(f, h) the modulus of continuity of f on [a,b]:

w(f,h) = l{g;%)lf(w) - f)l
a_m,y_

Suppose f € C?[a,b]. By using (3.2.4) and (3.2.7), it is straightforward to

show that )

h
max _|f(z) — Ia f(z)] < — max |f"(x)|. (3.2.9)
x€[a,b] 8 x€la,b]

Now instead of f € C?[a,b], assume f € H?(a,b) so that

b
19 = [ [F@F + 1F@F + | @] do < o

Here H?(a,b) is an example of Sobolev spaces. An introductory discussion
was given in Examples 1.2.28 and 1.3.7. The space H?(a,b) consists of
continuously differentiable functions f whose second derivative exists a.e.
and belongs to L?(a,b). A detailed discussion of Sobolev spaces is given
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in Chapter 7. We are interested in estimating the error in the piecewise
linear interpolant IIa f and its derivative (IIa f)’ under the assumption
f € H?(a,b).

We consider the error in the L? norm,

b
TS NI / (@) — s f(2)|2de
- Z / ~ o f(@) fda.

For a function f € H2(0,1), let I1f be its linear interpolant:

A~ o~ ~

If(e) = f0)(1— &)+ f(1)E, 0<E<.

By Taylor’s theorem,

Thus

and therefore

/ (&) — Tif(e)Pae < c / TGRS (3.2.10)
for some constant ¢ independent of f Using (3.2.10),

/ | (z) — o f(2)Pde
i—1 L -
—h / (i + hi€) — TIf (211 + hit)|2de
0
11 72 ) ) 2
<ch, / @iwios + hi€)
; 73
- ch5/ (@i + hif) 2
- ch;*/ (@) P

dg
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Therefore,

IS N / (@) — Taf @)z < |12 2000,
i=1"Ti-1

i.e.
If = TafllL2an < ch?1 L2 (an)- (3.2.11)
A similar argument shows
1" = (Maf) le2ap) < SR 22(a,b)- (3.2.12)

for another constant ¢ > 0.

In the theory of finite element interpolation, the above argument is gener-
alized to error analysis of piecewise polynomial interpolation of any degree
in higher spatial dimension.

3.2.4  Trigonometric interpolation

Another important and widely-used class of approximating functions are
the trigonometric polynomials

pn(x) = ao + Z [a; cos(jx) + b;sin(jz)] . (3.2.13)

j=1

If |an| + |bn| # 0, we say p,(z) is a trigonometric polynomial of degree n.
The function p,(x) is often considered as a function on the unit circle, in
which case p,, (#) would be a more sensible notation, with 6 the central angle
for a point on the unit circle. The set of the trigonometric polynomials of
degree less than or equal to n is denoted by T,,.

An equivalent way of writing such polynomials is as

n
pn(x) = Z cjel’. (3.2.14)
j=-n
The equivalence is given by
ag = Co, Gy :Cj+ij, bj :’L'(Cj—C,j).

Many computations with trigonometric polynomials are easier with (3.2.14)
than with (3.2.13). With (3.2.14), we also can write

n 2n
Pn(x) = Z cjzj =z " ch_nzk, z=e®, (3.2.15)
j=-n k=0

which brings us back to something involving polynomials.
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The trigonometric polynomials of (3.2.13) are periodic with period 2.
Thus, we choose our interpolation nodes from the interval [0,27) or any
interval of length 27:

0<zy <a1 <+ < X9y < 2m.

Often we use an even spacing, with

2
h = .
2n +1

x;=jh, j=0,1,...,2n, (3.2.16)
The interpolation problem is to find a trigonometric polynomial p,,(z) of
degree less than or equal to n for which

pnlz;)=f;, §=0,1,...,2n (3.2.17)

for given data values {f; | 0 < j < 2n}. The existence and uniqueness of a
solution of this problem can be reduced to that for Lagrange polynomial
interpolation by means of the final formula in (3.2.15). Using it, we intro-
duce the distinct complex nodes z; = €%, j = 0,1,...,2n. Then (3.2.17)
can be rewritten as the polynomial interpolation problem

2n

k .
g Ck-nzj =27 f5, J=0,1,...,2n.
k=0

All results from the polynomial interpolation problem with complex nodes
can be applied to the trigonometric interpolation problem. For additional
detail, see [15, Section 3.8]. Error bounds are given in Section 3.7 for the
interpolation of a periodic function using trigonometric polynomials.

Example 3.2.5 Consider the periodic function
f(z) = e sin. (3.2.18)

Table 3.1 contains the maximum errors of the trigonometric interpolation
polynomial p,(z) for varying values of n with the evenly spaced nodes
defined in (3.2.16). O

Exercise 3.2.1 Show that there is a unique quadratic function p2 satisfying the
conditions

S]]

p2(0) = a0, pr(1) = an, /Opzmda::

with given ao, a1 and @.

Exercise 3.2.2 Given a function f on Cfa,b], the moment problem is to find
pn € Pp(a,b) such that

b b
/wzpn(as)da::/ ' f(x)de, 0<i<n.

a
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If —pulle [ 7 [ If = Pnllo
1.1I6E +00 | 8 | 2.01E — 07
2.99E 01| 9 | 1.10E — 08
4.62E —02 | 10 | 5.53F — 10
5.67E —03 | 11 | 2.50F — 11
557E — 04 | 12 | 1.04F — 12
4.5TE — 05 | 13 | 4.01F — 14
3.24E—06 | 14 | 2.22F — 15

PN I = N BN JCRN \CR

TABLE 3.1. Trigonometric interpolation errors for (3.2.18)

Show that the problem has a unique solution and the solution p,, satisfies
b 2 b 2
[ 0@ = p@Pde< [ (@) - a@)de Vo€ Pa(ab)
Exercise 3.2.3 Let 9 < 1 < x2 be three real numbers. Consider finding a
polynomial p(x) of degree < 3 for which

p(xo) =yo, p(x2) = Y2,
/ ! 1 1
p(z1) =y, p (z1)=y1

with given data {yo,y2, ¥}, y!}. Show there exists a unique such polynomial.
Exercise 3.2.4 Derive the formula (3.2.2) for the Vandermonde determinant of

order n + 1.
Hint: Introduce

Z0 22 zy
1 = x2 xl
Va(z) = det
2
1 zpna Tp—1 Tp—1
2
1 x x "

Show
Va(z) = Var(zn1)(z —z0) -+ (¥ — Tn1)

and use this to prove (3.2.2).

Exercise 3.2.5 Show that the Lagrange formula (3.2.3) can be rewritten in the

form
S f(x5)
T —
— j
po(@) = "
>
=0 T — T
for & not a node point, for suitable values of {w;} which are dependent on only
the nodes {x;}. This formula is called the barycentric representation of p,(x).
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Exercise 3.2.6 Show that the Hermite interpolation problem (3.2.6) admits a
unique solution. Find a representation formula for the interpolant. Derive the

error relation
f (2n) n

II x—m,
i=1

for some & € (min;{z;, x}, max;{x;, 2}), assuming f € C*"[a, b].

f(@) = pan-1(z) =

Exercise 3.2.7 Show that if the modulus of continuity of f has the property
w(f,h) =o(h), i.e. w(f,h)/h — 0 as h — 0+, then f is a constant function.

Exercise 3.2.8 Let A : a = 20 < z1 < --- < x, = b be a partition of the
interval [a,b]. Denote x;_1/o = (i +xi—1)/2 and h; = x; — 251 for 1 < i < n,
and h = maxi<;<n hi. For f € CJa, ], its piecewise quadratic interpolant IIa f is
defined through two requirements:

(a) OAfliz; 1,2, is quadratic for i = 1,...,n;
(b) Iaf(xi) = f(xi) for i = 0,1,...,n, and Ha f(x;—1/2) = f(xi—1/2) for
i=1,2,....n

Bound the error | f — TIA f||z2(q,5) under the smoothness assumption FAS=
L*(a,b).

Exercise 3.2.9 Let us derive an error estimate for the composite trapezoidal
rule, the convergence of which was discussed in Exercise 2.4.5. A standard error
estimate is
|Lnv — Lo| < ¢h® max [0 (z)|
0<z<1

with h = 1/n. Assume v” € L'(0,1). Use the idea in proving (3.2.11) to show
that
|Lnv — Lo| < Ch2||UNHL1(o,1):

i.e. the smoothness requirement on the integrand can be weakened while the same
order error estimate is kept. Improved estimates of this kind are valid for errors
of more general numerical quadratures.

Exercise 3.2.10 An elementary argument for the improved error estimate of
Exercise 3.2.9 is possible, under additional smoothness assumption on the inte-
grand. Suppose v € C*[a, b]. For the composite trapezoidal rule, show that

nv—vafK (z)dz,

where the Peano kernel function K is defined by

1
Kr(z) = 3 (xr—zp-1) (T —2), TH—1 S < Tp
for k =1,2,...,n. Use this relation to prove the quadrature error bound

|Lov — Lv| < ChQHUNHLl(a,b)'
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Exercise 3.2.11 As another example of similar nature, show that for the com-
posite Simpson’s rule, the following error representation is valid:

b
Lpv— Ly = / Ks(z)v™ (z) d,

where the Peano kernel function K is defined by

Ko(z) = h(x— 1:;@,2)3/18 — (z — xk,2)4/24, Tpo<x<ThH_1,
S h(ze —x)3/18 — (zx — x)*/24, Th—1 < x < T

for k =2,4,...,n. Use this relation to prove the quadrature error bound

|Lnv — Lo| < ch*[[v™®]| £101)-

Exercise 3.2.12 Consider the computation of the integral

I= /bf(:n)dx, f € C'a,b].

Divide the interval [a, b] into n equal parts, and denote h = (b—a)/n the meshsize
and xx =a+ kh, k=0,...,n, the nodes. Let p be the piecewise cubic Hermite
interpolant of f(z), i.e., forany k = 1,--- ,n, p|iz,_, 2, is a polynomial of degree
less than or equal to 3, and p satisfies the following interpolation conditions

p(l’k):f(l’k), p/(l’k):f/(l’k), k=0,...,n.

Then we approximate the integral by

/:f(w)dayzfn = /abp(a:)dac.

In=h [% fla)+ i Flaw) + % f(b)] -2 e - ).

Show that

This formula is called the corrected trapezoidal rule.
Derive estimates for the error |[I — I,,| under the assumptions f* e L'(a,b)
and f® e L! (a,b), respectively.

Exercise 3.2.13 (a) For the nodes {z;} of (3.2.16), show the identity

on ik ; 41, e =1,

S - |

: 0, ek £ 1

7=0

for k € Z and zy, = 2wk/ (2n + 1).

(b) Find the trigonometric interpolation polynomial that solves the problem
(3.2.17) with the evenly spaced nodes of (3.2.16). Consider finding the inter-
polation polynomial in the form of (3.2.14). Show that the coefficients {c;} are

given by
2n

il
bje " A=—n,...,n.
i=0

o]
C T on 1
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Hint: Use the identity in part (a) to solve the linear system

> e =b;, j=0,1,...,2n.

k=—n

—ilz

Begin by multiplying equation j by e , and then sum the equations over j.

Exercise 3.2.14 Prove the error bound (3.2.8).

Exercise 3.2.15 Let {zk}ir;o be distinct non-zero complex numbers. Show that
for any given (2n + 1) complex numbers {yx }3™,, we can uniquely determine the
coefficients {c;}j—_,, of the function

)= o

j=—n
from the interpolation conditions

fze) =yr, 0<k<2n.

Exercise 3.2.16 Continuing Exercise 3.2.15, suppose zx = €%, 0 < 0 < 21 <
con < xan < 2w If {yx }i%, are real, show that

7€) = % 13" lax cos(kr) + be sin(ka)
k=1

for real coefficients {ax }r—o and {bk}i—;.

3.3 Best approximation

We approximate a function f(z) by choosing some member from a re-
stricted class of functions. For example, a polynomial was selected from P,
by using interpolation to f(z). It is useful to consider the best that can be
done with such a class of approximating functions: How small an error is
possible when selecting an approximation from the given class of approx-
imating functions? This is known as the best approrimation problem. The
solution depends on the function f, on the class of approximating functions,
and on the norm by which the error is being measured. The best known
cases use the uniform norm || - ||oo, the L-norm, and the L?-norm (and
other Hilbert space norms). We examine the best approximation problem
in this section and some of the following sections.

Throughout this section, V is allowed to be either a real or complex
linear space.
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3.3.1 Convexity, lower semicontinuity

A best approximation problem can be described by the minimization of a
certain functional measuring the error size, and some rather general results
can be given within such a framework. We begin by introducing some useful
concepts.

Definition 3.3.1 Let V be a real or complez linear space, K C V. The set
K is said to be convex if

uwveK = Adu+(1-XNveK Ve (0,1).

Informally, convexity of the set K is characterized by the property that
the line segment joining any two elements of K is also contained in K.
If K is convex, by induction we can show

w €K, 1<i<n = > \u; € K VA >0with » A\ =1
i=1 i=1
(3.3.1)
The expression ., Au; with A; > 0 and Y"1 | A\; = 1, is called a convez
combination of {u;}7_;.

Definition 3.3.2 Let K be a convex set in a linear space V. A function
f+ K — R is said to be convex if

FAu+ 1 =XNv) <Af(u)+(1=X) f(v) Yu,ve K, YAe[0,1].

The function f is strictly convex if the above inequality is strict for u # v
and X € (0,1).

To obtain a more intuitive sense of what it means for a function f to
be convex, interpret it geometrically for the graph of a real-valued convex
function f over R2. If any two points u and v in R? are connected by a
straight line segment L, then any point on the line segment joining (u, f(u))
and (v, f(v)), denoted as (Au + (1 — A v, A f(u) + (1 — A) f(v)) for some
A € [0, 1], is located above the corresponding point (Au+ (1 —A) v, f(Au+
(1 = XN)wv)) on the graph of f. The reader should note that the phrase
“strictly convex” has another meaning in the literature on approximation
theory, related somewhat to our definition but still distinct from it.

Definition 3.3.3 Let V' be a normed space. A set K C V is closed if
{vp} € K and v, — v imply v € K. The set K is weakly closed if
{vn} C K and v, — v imply v € K.

A weakly closed set is certainly closed. But the converse statement is not
true on general infinite dimensional spaces.
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FIGURE 3.3. A Ls.c. function with discontinuity

Definition 3.3.4 Let V be a normed space, K C V. A function f : K — R
is (sequentially) lower semicontinuous (1.s.c.) if {v,} C K andv, — v € K
imply

f(v) <liminf f(v,).

n—oo
The function f is weakly sequentially lower semicontinuous or weakly lower
semicontinuous (w.l.s.c.) if the above inequality is valid for any sequence
{vn} C K with v, —v € K.

Obviously continuity implies lower semicontinuity. The converse state-
ment is not true, as lower semicontinuity allows discontinuity in a function;
see Figure 3.3 for such an example. It is easily seen that if f is w.Ls.c., then
it is L.s.c. The notion of weak lower semicontinuity is very useful in a num-
ber of topics with applied and computational mathematics, including the
study of boundary value problems for elliptic partial differential equations.

Example 3.3.5 We examine an example of a w.l.s.c. function. Let V' be
a normed space and let us show that the norm function is w.l.s.c. For this,
let {v,} C V be a weakly convergent sequence, v, — v € V. By Corollary
2.5.6, there is an ¢ € V'’ such that £(v) = ||v| and ||¢|| = 1. We notice that

E(vn) < [l [onll = llvnll-
Therefore,
lv]| = £(v) = lim £(v,) < liminf v,
So || - || is w.Ls.c. (cf. Exercise 2.7.2).

In an inner product space, a simpler proof is possible to show the norm
function is w.l.s.c. Indeed, assume V' is an inner product space, and let
{vn} C V be a weakly convergent sequence, v,, — v. Then

loll? = (v.v) = lim (v,v,) < limin o] o]

and we easily obtain
[lv]] < liminf ||v,||.
n—oo

See Exercise 3.3.6 for yet another proof. 0
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We now present a useful result on geometric functional analysis derived
from the generalized Hahn-Banach theorem, concerning separation of con-
vex sets.

Definition 3.3.6 Let V' be a real normed space, and A and B be non-
empty sets in V. The sets A and B are said to be separated if there is a
non-zero linear continuous functional ¢ on V' and a number a € R such
that

lu)<a YueA,
l(v) >a YveB.

If the inequalities are strict, then we say the sets A and B are strictly
separated.

The next result follows from Theorem 2.5.5. A proof of the result can be
found in, e.g., [75].

Theorem 3.3.7 Let V' be a real normed space, A and B be two non-empty
disjoint convex subsets of V' such that one of them is compact, and the other
is closed. Then the sets A and B can be strictly separated.

This result is used later in Section 11.3.

3.3.2 Some abstract existence results

Given a real space V, a subset K C V, and a functional f : K — R, we
consider the problem of finding a minimizer v = u for f(v) over K:
inf . 3.2
nf f(v) (3.3.2)
A general reference for the results of this subsection is [247], including
proofs of most of the results given here.

Before we present a general result on the existence of a solution to the
problem (3.3.2), let us recall a classical result of Weierstrass: A real-valued
continuous function f on a bounded closed interval [a,b] (—oo < a < b <
00) has a maximum and a minimum. We recall the main steps in a typical
proof of the result for the part regarding a minimum. In the first step, we
denote K = [a,b] and

= inf .
O
Then by the definition of infimum, there is a sequence {x,,} C K such that
f(x,) — @ as n — oo. In the second step, we notice that the bounded
closed interval K is compact. Thus, there is a subsequence {z,/} C {x,}
and some xg € [a, b] such that

!
Tp — Tg asn — o0.
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In the last step, we use the continuity of the function f:
flwo) = lim flan) = a,
n —oo

i.e., 7o is a minimizer of f on K = [a,b].

Now we try to extend the above argument to the problem (3.3.2) on a
general setting. The first step depends only on the definition of infimum. For
the second step, we note that in an infinite-dimensional Banach space V,
a bounded sequence does not necessarily contain a convergent subsequence
(see Example 2.7.3). Nevertheless, if V is a reflexive Banach space, then
Theorem 2.7.5 states that a bounded sequence in V' contains a weakly
convergent subsequence. Therefore, for the problem (3.3.2), we assume V/
is reflexive, K is bounded and weakly closed. This last condition ensures
that the weak limit of a weakly convergent subsequence in K lies in K. Since
the candidate of a minimizer is now only a weak limit, in the last step, we
would assume the continuity of the functional f with respect to a weak
limit. This assumption on f is too strong and too restrictive. Nevertheless,
we notice that it is sufficient to assume f is weakly sequentially l.s.c. This
assumption allows f to be discontinuous.

With the above consideration, we see that the conditions of the next
result are quite natural.

Theorem 3.3.8 Assume V is a reflexive Banach space, and assume K C
V' is bounded and weakly closed. If f : K — R is weakly sequentially l.s.c.,
then the problem (3.3.2) has a solution.

Proof. Denote

a = inf f(v).

veK

By the definition of infimum, there exists a sequence {u, } C K with
flup) — a asn — oco.

The sequence {u,} is usually called a minimizing sequence of f over K.
Since K is bounded, {u,} is a bounded sequence in the space V. Now V
is reflexive, Theorem 2.7.5 implies that there exists a subsequence {u, } C
{un} which converges weakly to u € V. Since K is weakly closed, we have
u € K; and since f is weakly sequentially l.s.c., we have

() < T in f(un).

Therefore, f(u) = «, and u is a solution of the minimization problem
(3.3.2). Note that this proof also shows « is finite, a > —oc. O

In the above theorem, K is assumed to be bounded. Often we have the
situation where K is unbounded (a subspace, for example). We can drop
the boundedness assumption on K, and as a compensation we assume f to
be coercive over K.
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Definition 3.3.9 Let V' be a normed space, K C V. A real-valued func-
tional f on V' 1is said to be coercive over K if

fw) =00 as|v|| = o0, veEK.

Theorem 3.3.10 Assume V is a reflevive Banach space, K C 'V is weakly
closed. If f : K — R is weakly sequentially l.s.c. and coercive on K, then
the problem (3.3.2) has a solution.

Proof. Pick any vy € K and define
Ko={ve K| f(v) < f(vo)}.

Since f is coercive, Ky is bounded. Since K is weakly closed and f is weakly
sequentially l.s.c., we see that K is weakly closed. The problem (3.3.2) is
equivalent to

55, 60

which has at least one solution from Theorem 3.3.8. O

These results are rather general in nature. In applications, it is usually
not convenient to verify the conditions associated with weakly convergent
sequences. We replace these conditions by ones easier to verify. First we
record a result of fundamental importance in convex analysis. A proof of
the result is given in [76, p. 6].

Theorem 3.3.11 (MAzZUR LEMMA) Assume V' is a normed space, and
assume {vn}n>1 S a sequence converging weakly to w. Then there is a
sequence {uy }n>1 of convex combinations of {vy}n>1,

Uy = Z )\En)vi, Z )\En) =1, )\En) >0, n<i<N(n),

which converges strongly to u.

It is left as Exercise 3.3.6 to prove the following corollaries of Mazur
Lemma.

e If K is convex and closed, then it is weakly closed.

e If f is convex and l.s.c. (or continuous), then it is weakly sequentially
Ls.c.

Now we have the following variants of the existence results, and they are
sufficient for our applications.
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Theorem 3.3.12 Assume V' is a reflexive Banach space, K C V is convex
and closed, and f: K — R is convex and l.s.c. If either

(a) K is bounded

or

(b) f is coercive on K,

then the minimization problem (3.3.2) has a solution. Furthermore, if f is
strictly convez, then a solution to the problem (3.3.2) is unique.

Proof. It remains to show that if f is strictly convex, then a minimizer
of f over K is unique. Let us argue by contradiction. Assume there were
two minimizers uy # ue, with f(u1) = f(usz) the minimal value of f on K.
Since K is convex, (u1 +ug)/2 € K. By the strict convexity of f, we would
have

2 2

This relation contradicts the assumption that %, is a minimizer. O

P52 < Ut + )] = flun)

In certain applications, the space V' is not reflexive (e.g., V = Cla, b]).
In such a case the above theorems are not applicable. Nevertheless, we
notice that the reflexivity of V' is used only to extract a weakly convergent
subsequence from a bounded sequence in K. Also notice that we only need
the completeness of the subset K, not that of the space V. Hence, we may
modify Theorem 3.3.12 as follows.

Theorem 3.3.13 Assume V is a normed space, K C V is a conver and
closed finite-dimensional subset, and f : K — R is convex and l.s.c. If
either

(a) K is bounded

or

(b) f is coercive on K,

then the minimization problem (3.3.2) has a solution. Furthermore, if f is
strictly convez, then a solution to the problem (3.3.2) is unique.

A subset is said to be finite-dimensional if it is a subset of a finite-
dimensional subspace.

3.3.8  FExistence of best approximation

Let us apply the above results to a best approximation problem. Let u €
V. We are interested in finding elements from K C V which are closest
to u among the elements in K. More precisely, we are interested in the
minimization problem

vlg}f{ [lu — vl (3.3.3)
Obviously (3.3.3) is a problem of the form (3.3.2) with
f(w) = lJu =l
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Certainly f(v) is convex and continuous (and hence l.s.c.). Furthermore,
f(w) is coercive if K is unbounded. We thus have the following existence
theorems on best approximations.

Theorem 3.3.14 Assume K C V is a closed, convex subset of a reflexive
Banach space V. Then there is an element © € K such that

|lu—al| = inf ||u—wv].
veK

Theorem 3.3.15 Assume K C V is a convex and closed finite-dimensional
subset of a normed space V. Then there is an element u € K such that

lu—l| = inf lu—w].
veK
In particular, a finite-dimensional subspace is both convex and closed.

Theorem 3.3.16 Assume K is a finite-dimensional subspace of the normed
space V. Then there is an element u € K such that

|lu — @l = inf |Ju—v].
veK

Example 3.3.17 Let V = Cfa,b] (or L?(a,b)) and K = P, the space of
all the polynomials of degree less than or equal to n. Associated with the
space V', we may use LP(a,b) norms, 1 < p < oco. The previous results
ensure that for any f € Cla,b] (or LP(a,b)), there exists a polynomial
fn € P, such that

If = fallLr(ap) = qilelﬂf»n If = anllzr(ap)-

Certainly, for different value of p, we have a different best approximation
fn- When p = oo, f,, is called a “best uniform approximation of f”. O

The existence of a best approximation from a finite dimensional subspace
can also be proven directly. To do so, reformulate the minimization problem
as a problem of minimizing a non-negative continuous real-valued function
over a closed bounded subset of R™ or C", and then appeal to the Heine-
Borel Theorem from elementary analysis (see Theorem 1.6.2). This is left
as Exercise 3.3.7.

3.3.4  Uniqueness of best approximation

Showing uniqueness requires greater attention to the properties of the norm
or to the characteristics of the approximating subset K.

Arguing as in the proof for the uniqueness part in Theorem 3.3.12, we
can easily show the next result.
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Theorem 3.3.18 Assume V is a normed space, and further assume that
the function f(v) = ||v||P is strictly convex for some p > 1. Let K be a
conver subset of V.. Then for any u € V', a best approximation u from K
1S UNIQUE.

If V is an inner product space, then f(v) = ||v||? is a strictly convex
function on V' (see Exercise 3.3.8), and therefore a solution to the best
approximation problem in an inner product space is unique (provided it
exists).

For p € (1,00), the function f(v) = ||v\|]zp(g) is strictly convex on the
space LP(Q2). This is deduced from the Clarkson inequalities (1.5.5) and
(1.5.6). Therefore, in LP(£2), 1 < p < oo, there can be at most one best
approximation.

Notice that the strict convexity of the norm is a sufficient condition for
the uniqueness of a best approximation, but the condition is not necessary.
For example, the norm || - ||z (4 is not strictly convex, yet there are
classical results stating that a best uniform approximation is unique for
important classes of approximating functions. The following is the best
known of such results.

Theorem 3.3.19 (CHEBYSHEV EQUI-OSCILLATION THEOREM) Let f €
Cla,b] for a finite interval [a,b], and let n > 0 be an integer. Then there is
a unique solution p,, € P, to the minimization problem

po(f) = min |[f = plloc

It is characterized uniquely as follows. There is a set of n + 2 numbers
a<zog <y < < Tpy1 <D,
not necessarily unique, for which

f(z;) — pnlzj) = o (= pu(f), j=0,1,....,n4+1

with o = +1 or —1.

Theorem 3.3.20 Let g be a continuous 2m-periodic function on R, and
let n > 0 be an integer. Then there is a unique trigonometric polynomial
Gn € Ty, of degree less than or equal to n (see (3.2.13)) satisfying the min-
1mization property

pn(g) = min [lg — gfloc-

Proofs of these two theorems are given in Meinardus [169, Section 3]
and Davis [64, Chap. 7]. We return to these best uniform approximations
in Section 3.7, where we look at the size of p,(f) as a function of the
smoothness of f.
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Another approach to proving the uniqueness of a best approximation is
through the notion of a strictly normed space ([153]). A space V is said to
be strictly normed if

lu+ vl = flull + [lv] and w#0
implies v = Au for some non-negative scalar \.
Theorem 3.3.21 Assume V' is a strictly normed space, and K C V 1is
non-empty and convex. Then for any u € V, there is at most one element

ug € K such that
llu —ug|| = inf |ju—v].
veEK

Proof. Denote d = inf,ex ||[u — v||. Suppose there is another element uy €
K with the property
[u—us]| = d.

Since K is convex, (up +u1)/2 € K and so
(= 10)/2 + (= ur) /2] = ffu— (o + ) /2] > d.
On the other hand,
(= u0)/2 4 (u—u1)/2|| < [lu—uoll/2 + [lu — ua]| /2 = d.
Hence,
1w = u0)/2 + (u = w)/2[| = [[(u = uo) /2| + [[(w — u1)/2]].

If w € K, then obviously u; = up = u. Otherwise, u — ug # 0 and since V
is strictly normed, there is a A > 0 with
1 1

E(u—ul) :)\E(U—Uo)-
From this, [[u — u1]] = A ||lu — wo|, i.e., d = Ad. So A =1, and uy = ug. O

It can be shown that an inner product space is strictly normed (see
Exercise 3.3.9), and for p € (1, 00), the space LP(Q) is also strictly normed.
Thus, we can again conclude the uniqueness of a best approximation both
in an inner product space and in LP(a,b) for 1 < p < occ.

Exercise 3.3.1 Prove (3.3.1).

Exercise 3.3.2 Let K be a set in a linear space V. Define a set

Kc—{zn:)\ﬂ)i ’UZ'EK,)\Z'>0,zn:)\i—1,n—1,2,“‘}.

i=1 =1

Show that K C K., K. is convex and is the smallest convex set containing K.
The set K. is called the convex hull of K.
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Exercise 3.3.3 Show that the intersection of any collection of convex sets, the
sum of two convex sets, and a scalar multiple of a convex set are all convex.
Recall that for two sets V1, V2 in a linear space V', their sum is

Vi+Vo={vi+wv2| v €V, v € Va}
For a scalar o and a set K in the linear space V', the scalar multiple of the set is
aK={av|veK}.
Exercise 3.3.4 In certain context, it is convenient to consider convex functions

defined on a whole linear space V', and for this purpose, the functions are allowed
to take on the value +00. A function F' : V — R U {400} is said to be convex if

FAu+(1=XNv)<AF(u)+ (1-X)Fv) Yu,veV, ¥YXe0,1].

Let K C V,and f: K — R be given. Define

_f f(v) if v e K,
F(v) = { 400 otherwise.

Show that F': V — R U {400} is convex if and only if K is a convex set in V/
and f: K — R is a convex function.

Exercise 3.3.5 Let g € C[0,1] and let n > 0 be an integer. Define

E(g)= inf 1+ 22 -
()=, il | max (144 9(o) - pla)
with p(z) denoting a polynomial. Consider the minimization problem of finding
at least one polynomial p(z) of degree at most n for which

— 2 —
E(g) = max (1+27) |g(z) —p(z)|-
What can you say about the solvability of this problem?

Exercise 3.3.6 Apply Mazur Lemma to show that in a normed space, a convex
closed set is weakly closed, and a convex l.s.c. function is w.lL.s.c. In particular, if
a sequence {v,} in the normed space converges weakly to an element v, then

[|lv]] < liminf ||vx||.
n—oo

Exercise 3.3.7 Give a direct proof of Theorem 3.3.16, as discussed following
Example 3.3.17.
Exercise 3.3.8 Show that in an inner product space V, the function f(v) = ||v]|?
is strictly convex.

Exercise 3.3.9 Show that an inner product space is strictly normed.
Hint: Square and expand both sides of ||u 4 v|| = ||u|| + ||v||. Then consider the
implication of an equality in the Schwarz inequality.
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3.4 Best approximations in inner product spaces,
projection on closed convex sets

In an inner product space V', the norm ||-|| is induced by an associated inner
product. From the discussions in the previous section, Theorem 3.3.18 and
Exercise 3.3.8, or Theorem 3.3.21 and Exercise 3.3.9, a best approximation
is unique. Alternatively, the uniqueness of the best approximation can be
verified using the following characterization (3.4.1) of a best approximation
when the norm is induced by an inner product.

Throughout this section, we assume V is a real inner product space.
Many of the results generalize, and in some cases, they are stated in a
more general form. A general reference for the results of this section is
[247], including proofs of most of the results given here.

Lemma 3.4.1 Let K be a convex subset of a real inner product space V.
For any uw € V, u € K is its best approximation in K if and only if it
satisfies

(u—u,v—u)<0 VvekK. (3.4.1)

Proof. Suppose u € K is a best approximation of u. Let v € K be arbitrary.
Then, since K is convex, U+ A (v — 1) € K, A € [0,1]. Hence the function

o) = llu—[a+ (v -w)]|?, Ael0,1],
has its minimum at A = 0. We then have
0<¢'(0)=-2(u—1u,v—1u),

i.e., (3.4.1) holds.
Conversely, assume (3.4.1) is valid. Then for any v € K,

lu— ol = || (u = @) + (@ —v)|?
= lu—al* +2(u—-a,3-v)+|a- |
> [lu—alf?,
i.e., U is a best approximation of u in K. O

The geometric interpretation of (3.4.1) is that for any v € K, the angle
between the two vectors u — @ and v — u is in the range [7/2, 7.

Corollary 3.4.2 Let K be a convex subset of an inner product space V.
Then for any u € V, its best approximation is unique.

Proof. Assume both uj,uy € K are best approximations. Then from
Lemma 3.4.1,
(u—u,v—1u) <0 VveK.
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In particular, we choose v = Uy to obtain

(u—1y,ue —up) <0.
Similarly,

(u — U2, ur — Usz) < 0.
Adding the last two inequalities, we get

[a1 — a2 < 0.
Therefore, Uy = Us. O
Now combining the above uniqueness result and the existence results

from the previous subsection, we can state the following theorem.

Theorem 3.4.3 Assume K C V is a non-empty, closed, convex subset of
a Hilbert space V.. Then for any v € V, there is a unique element u € K
such that
Ju—all = inf lu— o,
veEK

The element U is also characterized by the inequality (3.4.1).

Actually, Theorem 3.4.3 is usually proved directly in most textbooks on
functional analysis by employing the inner product structure of the space
V. Let {u,}n>1 C K be a minimizing sequence:

lu—un|l = e = inf [lu—ol.

Then by the Parallelogram Law (1.3.3), we have
120 = wn = w|* + [Jttn = ||* = 2 (”“ —up |+ [lu — Um||2) J
ie.
lun = wmll® = 2 (o = wn ] + lu = umll?) =4 llu = (un + um)/2]|*.
Since K is convex, (tu, +up)/2 € K and ||Ju— (up+um)/2|| > «. Therefore,
[, = uml|* < 2 (||u — up||* + flu— umnz) —4a”.

So {un }n>1 is a Cauchy sequence. Since V' is complete, the sequence has a
(strong) limit @ € V, which belongs to K due to the closedness of K. It is
easy to see that the limit is the best approximation.

We call u the projection of u onto the closed convex set K, and write
U = Pg(u). The operator Px : V — K is called the projection operator
of V onto K. In general, Py is a nonlinear operator. However, when K
is a closed subspace, the projection operator is linear; see Theorem 3.4.7
below. It is not difficult to prove the following properties of the projection
operator by using the characterization (3.4.1).
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Proposition 3.4.4 Assume K C V is a non-empty, closed, convex subset
of a Hilbert space V. Then the projection operator is monotone:

(Pg(u) — Pg(v),u—v)>0 Yu,veV,
and non-expansive:
| Prc(u) — Pk (0)]| < |lu—v| Vu,veV.
We have the following two variants of Theorem 3.4.3.

Theorem 3.4.5 Assume K C 'V is a convex and closed finite-dimensional
subset of an inner product space V. Then for any u € V, there is a unique
element u € K such that

|lu —@l| = inf |Ju— .
veK

Theorem 3.4.6 Assume K is a complete subspace of an inner product
space V.. Then for any u € V, there is a unique element u € K such that

lu — @l = inf |Ju—v].
veK

Moreover, the best approzimation u € K is characterized by the property
(u—u,v)=0 VYvekK. (3.4.2)

Theorem 3.4.6 does not follow from the existence theorems given in the
previous section. Nevertheless, it can be shown with the idea given after
Theorem 3.4.3.

A proof of the equivalence between (3.4.1) and (3.4.2) for the case of a
subspace K is left as an exercise (Exercise 3.4.8).

A geometric interpretation of the characterization (3.4.2) is that the
“error” u — u is orthogonal to the subspace K. The projection mapping
Py is then called an orthogonal projection operator. Its main properties are
summarized in the next theorem. For a detailed discussion, see [135, pp.
147, 172-174].

Theorem 3.4.7 Assume K is a complete subspace of an inner product
space V. Then the orthogonal projection operator Px : V — V is linear,
self-adjoint, i.e.,

(Pgu,v) = (u, Pkv) Vu,veV. (3.4.3)

In addition,
llv||* = || Pxv||* + |[v — Pro||* VveV; (3.4.4)

and as a consequence,
| Pr|| = 1. (3.4.5)
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An important special situation arises when we know an orthonormal basis
{¢n}n>1 of the space V, and K = V,, = span{¢1,...,¢,}. The element
P,u €V, is the minimizer of

min ||u —v||.

’UE‘/n

We find this minimizer by considering the minimization of the non-negative
function

2

f(b].)"’vb’n): 3 b],...7bneR,

u— i bigi
i=1

which is equivalent to minimizing ||u — v|| for v € V,,. It is straightforward
to obtain the identity

f(blv .- 7b’rl) = ||U’||2 - Z |(u7¢z)‘2 + Z |b’L - (uv¢i)|27
i=1

i=1

the verification of which is left to the reader. Clearly, the minimum of f is
attained by letting b; = (u, ¢;), 7 = 1,...,n. Thus the orthogonal projection
of w into V,, is given by

n

Pou=Y (u,¢:) ¢s. (3.4.6)

i=1

Since
lu— Pyul| = inf |lu—wv|]| -0 asn— oo,
veV),

we have the expansion

n (oo}
i=1 i=1
where the limit is understood in the sense of the norm || - ||. The quantity

P,u is also called the least squares approximation of u by the elements of
Vi

Example 3.4.8 A very important application is the least squares ap-
proximation of functions by polynomials. Let V = L?(—1,1), and V,, =
P, (—1,1) the space of polynomials of degree less than or equal to n. Note
that the dimension of V,, is n 4 1 instead of n; this fact does not have any
essential influence in the above discussions. An orthonormal polynomial
basis for V' is known, {¢, = L, }n>0 consists of the normalized Legendre
polynomials,

2n+1 1 d" "
Lo(x) =1/ 5 2nn!dx—n[(g;2—1)], n >0, (3.4.7)
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where we apply the convention that 0! = 1, d°f(x)/dz® = f(x). For any
u € V, its least squares best approximation from P, (—1, 1) is given by the

formula
n

Pou(x) =Y (u, Li)p2(~1,1) Li(z).
=0

We have the convergence
nlirr;o lu — Ppullr2(—1,1) = 0.
Therefore,

o1y = T Pl
n

- JL“;OZ |(u, Li) 2 (~1.1)
1=0

o0
= Z \(%Li)m(q,l)\{
i=0
known as Parseval’s equality. We also have

n (oo}

u= lim > (W, Li)pa—ry Li = Y (u, Li)p2(—1,1) L
=0 i=0
in the sense of L?(—1,1) norm. O

Example 3.4.9 An equally important example is the least squares ap-
proximation of a function f € L?(0,27) by trigonometric polynomials (see
(3.2.13)). Let V,, = T,,, the set of all trigonometric polynomials of degree
< n. Then the least squares approximation is given by

1 - : o
pn(x) = 500 + Z [a; cos(jx) + bjsin(jz)] , (3.4.8)
j=1
where

1 2m

a; = — (x) cos(jx)dx, j >0,
mlo (3.4.9)
1 ™

by = — (x)sin(jz)dz, j>1.
TJo

As with Example 3.4.8, we can look at the convergence of (3.4.8). This
leads to the well-known Fourier series expansion

oo

f(z) = 612_0 + Z [aj cos(jz) + bjsin(jx)] . (3.4.10)
j=1

Further development of this example is left as Exercise 3.4.10. O
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Exercise 3.4.1 Let V = L?(Q), and for » > 0,
K={veVl|vlzq <7}

For any uw € V, find its projection on K.

Exercise 3.4.2 Consider a subset in V' = L*(Q) x L*(Q):
K ={v=(vi,v2) €V |v1 > vz ae. in Q}.

Show that K is non-empty, closed and convex. For any u = (u1,u2) € V, verify
that its projection onto K is w = (w1, w2) € K with

’LU1:U1+(U2—U1)+/2, ’LUQZUQ—(UQ—’U,1)+/2.

Here, t+ = max{t, 0}.

Exercise 3.4.3 Show directly that if K is a non-empty closed convex set in a
Hilbert space V, then there is a unique element u € K satisfying
= inf .
Jull = i o]

Exercise 3.4.4 Let V be an inner product space. A non-zero vector ug € V
generates a one-dimensional subspace

Uo ={awuo | @ € R}
For any uw € V, find its distance to Up:

dist (u, Up) = inf{[Jlu — v|| | v € U}

Exercise 3.4.5 Corollary 3.4.2 can be proved directly. Suppose both 41,12 € K
are best approximations to uw € V. Then due to the convexity of K, (41 +12)/2 €
K and is also a best approximation to wu:

llw = (i1 +d2) /2| = [|(u — @1)/2 + (u — d2)/2]|
Sllu = ll/2 4 [Ju — a2 /2
= llu— daf].
The inequality must be an equality, and so (u — 1) or (u — @2) is a nonnegative

multiple of the other. Then it can be shown that 41 = 2. Carry out the detail
of this argument.

Exercise 3.4.6 Another proof of Corollary 3.4.2 is through an application of
the Parallelogram Law (1.3.3). Give the proof by writing

. .2 N T
[ar = a2|]” = [[(u = G1) = (u = a2)]

= 2lu— @l* + 2 [lu — a2|* - 4lu - (@ + a2)/2|)%,

and noting that (41 + 42)/2 € K.
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Exercise 3.4.7 Prove Proposition 3.4.4.

Exercise 3.4.8 Show that when K is a subspace, the characterization (3.4.1) is
equivalent to (3.4.2).

Exercise 3.4.9 Prove Theorem 3.4.7.

Exercise 3.4.10 Given a function f € L*(0,27), show that its best approxima-
tion in the space T,, with respect to the norm of L? (0,27) is given by the partial
sum .

ao . .

> + Zl(aj cos jx + b sin jx)

=

of the Fourier series of f with the Fourier coefficients given by (3.4.9). Derive
Parseval’s equality for this case.

Exercise 3.4.11 Repeat Exercise 3.4.10, but use the basis
{e ] =n<j<n}

for T,,. Find a formula for the least squares approximation of f(z) in L*(0,2m).
Give Parseval’s equality and give a formula for ||u — P,u|| in terms of the Fourier
coefficients of f when using this basis.

Exercise 3.4.12 Toeplitz matrices and their specialization, circulant matrices,
appear in imaging problems and other applications ([227]). An n x n Toeplitz
matrix is of the form

to t_1 to—n ti-n
t1 to t3-n to—n
T = :
th—2 thn—3 --- to t_1
the1 tn—2 - t1 to

which is denoted as T' = toeplitz(t1—rn,...,t0,...,tn-1). Here t; € C, 1 —n <
j < n—1. An n x n circulant matrix is a special kind of Toeplitz matrix: C' =
toeplitz(ci, ..., cn—1,C0,C1,...,Cn-1), written as C' = circulant(co, . .., cn—1). Let
Cn*™ C C™™™ be the subspace of all the n x n circulant matrices. In C"*", we
use the Frobenius inner product

(A,B)r =tr(B¥A), A,BeC™".

Define the circulant right shift matrix R = circulant(0, 1,0, ...,0).
(a) Derive the formula
n—1
C = Z CjRj .
j=0

(b) Show that R?//n, 0 < j < n — 1, form an orthonormal basis of the subspace
cpx .

(c) Given A € R™™ ™, the best circulant approximation to A,

C(A) = argmin, _cnxn [|[C — A|p,
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is C(A) = circulant(co,...,cn—1), with ¢; = (A, R)r/n, 0 < j < n—1.1In
particular, for a real Toeplitz matrix T = toeplitz(t1—n, ..., to,...,tn—1), C(T) =
circulant(co, ..., cn—1), with ¢; = [(n — j)t; + jtj—n] /n, 0 <j <n—1.

Circulant approximations to square matrices can be useful in constructing
preconditioners for Toeplitz systems.

3.5 Orthogonal polynomials

The discussion of Example 3.4.8 at the end of the previous section can
be extended in a more general framework of weighted L2-spaces. As in
Example 3.4.8, we use the interval [—1,1]; all other finite intervals [a, b]
can be converted to [—1, 1] by a simple linear change of variables. Let w(x)
be a weight function on [—1,1], i.e. it is positive almost everywhere and it
is integrable on [—1,1]. Then we can introduce a weighted function space

1
L (~-1,1) = {v is measurable on [—1,1] ’ / lv(2)Pw(x) de < oo} .
~1

(3.5.1)
This is a Hilbert space with the inner product

1
(u, v)0,uw :/ u(x) v(z) w(z)de

-1

and the corresponding norm

[0llo,w = 1/ (v ©)o,w -

Two functions u,v € L2,(—1,1) are said to be orthogonal if (u,v)o ., = 0.

Starting with the monomials {1,z,2%,...}, we can apply the Gram-
Schmidt procedure described in Section 1.3 to construct a system of or-
thogonal polynomials {p, (z)}22, such that the degree of p,, is n. For any
u € L2(—1,1), the best approximating polynomial of degree less than or
equal to N is

N
Uy Pn)0,w
Pyu(z) =Y &apn(@), &n = %, 0<n<N. (3.5.2)
n=0 ni0,w

This can be verified directly. The best approximation Pywu is characterized
by the property that it is the orthogonal projection of u onto the polynomial
space Py (—1, 1) with respect to the inner product (-, -)o,w-

A family of well-known orthogonal polynomials, called the Jacobi poly-
nomials, are related to the weight function

w () =1 —-2)*1+2)’, —-l<a,p<l. (3.5.3)
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A detailed discussion of these polynomials can be found in the reference
[220]. Here we mention some results for two of the most important special
cases.

When a = g = 0, the Jacobi polynomials become Legendre polynomi-
als, which were discussed in Example 3.4.8. Conventionally, the Legendre
polynomials are defined to be

1 dr

Lo(z) =1, Ly(x) = Sl e

(> =1)"], n>1. (3.5.4)

These polynomials are orthogonal, and

2

(Ems Indo = 35— (35.5)

The Legendre polynomials satisfy the differential equation

[(1—2?) L (@)] +n(n+1)La(z) =0, n=0,1,...,
and the triple recursion formula
2n+1 n

Ly = Ly(x) — L, , =1,2,... 3.5.6
@) = T a La(@) — = L), w (35.6)

with Lo(z) = 1 and Lq(x) = x. Graphs of normalized Legendre polynomials
of degrees n = 0, 1, 2,3 were given earlier in Figure 1.2 of Subsection 1.3.2
in Chapter 1.

To present some error estimates related to orthogonal projection poly-
nomials, we need to use the notion of Sobolev spaces as is reviewed in
Chapter 7. A reader without prior knowledge on Sobolev spaces may skip
the following error estimates in a first time reading.

For any u € L?(—1,1), its N-th degree L?(—1,1)-projection polynomial
Pyu is

N
2 1
n=0

2

It is shown in [46] that if u € H®*(—1,1) with s > 0, then the following
error estimates hold:

lu = Prullo < e N2 [lulls,

lu = Pyully < e N*27% |[us.
Here || - ||s denotes the H*(—1,1)-norm, and below we use (-,-); for the
inner product in H*(—1,1).

Notice that the error estimate in the L?(—1, 1)-norm is of optimal order
as expected, yet the error estimate in the H'(—1,1)-norm is not of optimal
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order. In order to improve the approximation order also in the H'(—1,1)-
norm, another orthogonal projection operator P y : H'(—1,1) — Py can
be introduced: For u € H'(—1,1), its projection P yu € Py is defined by

(Pi,nu,v)1 = (u,v)1 VvePy.
It is shown in [162] that
|u— P yullp < eN*%|ulls, k=0,1, s >1. (3.5.7)

Notice that the error is of optimal order in both the L?(—1,1)-norm and
the H'(—1,1)-norm.
Another important special case of (3.5.3) is when a@ = = —1/2. The

weight function here is
1

V1 — a2

w(z) =

and the weighted inner product is

_ [ ul@)v(@)
(u,v)0,0 = [1 Vi dz.

The corresponding orthogonal polynomials are called Chebyshev polynomi-
als of the first kind,

T, (x) = cos(narccosz), n=0,1,.... (3.5.8)

These functions are orthogonal,

m
= CnOmn, n,m >0

(Tma Tn)O,w - 2

with ¢g = 2 and ¢, = 1 for n > 1. The Chebyshev polynomials satisfy the
differential equation

- [MTé(x)}/ = HZ%’ n=0,1,...

and the triple recursion formula
Toii(z)=22T,(z) — Thoa(x), n>1, (3.5.9)

with To(z) = 1 and Ty (z) = «.

Above, we considered orthogonal polynomials defined on the interval
[—1,1]. On a general finite interval [a,b] (b > a), we can use a simple
linear transformation of the independent variables, and reduce the study of
orthogonal polynomials on the interval [a, b] to that on the interval [—1, 1].
It is also possible to study orthogonal polynomials defined on unbounded
intervals.
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Orthogonal polynomials are important in the derivation and analysis
of Gaussian numerical integration (see e.g., [15, Section 5.3]), and in the
study of a family of powerful numerical methods, called spectral methods,
for solving differential equations (see e.g., [96, 45, 35]). For a more extended
introduction to orthogonal polynomials, see [4, Chaps. 5-7], [64, Chap. 10],
[88]. Additional results for orthogonal polynomials and polynomial approx-
imation are given later in Section 3.7.2. In Chapter 14, an introduction is
given to multivariable orthogonal polynomials and multivariable polyno-
mial approximation theory.

Exercise 3.5.1 Use (3.5.4) and integration by parts to show (L, L,) = 0 for
m #mn, m,n > 0.

Hint: Assume n > m. Use repeated integration by parts in evaluating (Lm, Ln).
Note that (z* —1)" has the roots 1 and —1, both of multiplicity n.

Exercise 3.5.2 Use (3.5.4) and integration by parts to show

2

(Ln,Ln)o = Tl

Exercise 3.5.3 Derive formulas for the Legendre polynomials of (3.5.4) and the
Chebyshev polynomials of (3.5.8) over a general interval [a, b]. For the Chebyshev
polynomials, what is the appropriate weight function over [a, b]?

Exercise 3.5.4 Derive (3.5.9) from (3.5.8).

Exercise 3.5.5 The existence of a three-term recursion formula for orthogo-
nal polynomials is not a coincidence for the Legendre polynomials (see (3.5.6))
and the Chebyshev polynomials (see (3.5.9)). In general, let po,p1,p2,--- be a
sequence of orthogonal polynomials with respect to the inner product

(u,v)o,w:/ u(z)v(x) w(x)dx

with a weight function w, and degp, = n, n > 0. Prove the following three-term
recursion formula:

Pn+1(®) = (an® + bn) pn () + copn—1(z), n>1

for suitable constants an, b, and c,.

Hint: Write
n+1
pa(e) = 3 aupi(a).
i=0
Then,

Oéj”pj”g,w = (wpn(a:),pj(a:))o,w, j=0,1,--- ,n+1
Show that for j <n — 2,

(zpn(z),p;i(z))o,w = 0.
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Exercise 3.5.6 As a continuation of Exercise 3.5.5, find the following formulas
for an, bn and c¢,. Assume the orthogonal polynomials {p,(z)} have the form
-1

pn(x) = Anx"™ + Bpz™ " 4 -
Then
P An+1 b o Bn+1 _ & C = _An+1An71 . Yn
" An ’ " An+1 An ’ " A% Yn—1

with vn = (pn,pn), n > 0.

Exercise 3.5.7 Use (3.5.4), (3.5.5) and Exercise 3.5.6 to obtain the triple recur-
sion relation in (3.5.6) for the Legendre polynomials Ly (x), n > 0.

Exercise 3.5.8 Find the zeros of T, (x) for n > 1. Find the points at which

_max [Tn(2)]

is attained.

Exercise 3.5.9 Using the Gram-Schmidt process, construct orthogonal polyno-
mials of degrees 0, 1, 2 for the weight function w(z) = log(1/x) on [0, 1].

Exercise 3.5.10 For n > 0, define

1
T+l
using the Chebyshev polynomials of (3.5.8). These new polynomials {S,(x)} are
called Chebyshev polynomials of the second kind.

(a) Show that {S,(z)} is an orthogonal family on [—1,1] with respect to the
weight function w(z) = V1 — z2.

(b) Show that {S»(x)} also satisfies the triple recursion relation (3.5.9).

Sn () TT/L+1(99)

Exercise 3.5.11 Lobatto polynomials are defined as follows:

1-— 1+
@) = 5=, @) = ——,
ék(l’):;/ Lp-a(t)dt, k>2,
||Lk—1HL2(—1,1) —1

where Ly_1, k > 2, are the Legendre polynomials. Recall that ||Lx—1|p2(—1,1) =
V2/(2k —1).

(a) Find formulas for f2(z), ¢3(z) and £4(z).

(b) Show that for any integer p > 0, {{x }o<r<, forms a basis for the polynomial
space Pp.

(¢) For k > 2, £(—1) = £x(1) = 0.

(d) For ¢ # j with max{i, j} > 1,

1
0i(z) O (z) dz = 0.
-1
Lobatto polynomials are used in the design of hierarchic shape functions in the
p-version finite element method (see e.g., [209]). The orthogonality (d) is the
property that makes these polynomials especially useful in this context.
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3.6 Projection operators

In Section 3.4, we have introduced the notion of a projection operator in
an inner product space. In this section, we consider projection operators
on subspaces of more general linear spaces or normed spaces. Projection
operators are useful in discussing many approximation methods. Intuitively
we are approximating elements of a vector space V using elements of a
subspace W. Originally, this generalized the construction of an orthogonal
projection from Euclidean geometry, finding the orthogonal projection of
an element v € V in the subspace W. This has since been extended to
general linear spaces which do not possess an inner product; and hence our
discussion approaches the definition of projection operators from another
perspective.

Definition 3.6.1 Let V be a linear space, and Vi and Vo be subspaces of
V. We say V is the direct sum of V1 and V4 and write V=V, & Vs, if any
element v € V' can be uniquely decomposed as

v=1v1 +vy, v €V, vy E Vs (3.6.1)

Furthermore, if V' is an inner product space, and (vi,v2) = 0 for any
v1 € V1 and any ve € Vo, then V is called the orthogonal direct sum of V1
and Vs.

There exists a one-to-one correspondence between direct sums and linear
operators P satisfying P? = P.

Proposition 3.6.2 Let V be a linear space. Then V = V1 @& Vs if and only
if there is a linear operator P : V. — V with P? = P such that in the
decomposition (3.6.1), v1 = Pv, ve = (I — P)v, and moreover, Vi = P(V)
and Vo = (I — P)(V).

Proof. Let V = V; & V5. Then Pv = vy defines an operator from V to V. It
is easy to verify that P is linear and maps V onto Vi (Pvy = v1 Yu; € Vi),
and so V3 = P(V'). Obviously va = (I — P)v and (I — P)vg = vy Vg € V.

Conversely, with the operator P, for any v € V we have the decompo-
sition v = Pv + (I — P)v. We must show this decomposition is unique.
Suppose v = vy 4+ v9, v1 € Vi, vo € Vo. Then v; = Pw for some w € V.
This implies Pv; = P?w = Pw = v,. Similarly, Pvy = 0. Hence, Pv = v1,
and then v = v —v; = (I — P)v. O

Definition 3.6.3 Let V' be a Banach space. An operator P € L(V') with
the property P? = P is called a projection operator. The subspace P(V') is
called the corresponding projection space. The direct sum

V=pPWV)® (- P)V)
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FIGURE 3.4. Orthogonal projection in R?

is called a topological direct sum.

IfV is a Hilbert space, P is a projection operator, and V = P(V)® (I —
P)(V) is an orthogonal direct sum, then we call P an orthogonal projection
operator.

It is easy to see that a projection operator P is orthogonal if and only if

(Pv,(I = P)w)=0 Vov,weVW. (3.6.2)

Example 3.6.4 Figure 3.4 illustrates the orthogonal direct decomposition
of an arbitrary vector in R? which defines an orthogonal projection oper-
ator P from R? to V;. In particular, when V; is the z-axis, we have

o U1 _ U1
P’U—<0> forv—<v2>. 0

Example 3.6.5 (LAGRANGE INTERPOLATION) Let V' = Cfa,b], V; = P,
the space of the polynomials of degree less than or equal to n, and let
A:a=x9<z1 < - <x, =b be a partition of the interval [a, b]. For v €
C'la, b], we define Pv € P,, to be the Lagrange interpolant of v corresponding
to the partition A, i.e., Pv satisfies the interpolation conditions: Pv(z;) =
v(x;), 0 <4 < n. From the discussion of Section 3.2, the interpolant Pv is
uniquely determined. The uniqueness of the interpolant implies that P is
a projection operator. Explicitly,

n

Pola) =3 ([T 5=5 | vl

i=0 \j#i "

using the Lagrange formula for the interpolant. O
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Example 3.6.6 (PIECEWISE LINEAR INTERPOLATION) Again we let V =
Cla,bl and A 1 a =29 < 21 < --- < T, = b a partition of the interval
[a,b]. This time, we take V; to be the space of continuous piecewise linear
functions:

Vi ={veCla,b] | v|z_, .z is linear, 1 <i < n}.

Then for any v € Cla,b], Pv is the piecewise linear function uniquely
determined by the interpolation conditions Pv(z;) = v(z;), 0 < i < n.
This is an example of a finite element space. O

Example 3.6.7 Let V,, be an n-dimensional subspace of a Hilbert space
V. Suppose {u1,...,un} is an orthonormal basis of V;,. For any v € V, the

formula
n

Pv= Z(ui,v) U;
i=1
defines an orthogonal projection from V onto V. g

Example 3.6.8 Recall the least squares approximation using trigonomet-
ric polynomials, in (3.4.8)—(3.4.9). This defines an orthogonal projection
from L2(0,27) to T,. Denote it by F,f. In the following section, we dis-
cuss F,, as a projection from Cp(27) to T,,. Recall from Examples 1.1.2 (g),
1.2.5 (a) that the space Cp(2m) consists of all continuous functions g on R
for which
g9(x +2m) = g(x)

and the norm is || - [|s. Proposition 3.6.9, given below, also applies to F,
and the linear space L?(0, 27). O

If V is an inner product space, then we define the orthogonal complement
of a subspace V; as

Vll = {’UG \%4 | (’U,’Ul) =0 Vuv € Vi}

The proof of the following is left as Exercise 3.6.6.

Proposition 3.6.9 (ORTHOGONAL PROJECTION) Let Vi be a closed linear
subspace of the Hilbert space V, with its orthogonal complement Vi-. Let
P:V —Vi. Then:
(a) The operator P is an orthogonal projection if and only if it is a self-
adjoint projection.
(b) Each orthogonal projection P is continuous, |P|| <1, and |P|| =1 for
P 0.
() V=Via Vi
(d) There exists exactly one orthogonal projection operator P from V onto
Vi. We have

lv—Pv|| = inf ||v—w| VveW

weVy
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The operator I — P is the orthogonal projection onto Vi*.
(e) If P : V. — V is an orthogonal projection operator, then P(V') is a
closed subspace of V', and we have the orthogonal direct sum

V=P(V)a® (- P)V).

Projection operators are used in defining projection methods in solving
operator equations; see Section 12.1 on projection methods for integral
equations.

Exercise 3.6.1 Show that if P is a projection operator (or an orthogonal pro-
jection operator), then so is I — P. Moreover, the range of P is the null space of
(I — P), and the range of (I — P) is the null space of P.

Exercise 3.6.2 Let V = L*(—1,1), and Vi = {v € V | v(z) = 0 a.e. in (—1,0)}.
Determine the orthogonal complement of Vi in V.

Exercise 3.6.3 Compute the orthogonal projection in L?(0,1) of u(x) = ¢ onto
the subspace of all the linear functions.

Exercise 3.6.4 Show that the range of a projection operator coincides with the
set of its fixed-points. A vector v is said to be a fixed-point of P if Pv = v.

Exercise 3.6.5 Let V be a Hilbert space, let V1 be a finite dimensional subspace
with basis {¢1,...,pn}, and let P be an orthogonal projection of V onto Vi. Show
that Pv =0 for any v € V if and only if (v,p;) =0for j =1,...,n.

Exercise 3.6.6 Prove Proposition 3.6.9.

Exercise 3.6.7 Let P # 0 be a bounded projection on the Banach space V.
Show that || P|| > 1. If V' is a Hilbert space, and if P is an orthogonal projection,
show that || P]| = 1.

Exercise 3.6.8 (a) Find a formula for ||P|| in Example 3.6.5.
(b) Find a formula for ||P|| in Example 3.6.6.

Exercise 3.6.9 Extend Example 3.6.6 to piecewise quadratic interpolation. Use
evenly spaced node points. What is || P|| in this case?

3.7 Uniform error bounds

Approximation in the uniform norm is quite important in numerical anal-
ysis and applied mathematics, and polynomials are the most important
type of approximants. In this section, we focus on uniform approximation
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of continuous functions of one variable. Recall from the Weierstrass theo-
rem (Theorem 3.1.1) that any continuous function f on a bounded closed
interval can be approximated uniformly by polynomials.

For many uses of approximation theory in numerical analysis, we need
error bounds for the best uniform approximation of a function f(z) on
an interval [a,b]. We are interested in two such problems: the uniform ap-
proximation of a smooth function by polynomials and the uniform approx-
imation of a smooth 27-periodic function by trigonometric polynomials.
These problems were discussed previously in Subsection 3.3.4, with The-
orems 3.3.19 and 3.3.20 giving the uniqueness of the best approximants
for these two forms of approximation. Initially, we study the polynomial
approximation problem on the special interval [—1,1], and then the re-
sults obtained extend easily to an arbitrary interval [a, b] by a simple linear
change of variables. We consider the approximation of a 27-periodic func-
tion by trigonometric polynomials as taking place on the interval [—m, 7]
in most cases, as it aids in dealing with the special cases of even and odd
2m-periodic functions.

An important first step is to note that these two problems are closely
connected. Given a function f € C™[—1,1], introduce the function

g(0) = f(cos0). (3.7.1)

The function g is an even 2m-periodic function and it is also m-times contin-
uously differentiable. If we examine the best approximating trigonometric
polynomial ¢, (6) for any even 2w-periodic function g(6), the uniqueness
result (Theorem 3.3.20) can be used to show that ¢, () has the form

() = ag + Y _ a; cos(j6). (3.7.2)

j=1

The proof is based on using the property that g is even and that the best
approximation is unique; see Exercise 3.7.2.

For the best uniform trigonometric approximation of (3.7.1), given in
(3.7.2), use the substitution = = cos § and trigonometric identities to show
the existence of p, € P,, with

Gn(0) = pn(cos@)

and with p,(z) having the same degree as ¢, (). Conversely, if p € P, is
given, then ¢, (6) = p,(cosf) can be shown to have the form (3.7.2).
Using these results,
Jnax [9(0) — ()] = max [f(x) = pn(2)].
In addition, it is straightforward to show that p, (x) must be the best uni-
form approximation to f(z) on [—1,1]. If it were not, we could produce a
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better uniform approximation, call it r,,(x); and then 7, (cos #) would be a
better uniform approximation to g(#) on [0, 7], a contradiction. This equiv-
alence allows us to concentrate on only one of our two approximating prob-
lems, that of approximating a 2m-periodic function g(#) by a trigonometric
polynomial ¢,(#). The results then transfer immediately to the ordinary
polynomial approximation problem for a function f € C™[—1,1].

As a separate result, it can also be shown that when given any 27-periodic
function g(#), there is a corresponding function f(x) of equal smoothness
for which there is an equivalence between their best uniform approximations
in the respective approximating spaces T, and P,. For this construction,
see [169, page 46].

We state without proof the main results. For proofs, see Meinardus [169,
Section 5.5]. Recall that the notation C),(27) denotes the Banach space of
2m-periodic continuous functions, with the uniform norm as the norm.

Theorem 3.7.1 (JACKSON’S THEOREM) Suppose the 2m-periodic func-
tion g(0) possesses continuous derivatives up to order k. Further assume
that the k" derivative satisfies a Holder condition:

g™ (0:) — g (02)| < M |61 — 02", —00 < 01,60, < 0

for some My > 0 and some o € (0,1]. (We say that g € CE*(2r).) Then
the error in the best approximation q,(0) to g(8) satisfies

My,
_ < k+1 "7k
—ogi%)ioo ‘g(e) qn(a)‘ =¢ n’”‘l

(3.7.3)
with ¢ = 1+ 72 /2.

Theorem 3.7.2 (JACKSON’S THEOREM) Suppose f € CF[—1,1] and that
the k' derivative satisfies a Hélder condition:

FP (1) — B (22)| < My |z1 — 22|, —1<a1,22<1

for some My, > 0 and some o € (0,1]. Then the error in the best approxi-
mation py(x) to f(x) satisfies

max | f(z) — pa(2)] < dpe

_fax o (3.7.4)

with ¢ = 1+ 72/2 and dj, any number satisfying

nk+a

dy, n(n—l)"'(n_k+1)(n—k)a’

Y

n > k.

Note that the right hand fraction tends to 1 as n — oo, and therefore a
finite bound dy, does exist for each k > 0.
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3.7.1  Uniform error bounds for L*-approximations

The Fourier series of a function f € L?(—m,m) is a widely-used tool in
applied and computational mathematics, and as such, error bounds are
needed for the convergence of the series. We return to this topic in later
chapters, deriving additional error bounds for the error in the context of
Sobolev spaces (see Section 7.5). But here we look at bounds based on
Theorem 3.7.1. More discussion of the Fourier series is given in Section 4.1.

The Fourier series for a function f € L?(—m, ) was given in Example
3.4.9, with the formulas (3.4.10) and (3.4.9). As introduced in Example
3.6.8, we also use the notation F,, f to denote the partial Fourier series of
terms of degree < n. It is straightforward to obtain bounds for f —F, f in
L?(—7,7), once uniform error bounds are known. Simply use

lgllz < V2 |lgllocs g € Cl—m,7],
and therefore
If = Fafllz <V2r|If = Fuflloo, [f€C[—m, 7] (3.7.5)

The error bounds follow immediately. An alternative set of L2-bounds is
introduced in Section 7.5.

Obtaining results in the uniform norm is more difficult. Begin by using
standard trigonometric identities to rewrite the formulas (3.4.8)—(3.4.9) for
Fnf as

Fuf@) == [ Do) s dy (3.7:6)

where B
D,(0) = % + Zcos(jﬁ). (3.7.7)

j=1

For t ¢ {2jm | j=0,£1,42,...}, we have

sin(n + 1/2)0

Dnlf) = = sin(6/2)

(3.7.8)

The function D, is called the Dirichlet kernel function. Many results on
the behaviour of the partial Fourier sums F,, f(x) are obtained by an ex-
amination of the formula (3.7.6).

For f € Cp(2m), use this formula to obtain

max |, f(0)] < ~max [ |Dale = )] dy 1]

™ -

2 s
2 [ IDuwldy £l



3.7 Uniform error bounds 161

The last step uses the facts that D,,(6) is even and 27-periodic. From this,
we see
Fn: Cp(2m) — T,, C Cp(2m)

is a bounded projection operator with

2 ™
170 < =2 [ IDawlds (37.9)

By regarding (3.7.6) as defining an integral operator from C,(27) to itself,
it can be seen that ||F,| = L,, (see (2.2.8)).

The numbers {L,} are called Lebesque constants, and a great deal is
known about them. In particular, it is shown in Zygmund [251, Chap. 2,
p. 67] that (see Exercise 3.7.4)

4
|Fall = Lo = —logn+0(1), n>1. (3.7.10)

Thus {||F,||} is an unbounded sequence. This implies the existence of a
function f € Cp(27) for which F, f does not converge uniformly to f.

To prove the last statement, begin by noting that F,,f = f for any
f € T,,; and moreover, note that the trigonometric polynomials are dense
in Cp(2m). It then follows from the Banach-Steinhaus theorem (Theorem
2.4.5) that there exist functions f € Cp(27) for which F,, f does not con-
verge uniformly to f. Note however that since such an f is in L?(—, ),
F,.f does converge to f in the L2-norm.

In contrast to the above results in C,(2), recall that F,, is an orthogonal
projection operator with respect to L?(—m,7); and therefore || F,| = 1
when F,, is viewed as an operator from L{ — 7, ) to itself.

Uniform error bounds for the Fourier series

For a given function f and a given integer n > 0, let ¢, denote the
best approximation of f from the approximating subspace T,. Note that
Fn(gn) = ¢n. Then using the linearity of F,,

f=Falf)=(f = an) = Fulf = @n)-
Taking norms of both sides,
1f = Fn(Dlloe < A+ FnDIF = anllo -
Assuming f € C;f’o‘(27r) for some k£ > 0 and some « € (0, 1], we have

M
If = Fn(Plloe < (1+ IIntI)Ck“nk—fa (3.7.11)

and 1
ogn
1= FalDllow S hprg forn>2, (8.7.12)
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Here ¢ = 1+ 72/2, Mj, is the Holder constant for f*) and ¢, is a constant
linearly dependent on M}, and otherwise independent of f. Combining this
with (3.7.10), we see that if f € C)*(2n) for some «, then F,,(f) converges
uniformly to f. For F,,(f) to fail to converge uniformly to f, the function
f must be fairly badly behaved.

3.7.2  L?-approximations using polynomials

Recall the introduction to orthogonal polynomials in Section 3.5. Also, re-
call that the orthogonal projection operator from an inner product space V'
onto an approximation subspace Vi can be interpreted as a least squares
approximation; see (3.4.6) in Section 3.4 and the derivation preceding it.
As before in Section 3.5, consider the approximation of functions u €
L2 (—1,1) based on the inner product

introduced earlier in (3.5.1). The operator Py of (3.5.2) is the orthogonal
projection of L2 (—1,1) onto Py, the space of polynomials of degree < N.
In analogy with the earlier results for Fourier series, we want to analyze
the uniform convergence of Pyu to u when u € C[—1,1].

Let {pn(z)}52, denote orthogonal polynomials with respect to the above
inner product (-, -)O)w, with deg (p,) = n, n > 0. For notational simplicity
and without loss of generality, assume (py, pn)o,w =1, n > 0, thus making
{pn ()} an orthonormal basis for L2 (—1,1). The set {p, ()}, is an
orthonormal basis for Py: for u € L2 (—1,1),

N
Pyu(z) = &pa(@), &= (W,pn)ow, 0<n<N.  (3.7.13)
n=0

is the orthogonal projection of w onto Py. As with our analysis in §3.7.1 of
the uniform convergence of Fourier series, we need to know || Py || when Py
is considered as an operator from C[—1,1] to Py C C[—1,1]. In analogy
with the derivation of (3.7.11), we can then obtain

lu = Pyullo < (14 1PN v =gl » (3.7.14)

where ¢ is an arbitrary polynomial from Pp. By choosing ¢ to be the
minimax approximation to u from Py and by applying Jackson’s Theorem
3.7.2, we obtain rates of convergence for the speed of uniform convergence
of Pyu to w.
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To study the size of ||Py||, use (3.7.13) to obtain the integral formula

Pyu(z) = /1 Kz, Ou)dt, —1<z<1, (3.7.15)
N

K(xa t) = an(l') pn(t)- (3716)
n=0

By regarding (3.7.15) as defining an integral operator from C[—1,1] to
itself, the earlier result (2.2.8) implies that

1
[Py[l = max / |K (z,t)| dt. (3.7.17)
-1

—1<z<1

The sum in (3.7.16) is complicated, but can be simplified using the following
result.

Theorem 3.7.3 (CHRISTOFFEL-DARBOUX IDENTITY) For {p,(x)}, an
orthonormal family of polynomials with weight function w(x) > 0,

pN+1(®) PN (t) — pN (@) PN+ (2)
N an(x —1t) I
n\T) Pn - 3.7.18
Lm0 =) OO -ty O
anN ’

with any = Ant1/ANn and p,(z) = Anx"™+ lower order terms, n > 0.

For a proof, see [220, p. 43]. The proof is based on a manipulation of the
triple recursion relation given in Exercises 3.5.5-3.5.6 of Section 3.5. The
formula (3.7.18) leads immediately to a simpler expression for the kernel
function of (3.7.15). This function K(z,¢) is an example of a reproducing
kernel function, and this concept is introduced and explored in Exercise
3.2.10.

Example 3.7.4 Return to the Chebyshev polynomials {T,(x)} of (3.5.8).
For this case, 4, = 2" 1, n > 1, and ay = 2, N > 1. Then (3.7.18)
becomes

cos(N 4+ 1)0 cos N¢ — cos N cos(N + 1)¢

K(z,t) = (1) , T #t

with = cosf and t = cos ¢, 0 < 6, ¢ < 7. An alternative derivation, given
in [195, p. 133], yields

Koty = L[SV +1/2) (0 +9)) | sin(N +1/2) (¢ —9))
’ o sin((6 + ¢)/2) sin((6 — ¢)/2)
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This can be used in (3.7.17) to bound ||[Py||. Noting the periodicity of
K(z,t) in 6 and ¢, we can convert (3.7.17) to

1 [Tsin[(2N +1)¢/2]
[Pyl = — -
T sin(¢/2)
Recall this same integral appeared in the error formula for the truncated

Fourier series (cf. (3.7.8) and (3.7.9)). Combining the result (3.7.10) with
the above, we obtain

do.

4
Pyl = =5 logn+0(1), 01

When this relation is combined with (3.7.14) and Jackson’s Theorem 3.7.2,
a bound for ||u — Pyul|,, can be obtained that looks exactly the same as
that in (3.7.12) for Fourier series. This bound on ||Py|| and the resulting
bound on |ju — Pyul|, shows that the expansion of a function u(z) in
terms of Chebyshev polynomials converges uniformly for most functions
ue C[—-1,1].

3.7.3 Interpolatory projections and their convergence

Recall the trigonometric interpolation discussion of Subsection 3.2.4. Let
f € Cp(2m), let n > 0 be a given integer, and let the interpolation nodes
be the evenly spaced points in (3.2.16). Denote the resulting interpolation
formula by Z,, (f). It is straightforward to show that this is a linear operator;
and by the uniqueness of such trigonometric polynomial interpolation, it
also follows that Z,, is a projection operator on Cp(27) to T,,. To discuss
the convergence of Z,,(f) to f, we can proceed in the same manner as when
examining the convergence of F,(f).
Begin by obtaining the Lagrange interpolation formula

> Dalw =) f(xy). (3.7.19)
0

Its proof is left as Exercise 3.7.5. Using this formula,

2n

2
maxz |Dy, (z — x;)] .
=0

| =
Il 2n+1

In Rivlin [195, p. 13], it is shown that

2
|IZ,| <14 =logn, n>1 (3.7.20)
m

and it is also shown that ||Z,| is exactly of order logn as n — oo. This
result can be combined with an argument such as the one leading to (3.7.12)
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to obtain analogous results for the convergence of Z,, f. In fact, assuming
f e Ch(2m) for some k > 0 and some o € (0,1], we have

M,
1f = Znflloo < (1+ IIInII)CHlW (3.7.21)
for any n > 1, ¢ =1+ 72/2, and
1
1 = Zoflloo < ck nig_ﬁ for n > 2 (3.7.22)

for ¢ a constant linearly dependent on M}, and otherwise independent of

f.

Exercise 3.7.1 Show that cos(j6) can be written as p;(cos ), with p;(z) a poly-
nomial of degree j.

Exercise 3.7.2 Show that if g(6) is an even 2w-periodic function, then its best
approximation of degree n must take the form (3.7.2).

Exercise 3.7.3 Derive (3.7.6).

Exercise 3.7.4 Prove the formula (3.7.10).
Hint: Make the observation

/()W\Dwy)\dy:/oﬁ

Exercise 3.7.5 Show that the functions

__2
T 2n+1

de+0(1) = / ‘Slt—“t' dt + O(1).

sin(n + 1/2)x
€ 0

;(x) Dp(x —x;), 0<j<2n,

belong to T,, and that they satisfy
¢ (k) = Ok

Thus show that (3.7.19) can be considered a “Lagrange interpolation formula”.

Exercise 3.7.6 Show that Z,(f) can be obtained from F,(f) by a suitably
chosen numerical integration.

Suggestion for Further Reading.

Interpolation is a standard topic found in every textbook on numerical
analysis. The reader is referred to ATKINSON [15, Chap. 3], KRESs [150]
and other numerical analysis textbooks for a more detailed discussion of
polynomial interpolation, as well as other interpolation topics not touched
upon in this work, such as interpolation with spline functions. The classic
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introduction to the theory of spline functions is DE BOOR [65]. MEINAR-
DUS [169] is an excellent reference for approximations by polynomials and
trigonometric polynomials. DAVIS [64] contains an extensive discussion of
interpolation and approximation problems in a very general framework.
Best approximations in inner product spaces are systematically treated in
[69].

A best approximation problem is a minimization problem, with or with-
out constraints, and some of them are best studied within the framework of
optimization theory. Some abstract minimization problems are best stud-
ied in the framework of conver analysis, and some excellent references on
convex analysis include EKELAND AND TEMAM [76], ROCKAFELLAR [197]
and ZEIDLER [247].

There is current work on generalizing to the multivariable case the use of
polynomial approximation. For an extensive introduction to multivariable
orthogonal polynomials, see DUNKL AND XU [72] and XU [239]-[241]. For
generalizations of the Jackson theorems to the unit ball in R? and the unit
sphere in R4T1 d > 2, see Ragozin [190].



4

Fourier Analysis and Wavelets

In this chapter, we provide an introduction to the theory of Fourier analysis
and wavelets. Fourier analysis is a large branch of mathematics, and it is
useful in a wide spectrum of applications, such as in solving differential
equations arising in sciences and engineering, and in signal processing. The
first three sections of the chapter will be devoted to the Fourier series, the
Fourier transform, and the discrete Fourier transform, respectively. The
Fourier transform converts a function of a time or space variable into a
function of a frequency variable. When the original function is periodic, it
is sufficient to consider integer multiples of the base frequency, and we are
led to the notion of the Fourier series. For a general non-periodic function,
we need coefficients of all possible frequencies, and the result is the Fourier
transform.

The last two sections of the chapter are devoted to wavelets. Since the
1980s, the theory and applications of wavelets have become a major area
of mathematical research. Wavelets and Fourier analysis complement each
other in providing tools for efficient treatment of problems from a wide
variety of areas in mathematics, the sciences, and engineering.

4.1 Fourier series

In solving several model partial differential equations with the method of
separation of variables, a natural question is whether a function can be
represented by a trigonometric series. Indeed, J. Fourier used extensively

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis 167
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the Fourier series in the study of the heat conduction, and he published his
results in his famous work Théorie Analytique de la Chaleur in 1822.
Let f € L'(—m, 7). Then its Fourier series is defined by

oo

apn . . .
F(x) = 5 + ; [a; cos(jx) + bjsin(jz)], (4.1.1)
where the Fourier coefficients are defined by
1 s
a; = — f(x) cos(jz)dx, j >0, (4.1.2)
™ —T
1 s
by =— f(x) sin(jz)de, j>1. (4.1.3)
7r —Tr

These formulas for the coefficients can be derived formally by multiplying
both sides of (4.1.1) with cos(jx) or sin(jz), integrating over the interval
[—7, 7], interchanging the order of integration and infinite summation, and
replacing F'(z) by f(x). The Fourier series F'(x) defined by (4.1.1)—(4.1.3) is
closely related to the function f(x); however, the series may not converge,
and even when it converges, the limit may be different from f(x). For
this reason, we use the notation F(x) for the Fourier series of f(z). The
convergence issue is examined later in this section.

For an integer j > 0, the harmonic modes cos(jz) and sin(jz) have
the frequency (defined as the reciprocal of the period, i.e., the number
of cycles per unit time) w; = j/(2m), which is the j-multiple of the base
frequency wi = 1/(2m). Thus, if the function f(x) represents a periodic
signal with period 27, then the Fourier series (4.1.1) can be interpreted as
a decomposition of the signal as a linear combination of a constant term
and harmonic modes with frequencies {w;}%2;.

Since the function F(z) of (4.1.1) is a 2w-periodic function, it is usually
convenient to view f € L'(—m, ) as being defined on R with period 27. In
the discussion of this section, we focus on the standard interval [—, 7. For
a function defined on a general interval, its Fourier series can be studied by
relating the general interval to the standard one through a change of the
independent variable; see Exercise 4.1.1.

Complex form. By the Euler identity

e = cosf + i sin#,
we obtain ] ] ] ]
610 + 6—29 ) 610 _ 6—10
cos = — sinf=———
2 21

Using these formulas, we can rewrite (4.1.1) in the form

F(z) = Z ;e (4.1.4)

j=—o00
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where the Fourier coefficients
1 [T .
cj = 2—/ fl@)e ¥z, —oo < j < 0. (4.1.5)
i —T

This is called the complex form of the Fourier series of f € L!(—m,n).
The formula (4.1.1) gives the real form of the Fourier series. When f is
real-valued, usually the real form (4.1.1) of the Fourier series is used, and
the corresponding Fourier coefficients are real. Nevertheless, for any L'
function, real or complex valued, both forms of the Fourier series can be
used. Obviously, we have the relations

ao :260a aj ZQER(CJ)? b] :_23(6_7)7 .]: 172a (416)

between the Fourier coefficients defined in (4.1.2)-(4.1.3) and in (4.1.5).
Here, P(c;) and J(c;) are the real and imaginary parts of c;.

In the rest of the section, we will mainly consider the real form of the
Fourier series; the theoretical results for the real form, such as convergence,
are valid for the complex case also.

Sine and cosine series. Let f € L'(—m,7) be an odd function, i.e.,
f(=z) = —f(z) for x € [—m, ). Then its Fourier series reduces to a sine
series (Exercise 4.1.2):

F(z) = ibj sin(jx), (4.1.7)
j=1
where .
b = %/ f(z) sin(jz)dz, j>1. (4.1.8)
0

Similarly, suppose f € L!(—m,7) is an even function, i.e., f(—z) = f(x)
for x € [—m, x]. Then its Fourier series reduces to a cosine series (Exercise
4.1.3):

F(z) = % + Zaj cos(jz), (4.1.9)
j=1
where o
a; = ;/ f(z) cos(jz)dz, j>0. (4.1.10)
0

Given a function f € L'(0, ), we can develop a sine series for it. This is
achieved as follows. First, we extend f(z) to an odd function on [—m, 7]:

f(x)z{ (), 0<z<m,

—f(—x), —m <z <0.

Strictly speaking, f is an odd function only if f(0) = 0. Nevertheless,
even without this property, the Fourier series of f is a sine series since the
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coefficients of the Fourier series are computed from integrals and do not
depend on the function value at any particular point. Then, we use the sine
series of f to be that for f:

F(z) = Z b, sin(jx)

with
2 ™
b = —/ f(z) sin(jz)dz, j>1.
T Jo

We can develop a cosine series for the function f € L'(0, ) as well. First,
we extend f to an even function on [—, 7]:

5 f(x), 0<z<m,
f(x):{ fg—)ac), —r<x<0.

Then we use the cosine series of f for f:
F(z) = % + ;aj cos(jz)

with
2 s
a; = —/ f(z) cos(jz)dx, 35 >0.
m™Jo

Convergence. We now turn to a discussion of convergence of the Fourier
series in various sense. Pointwise convergence of the Fourier series (4.1.1)
to the function f(x) is delicate to analyze. We have the following result.

Theorem 4.1.1 Assume f is a piecewise continuous, 2mw-periodic function.
Let x € [—m, 7] (or x € R due to the periodicity of f and its Fourier series
F) be a point where the two one-sided derivatives f'(x—) and f'(xz+) exist.
Then

F(x) = f(),
F(@) =5+ 3 la cos(jz) + by sin(j)]
j=1

where {a;} and {b;} are defined in (4.1.2) and (4.1.3).
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A proof of this theorem is the subject of Exercise 4.1.4. A similar result
holds for the complex form of the Fourier series. We emphasize that even
when the Fourier series (4.1.1) for a continuous function is convergent at a
point, the limit does not need to be the value of the function at the point.

From the discussion of Example 1.3.15, we always have convergence of
the Fourier series in L? norm: for f € L?(—n,7),

2
/Tr flx) — % + Z(aj cos(jx) + b;sin(jx)) dr — 0 asmn— oo.

- J=1

We simply write

2 Sttt )
Jj=1

This implies

+ Z a;cos(jx) + b;sin(jz)] ae. z € [—m 7.
Jj=1

%o
2

Turning now to the issue of convergence in a general LP-norm, we define
the partial sum sequence

N
ag
Snf(z) = 5 +Z a; cos(jx) + b sin(jz)]

Jj=1

with the coefficients ag,as,...,ay and by,...,by given by (4.1.2) and
(4.1.3). We have the following result.

Theorem 4.1.2 Let 1 < p < co. Then
ISnf = fller(—nm) =0 as N — oo, VfeLP(—mm) (4.1.11)
if and only if there exists a constant C, > 0 such that
1SN Fllpo(cmm) < Collflocnm YN >1,Vfe€LP(—mm). (4.1.12)

Proof. For each positive integer N, the operator Sy is obviously linear
and continuous on LP(—m, 7). Assume (4.1.11) is true. Then for any f €
LP(—m,7), the sequence {||Sn f||zr(—x) } is bounded. By the principle of
uniform boundedness (Theorem 2.4.4), we know that the operator sequence
{Sn} C L(LP(—m,m)) is bounded.

Now assume (4.1.12). Let f € LP(—m,7) and € > 0. We use the den-
sity of the trigonometric polynomials in LP(—m, 7). Select a trigonometric
polynomial f. such that

Hf - fE”Lp(fﬂ',Tr) <e€
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For N > deg f., we have Sy fe = fe. Hence,

SNf_f:SN(f_fE)+(fe_f)

and
HSNf - f”Lp(fﬂ',‘ﬂ') < HSN(f - fé)HLT’(fﬂ,‘n') + ||f - f€HLp(77T,7T)
<(Cp+1)e.
Therefore, we have the convergence (4.1.11). O

It can be shown that for 1 < p < oo, (4.1.12) holds, and so we have the
convergence of the Fourier series in LP(—m, ) for any LP(—m, ) function
(see [73, Chapter 3]). In particular, it is easy to verify (4.1.12) in the case
p = 2 (Exercise 4.1.6). On the other hand, (4.1.12) does not hold for p = 1.
Note that a consequence of the L2-norm convergence of the Fourier series
of f € L?(—m, ) is the Parseval equality (cf. (1.3.10)):

2 o0
ao
T L S PRERNC (4.1.13)
=1

2

We now present several examples, showing the dependence of the con-
vergence behavior of the Fourier series on smoothness of the function.

Example 4.1.3 Consider a step function

1, - <z <0,
f(”“")_{ 0, 0<z<m

The Fourier coefficients of the function are

ag ]-7
a; =0, j7=>1,
1 .
b =——|1—(-1) j > 1.
J ﬂ_J[ ( )]7 J =

Thus, the Fourier series of the step function f is

1 2 Xsin(2f — 1)z
Flz)=--2y"222" /7
(@) =3 n; 2j — 1

By Theorem 4.1.1, we have the following pointwise convergence property

(f is viewed as extended to outside [—m, 7| by period 27):

flx), x# kn, k integer,
F(x) = .
1/2, x = km, k integer.
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n=5 n=10
1.2 1.2
1 Al 1 v
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
-0.2 - o -0.2 - o
n=50 n=100
1.2 1.2
1 W 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
-0.2 - o -0.2 - o

FIGURE 4.1. f(z) and S, (z): Gibbs phenomenon

Figure 4.1 shows the step function f(z) and partial sums

with n = 5,10,50 and 100, for z € [—m, 7]. We clearly observe the con-
vergence S, (x) — f(x) for any fixed x € (—m,0) U (0, 7). Let us pay close
attention to the convergence behavior of the partial sums S, () around the
discontinuity point = 0. We see that the partial sums S,,(x) overshoot the
function value at the upper side of the discontinuity and undershoot the
function value at the lower side. As the number n increases, the accuracy
of the approximation by S, (z) to f(x) increases, and ripples move closer
toward the discontinuity. However, the size of the ripples does not decrease
to zero. This phenomenon is common for the Fourier series of a general
function at a discontinuity point, and is termed Gibbs phenomenon. Let
x be a discontinuity point of a general function f. For the partial sums of
the Fourier series of such a function, it can be shown that the vertical span
extending from the top of the overshoot to the bottom of the undershoot
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approaches the value

2 Sint(m) |7 (a+) ~ f(a-)],
where

Sint(x) :/ ydt
o U

is the sine integral function. We have
2 .
= Sint(7) ~ 1.17898.
m

The reader is referred to [123] for a review of the theory and history of the
Gibbs phenomenon. O

Example 4.1.4 In the second example, let

x
f(x):u, —r<z<mT.
7r
It is easy to see f(—m) = f(m), and this implies the continuity of the
periodic extension of the function, again denoted as f(z):

x — 2k
flx) = g, 2k-—1)r<zxz<(2k+1)7w keZ.
T
Since the function is even, its Fourier series does not contain the sine terms.
After some calculation of the coefficients, we obtain the Fourier series of
the given function:

We have F(z) = f(z) both pointwise and in L?*(—m, ). For any integer
n > 1, define the partial sum

In Figure 4.2, we plot f(z) and the Fourier series partial sum Ss(z). The
difference between the two curves is visible, but the error [f(z) — Sa(z)] is
not big. We then increase the number of terms for the partial sum. Figure
4.3 shows graphs of f(x) and the Fourier series partial sum Sio(z). We see
that the difference between the two functions is almost invisible, indicating
a good accuracy of the approximation Sio(x). O
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FIGURE 4.2. f(z) and its Fourier series partial sum S2(z) for Example 4.1.4

Example 4.1.5 In this last example, we consider a smoother function

flx)=—F—, —w<z<m.

We can verify that
JOm) = O, 1=0,1,2.

Thus, the periodic extension of the function, again denoted as f(x), is twice
continuously differentiable. The extended function is

fz) = W_(ZZ B ok tw << Okt m ke

This function is equal to its Fourier series pointwise:

8 A8 &K (—1)it! ‘
flz)= Tt 2 T cos(jz).

For an integer n > 1, define the partial sum

8 48 . (—1)it! ,
Sp(x) = i + ) T cos(jx).
Jj=1
Figure 4.4 shows the function f(x) and its Fourier series partial sum
Sa (). We observe a very good accuracy in approximating f(x) by Sa(z),
even though only 3 terms are used in the approximation. O
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FIGURE 4.3. f(z) and its Fourier series partial sum Sio(z) for Example 4.1.4

From these three examples, we see clearly that the convergence behavior
of the Fourier series depends on the smoothness of the (periodically ex-
tended) function. The smoothness of the extended function is equivalent to
the smoothness of the function on the given interval [—m, ] and the degree
of the periodicity of the function described by the end-point conditions

fO@) = fO(=n), 1=0,1, - ,k—2.

This condition does not hold for the function in Example 4.1.3, and is
satisfied with & = 2 and 4 for the functions in Example 4.1.4 and Ex-
ample 4.1.5, respectively. In general, with the Fourier series (4.1.1) for an
L?(—m, m) function f(x), if we define the partial sums

+
J

laj cos(jz) + bjsin(jz)]
1

%o
2

n

for positive integers n, then by the Parseval’s equality (4.1.13) we have

2
e}

1f = Sullfa(-mm = || D_ lajcos(jz) + b; sin(j)

J=n+l L2(—m,m)

=7 Y (lag]* + 1b;1%) - (4.1.14)
Jj=n+1

When

> (las| + b)) <
j=1
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FIGURE 4.4. f(z) and its Fourier series partial sum S2(z) for Example 4.1.5

the Fourier series (4.1.1) is absolutely convergent, and is thus continuous.
In this case, the function f is continuous after possibly being modified on
a set of measure zero. Then for the approximation error

o0

flx) = Su(z) = Z laj cos(jx) + b;sin(jz)] ,
Jj=n+1
we have the bound
Cmax |f@) - Su@l < Y (agl ). (4119)
== j=n+1

Both (4.1.14) and (4.1.15) imply that the convergence speed of the partial
sums of the Fourier series is closely related to the decay rate of the Fourier
coefficients. Exercise 4.1.7 derives decay rate of the Fourier coefficients in
relation to the smoothness and the degree of the periodicity of the given
function.

Exercise 4.1.1 Show that the Fourier series of f € L*(zo — T/2,20 + T/2) (T
can be interpreted as the period of f viewed as being defined on R) is

- 70 Z a; cos(2jm(z — x0)/T) + b; sin(2jm(x — z0)/T)],
where
9 zo+T/2
z x) cos(2jm(x — xo)/T)dx, j >0,
T —T/2
2 z0‘|'T/2
T x) sin(2j7(x — x0)/T)dz, j>1.

—T/2
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Derive these formulas from (4.1.1)—(4.1.3) with the change of variable: z = zo +
Tt/(27) for t € [—m, 7] and x € [xo — T/2,20 + T/2).

Exercise 4.1.2 Show that the Fourier series of an odd function f € L'(—m,7)
is given by (4.1.7)~(4.1.8).

Exercise 4.1.3 Show that the Fourier series of an even function f € L'(—m,7)
is given by (4.1.9)—(4.1.10).

Exercise 4.1.4 In this exercise, we present a proof of Theorem 4.1.1. Carry out
the proof in the following steps.
(a) For any positive integer n, consider the partial sum

Snf(x) = C;—O + Z [a; cos(jz) + b; sin(jx)] .

j=1
Using the formulas for the coefficients a; and bj;, show that (cf. (3.7.6))
Snf(x) = [ f(t) Kult —2)dt,
where

Kalt) = =

1 < .
3 + Z cos(]t):| .
Jj=1
(b) Regarding the kernel function K, prove the formulas
0 ™ 1
-7 0

and
sin((n 4 1/2)t)

_ 2 sin(t/2)
Ka(t) n+1/2
T bl
(¢) By a change of variables, write the partial sum as

t # 2kr, k integer,

t = 2km, k integer.

Suf(z) = / T e ) Ka(t) dt,

—T—x

which can be rewritten as
Suf(z) = / P+ ) Ko(t) dt

due to the periodicity of both f and K.
(d) Using the results from (b) and (c), write

Suf(a) = 3 fa=)+ Fa)l = [ [+ 0) = fo)] Kale)d
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Consider the first integral, written as

s = /0 " g (8) sin((n+1/2) ) dt

where
gi(t) = 27 sin(6/2) € (0,7},
~ [, =0,

Observe that g4+ is piecewise continuous on (0, 7] and is right continuous at ¢t = 0.
By the Riemann-Lebesgue lemma (see Exercise 4.1.5),

In+ — 0 asn — oo.

Similarly, the second integral can be shown to converge to zero as n — oo. Hence,
taking the limit n — co, we obtain

[f(z=) + flz+)].
Exercise 4.1.5 Riemann-Lebesgue Lemma: If f € L'(a,b), then
b
/ f(t) sin(st)dt - 0 as s — co.
The result holds also with cos(st) replacing sin(st).

A proof of this result using the density of C'[a,b] in L'(a,b) is as follows: for
any € > 0, let f. € C'[a,b] such that

Ilf = fellLi(ap < €/2.
Then for the fixed €, show that

t) sin(st) dt’ < %

for s large enough. Provide the detailed argument.
Also, give an elementary proof of the result by using the density of step func-
tions (i.e. piecewise constant functions) in L'(a,b).

Exercise 4.1.6 Prove (4.1.12) for the case p = 2.
Hint: Apply the Parseval’s equality (1.3.7).

Exercise 4.1.7 Convergence and convergence speed of the Fourier series (4.1.1)
or (4.1.4) are determined by the decay behavior of the Fourier coefficients.

(a) Assume f is k times continuously differentiable and f**+1 e L'(—x, x). Show
that for j # 0, the coefficient ¢; defined in (4.1.5) has the expansion

j—zii 7 () [ - )]

=0
1 7 o (k+1) —ijx
e (5) [ e
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(b) Use the result from (a) and the relation (4.1.6) to show the following. Assume
f@=1 is continuous and f**) € L'(—m,x). Then for j =1,2,---,

k—1
I (=1
a = = g [V m) — 1O ()]
1=0
-1 k ™ )
+ (ﬂjﬁk @) cos(ja) dr,
k—1 ;
1 -1 J+i+1
b=2y S 1 - £ )]
1=0
-1 k ™ ) )
+ (ﬂ-J—Z)k [ﬂ %) (2) sin(jz) da.
Assume f®®) is continuous and f*tY e L'(—m, 7). Then for j = 1,2,...,

integrate by parts on the two integral terms above to obtain

k—1 ;
1 (=17 1 (2041)
“=c L e [ () = 2 (=m)]
(—DF+t rm (2k+1) in(iz)d
+ 77”.2,9“ B f (z) sin(jz) dx,
A .
1 -1 JHi+1
=13 S [ - £ (-]
=0
+ (—1)k ™ f(2k+1)( ) ( )d
7{'j2k+1 . xT) cos(gx xX.

(c¢) Show that if for some integer k > 0, f satisfies
O = fO>=x), 1=01,--- k-2
and f® e L'(—x,x), then the following bounds hold:
laj] + |bj] < coj™®, j=1,2,...

for some constant ¢y depending on f.

Exercise 4.1.8 Assume f € C;'~'(27) for some integer m > 1, and assume
f™ € L9(—x, ) for some q € [1,00]. In the Fourier series of (4.1.1), show that
the coefficients {a;, b;} satisfy

c m )
ajl, bj] < m 1™ e (emmy, 321

with ¢ dependent on only q.
Hint: Integrate by parts.
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4.2 Fourier transform

The Fourier transform can be viewed as a continuous form of the Fourier
series. To introduce the Fourier transform, we consider the Fourier series
of a function on the interval [—L, L] and let L — oo. More precisely, let f
be a smooth function with period 2L. Then by the pointwise convergence
theorem (the complex version), we have

f(.’L'): Z Cjeijﬂ'x/L’

j=—00
where
1 L y
Cj:ﬁ/ ft)e U lar —oo < j < co.
L
Thus,
i 1 (L et/ L —
fla) = L / F(#) e=iTmt/ Ly | eiime/L
= 2L |,

Let ¢ = jw/L, A = /L, and define

L
e =g [ roe

Then

(oo}

fle) =Y Fr() e At

j=—o00

For large L, this summation can be viewed as a Riemann sum. Taking the
limit L — oo and noting that F7,(§) formally approaches

1 > .
— t) e "t at
2W[@ﬂ>e ,

we would expect the identity

f(z) =/_Z [% /_Z f(t)e‘iftdt] et e

= \/LQ_W /_ [\/%7 /_ ft) e_iftdt] e de.

It is thus natural to define the Fourier transform of f to be

F(&) = \/%/_m f(z)e % dx, (4.2.1)
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and to expect the following Fourier inversion formula

_ L7 R e
f@) = <= / RaGES (42.2)

We will treat the Fourier transform over the general d-dimensional space
R<. Extending (4.2.1) to the multi-variable case, we use the formula

FIDNE = Gy S (123

to define the Fourier transform of f € L'(R?). For convenience, we will
usually use f to denote the Fourier transform of f:

f=F).
It is easily seen that F is linear and bounded from L*(R9) to L>(R?):
Flaf+p8g)=aF(f)+BF(g) VfgeL'R), a,feC,
IF () ey < @m) 2| fll sy ¥ f € LHRY).

Applying the Lebesgue dominated convergence theorem, Theorem 1.2.26,
we see that F(f) € C(RY). Moreover, by Riemann-Lebesgue Lemma (the
one dimensional case is discussed in Exercise 4.1.5), we have

f(&) =0 as gl — .

Other properties of the Fourier transform can be proved similarly using
tools from the subject of Real Analysis (see [212, Chapter 1, Section 1]).
In particular, when f € L*(R?), the Fourier inversion formula holds:

flx) = W /Rd f(i) i€ d¢ ae xeRY (4.2.4)

The next step in the development of the theory would be to extend
the definition of the Fourier transform from L'(R?) to L?*(R?). Such an
extension is achieved by a density argument based on the density of the
space L'(RY) N L?(RY) in L?(R?) and the identity

Ifl 2y = 1l 2eay ¥ f € LHRY) N LA(RY).

A better approach is through the theory of tempered distributions; see
e.g., [73, 210]. Here, we sketch the main ideas of the theory.

Definition 4.2.1 The space of test functions of rapid decay, known as the
Schwartz space, S(RY), consists of smooth functions ¢ € C=(R?) such that
for any multi-indices o and f3,

2P9%¢(x) — 0 as ||z| — oco.
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Given {¢, g1, pa,-- } C S(R?Y), we say ¢, converges to ¢ in S(R?) if for
any multi-indices a and (3,

lim max |mﬂ8" [p(x) — d)n(m)]’ = 0.
n—oo geRd
Recall that C§°(R?) denotes the space of all functions from C>°(R?) that
have compact support. Notice that algebraically, C5°(R?) C S(R?), but not
conversely. For example, the function exp(—||z||?) belongs to S(R) but not
to C§°(RY).
For any f € S(RY), we use the formula (4.2.3) to define its Fourier
transform. We list below some properties of the Fourier transform:

af+B8g)=aF(f)+LF(9);

F( (4.2.5)
(Nl poemay < (27T)_d/2||f||L1(Rd)§ (4.2.6)
(4.2.7)
(4.2.8)

|7

F(O*f)(&) = (&) F(f)(&):

F(z°f (@) = i10°F(f (2)).

These properties are quite easy to prove for functions in S (Rd) (Exercise

4.2.1). We now present three more properties that are crucial for the ex-
tension of the definition of the Fourier transform.

F is continuous from S(R?) to S(R?); (4.2.9)

| J@i@)de= | f@)g@de VIgeSRY): (4210
1 £ ix-

@)= G /R F(&) e Ede v fe S(RY, (4.2.11)

The proof of (4.2.9) is routine, and is left as Exercise 4.2.3. The identity
(4.2.10) is proved by an application of the Fubini theorem on the function
f(®)g(y) € L'(R? x RY):

f@)g@ydo = [ ) @n) 2 [ gy)e=vdyds
R4 Rd R4
—en [ f@)gy)e =Ydedy
RIxR?
= [ e [ f@e =i g ay
Rd Rd

= | f(@)g(@)dz.
Rd

Finally, we prove the inversion formula (4.2.11). Let x¢ € R? be fixed and
A > 0 be a parameter. Denote

faon(@) = fmo + A7),
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Its Fourier transform is calculated as follows:
F(faor)(y) = (2m) /2 flxo+ X "ta) e ™Y d.
Rd

Introduce the change of the variable z = xg + A\ ',
Flfag ) (y) = ™90 2m) =2 | f(z)e =W a2
Rd
= PPN (Ay).
By (4.2.10),

F(@o + A e) g(a) da = / N0 YN F(\y) g(y) dy.
R4 R4

With a change of the variable & = Ay for the integral on the right side, we
have

| sy i@ = [ fe)em a0t de
Taking the limit A — oo, we obtain

fao) [ it@)de = g0) [ f&)e=ede

Let g(x) = exp(—||z||?/2) and use the result from Exercise 4.2.3. We then
obtain (4.2.11) at an arbitrary point y € R?.

We will extend the definition of the Fourier transform to a much broader
class of functions, the space of tempered distributions.

Definition 4.2.2 The space of tempered distributions, S'(R?), is the space
of all the continuous linear functionals on S(RY).

Note that a linear functional 7' on S(R?) is a tempered distribution if
and only if
on — ¢ in SRY) = T(dn) = T(9).
In the following, we will only consider those tempered distributions that
are generated by functions. Then the action of 7' on ¢ will be written in
the form of a duality pairing:

T(¢) =(T,¢).

As an example, any f € LP(R?), 1 < p < 0o, generates a tempered distri-
bution

SR> (1.0) = [ fl@)ola)da. (12.12)

In this sense, LP(RY) C S'(R?).
Recalling the identity (4.2.10), we now define the Fourier transform on
S'(RY).
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Definition 4.2.3 Let f € S'(R?). Then its Fourier transform F(f) = f €
S'(RY) is defined by the formula

(f,0)=(f.9) VoeSR (4.2.13)

It is left as an exercise to show that f defined by (4.2.13) belongs to the
space S'(R%). Moreover, when f € L'(R?), the Fourier transform defined
by Definition 4.2.3 coincides with the one given in (4.2.3). This can be
verified by applying Fubini’s theorem.

Notice that Definition 4.2.3 defines the Fourier transform for any LP(R9)
function. We mainly use the Fourier transform on L?(R?) related spaces. It
can be shown ([73, Chapter 1]) that for f € L*(R?), its Fourier transform

R—oo

f(€) = lim (27r)_d/2/ n flx)e @& dzy in L2(RY). (4.2.14)

Also, we have the inversion formula

R—oo

f(x) = lim (27)~ /2 / f(&)e™Ede in L*(RY). (4.2.15)
&ll<R
We will simply write

f(&) = (2m)~? e T8 gy, (4.2.16)
) = (2m)~ 42

f(x ¢ ¢ (4.2.17)

/1@
IRG

even when we only assume f € L?(R?). Most properties of the Fourier
transform on S(R?) carry over to that on L2(R?). For example, we still
have the formulas (4.2.7) and (4.2.8), which play key roles in applying the
Fourier transform in the study of differential equations. We prove (4.2.7)
next, while leaving the proof of (4.2.8) as an exercise.

Assume f,0%f € L?(R?). Then for any ¢ € S(RY), by Definition 4.2.3,

(F(0°f), ¢) = (0% f, F(9))-
Performing an integration by part,
(F(0°1). 0) = (-1 (£, 0°F(9)).
For ¢ € S(R?), we can use (4.2.8). Then,

(F( / f(@) F((€)*6(6)) (x) da
F()(€) (i€)° H(€) de.

R4

Hence, (4.2.7) holds.
Finally, we quote the following result ([212, Theorem 2.3]).
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Theorem 4.2.4 The Fourier transform operator F maps L*(R?) onto
L?(R%) and is an isometry:

IF(Dll2@ey = I fll2@ay ¥ f € LARY). (4.2.18)
The equality (4.2.18) is called the Plancherel formula, and is the analogue
for Fourier transform of Parseval’s identity for Fourier series.

Exercise 4.2.1 Prove the properties (4.2.5)—(4.2.8) for functions in S(R?).

Exercise 4.2.2 Verify the property (4.2.9); i.e., for f € S(R?), show that f €
S(RY), and if f, — f in S(R?), then f,, — f in S(RY).

Exercise 4.2.3 Show that the function exp(—||z||?/2) € S(R%); moreover,
F(exp(—|lz[|*/2))(€) = exp(—I€]*/2),

i.e., the Fourier transform operator F has an eigenvalue 1, with the associated
eigenfunction exp(—||z|*/2).

Exercise 4.2.4 Verify that the mapping (4.2.12) defines a tempered distribu-
tion.

Exercise 4.2.5 Show that the formula (4.2.13) defines f as a linear and contin-
uous functional on S(R%).

Exercise 4.2.6 Prove (4.2.8) for f € L*(R?) with 9°f € L*(R%).
Exercise 4.2.7 The convolution of two functions on R? is defined by the formula
(Fa)@) = | 1) o)y
Show that if f, g € S(R?), then f * g € S(R?) and
F(f+g) =F(f) F(g)-

Exercise 4.2.8 Prove (4.2.18) for f € S(R?).
Hint: Introduce g(x) = f(—x) and h = fx*g. Then apply the result from Exercise
4.2.7 and note

h(0) = (2m) "/ g F(h)(y) dy.

Exercise 4.2.9 Show that (4.2.18) is equivalent to the identity

@ 9@ dz= (&) a€)de v f,ge L*(RY.

Hint: Derive and use the identity

[ @) @ e = 1[I + olliaee) — If ~ olaqeo)

1
1 . .
+ 2= [IF = iglEaea = If + g3 2o

for any f,g € L*(RY).
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4.3 Discrete Fourier transform

The Fourier series and Fourier transform are important mathematical tools
in the analysis of many problems. However, they are not suitable for com-
puter implementation due to the presence of integrals in the formulas. That
is why we also introduce the discrete Fourier transform.

Recall the complex form of the Fourier series (4.1.4) with the coefficients
given by (4.1.5). Since f is a 2m-periodic function, we can express the
Fourier coefficients as

I :
= — f(z)e *dx, K integer.
21 J
Let us apply the trapezoidal rule to approximate the integration. For this
purpose, let n be a natural number, and decompose the interval [0, 27]
into n equal sub-intervals with the nodes z; = jh, 0 < j < n, h = 27/n.
Recalling that f(0) = f(27), we have the approximate formula

1 n—1
c ~ — . 7ik£vj .
KA Z f(zj)e
7=0
Since n function values, { f(xz;) ?;01, are used in computing (approximately)
the Fourier coefficients, it is natural to try to use n coefficients to recover
the n function values.

Definition 4.3.1 Let n be a positive integer, and let {y; ;’;01 Cc Cbea

sequence of complex numbers. Then the discrete Fourier transform is the
sequence {9 )1y C C defined by the formula

n—1

g = w,My;, 0<k<n-—1, (4.3.1)
j=0

where ‘
wp = €2/, (4.3.2)

We call n the order of the discrete Fourier transform.

To express the discrete Fourier transform with the matrix/vector nota-
tion, we introduce the vectors

Yy = (y07"'ayn—1)T7 Q:(yOa"'7gn—l)T

and the matrix

1 1 1 e 1
1 w, w? wn=t
F, = 1 w2 wi w7

1 n—1 UJ2 (n—1) . wgﬂfl)Q
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Then the discrete Fourier transform is
y=Fy,
where F), is the matrix obtained from F,, by taking the conjugate of its
elements.
We can determine the original sequence {y; }?;01 from {y; ;’;01.

Theorem 4.3.2 The inverse of the discrete Fourier transform matriz is

(Fo)~' = %Fn (4.3.3)

Consequently, the inverse discrete Fourier transform y = (F,)~ 4 is

n—1

1 - ,
yj:E’;)ng Gk, 0<j<n-—1 (4.3.4)

Proof. We only need to verify

F,F, =nl,
which follows from the following summation formula: for j,l =0,--- ,n—1,
nilwklw_kj = { n, g =1, (4.3.5)
P nn 0, otherwise.
Proof of this formula is elementary and is left as Exercise 4.3.1. g

The fast Fourier transform (FFT) (see [59]) is a fast way to compute
the multiplication of a vector by the discrete Fourier transform matrix.
There were earlier versions of the discrete Fourier transform and the FFT,
dating back to, at least, Gauss. We first explain the idea of the FFT by
exploring relations between discrete Fourier transforms of different orders.
For convenience, we will also use the notation F,({y; ?;01) to represent
the vector obtained from the vector (yo,...,yn—1)7 through the discrete
Fourier transform. Let n be a positive integer, and let y = (o, ..., yon_1)"
be a (2n)-dimensional vector. The purpose is to figure out how to compute

¥ = Fan{y;}725 ") (4.3.6)

efficiently. The components of g are given by

2n—1
ge= Y woly;, 0<k<2n-1. (4.3.7)
§=0
Since ‘
W, = e27rz/n — w%nv
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we can rewrite g as

n—1 n—1
L —kj —k —kj
gk = w sy +wi k> w My
=0 =0

= Ful{y2;}5=0 )k + wort Fu{y2j 111120 )

for k=0,...,2n — 1. Cost saving comes from the observation that
wg (FT = ki () gk
and so

0k = Fu{y2; 1=k + wop Fu({y2j 1 Y020 ks 0<k<n—1, (43.8)
rn = Fal{y2i )00k — wan Fal{y2j+1}j 20k, 0<k<n—1. (4.3.9)

Notice that for k = 0,--- ,n — 1, the calculation of the components ¢; and
Uk+n share the common terms F, ({y2; ?;Ol)k and Fn({y2j+1}?;&)k. Let
us count the numbers of multiplications needed in computing the discrete
Fourier transform vector ¢ directly from (4.3.7) and from (4.3.8)—(4.3.9).
Assuming factors of the forms w;nkj and w;,*7 have been stored for use.
Then the formula (4.3.7) requires (2n)? = 4n? multiplications. Suppose
the order n transform vectors F, ({y2;}7=0 ) and F,({y2;+1}/=y) are com-
puted directly from the definition. Then each requires n? multiplications. In
(4.3.8) and (4.3.9), there is one additional multiplication by w;,”. Therefore,
the computation based on (4.3.8)(4.3.9) requires 2n? + n multiplications,
or roughly half of the multiplications required by (4.3.7), when n is large.
A similar argument shows that the number of additions required is also
almost halved with the use of (4.3.8)—(4.3.9).

The above procedure can be applied repeated as long as the order of the
discrete Fourier transform is an even number. The resulting algorithm is
called the fast Fourier transform (FFT). Suppose the order of the transform
is n = 2". We can then apply the above procedure m times, and the
last iteration in the procedure involves some order one discrete Fourier
transforms, i.e., some components of the given vector. Let IV, denote the
number of multiplications required for an order n(= 2™) FFT. Then

Ny =2N,,_q +27 L

From this,
N, =2°N,,_o+2-2m" L

By an induction, for j =1,...,m,

Ny =2Npyj+5-2m71
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Since no multiplication is needed for order one discrete Fourier transforms,
Ny =0, and we have

Ny =2™Ny +m2m~t = m2m~1
So the total number of multiplications for FFT is
Ny =m 2™ 1 =0.5n logy n.

This is compared to n? multiplications if the order n discrete Fourier trans-
form is computed directly.

We now briefly comment on the discrete Fourier transform in higher
dimensions. The two-dimensional discrete Fourier transform is defined as
follows. Let n; and ns be two positive integers, and let

(Wij [0< i1 <1 —1,0< jo<ny—1} C C

be a two dimensional array of complex numbers. Then the discrete Fourier
transform is the two-dimensional array

{Okiks |0< k1 <y —1,0< kg <np -1} CC

defined by the formula

nlfl ngf

Ykiks = Z Z wy B ey 0<kr <ngp—1,0<ky <mg— 1.
J1=0 j2=0
(4.3.10)

The inverse discrete Fourier transform formula is (its verification is left as
Exercise 4.3.5)

177,27
ki, jak , .
Yinie = 7 Z S wikwlkeg . 0< i <ni—1,0<js <np—1.
k1=0 ko=0
(4.3.11)
We notice that the formula (4.3.10) can be rewritten as
nl— nog— 1
Jrike = w0 [ D wnl Ry, | 0< ki <mi—1,0 < ky <ma—1,
J1=0 ja=0

i.e., the two-dimensional discrete Fourier transform can be computed by
iterated one-dimensional discrete Fourier transforms. The same observation
applies to the two-dimensional inverse discrete Fourier transform. These are
true for higher dimensional direct and inverse discrete Fourier transforms.
For this reason, it is usually sufficient to focus the analysis on the one-
dimensional case only.

Finally, we remark that unlike for the continuous case, the discrete
Fourier transform and its inverse always exist for any given sequence of
numbers.
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Exercise 4.3.1 Prove the formula (4.3.5) for 5,0 =0,--- ,n— 1.

Exercise 4.3.2 For the discrete Fourier transform defined by (4.3.1), prove the
discrete Parseval’s equality:

n—1 n—1

~ 2 2
Dol =0 lyl.
k=0 Jj=0

Exercise 4.3.3 Show that the matrix form of (4.3.8)—(4.3.9) is

— (I, D, F, 0 Ye
FQ"”‘(u —D—n><o F‘)(y)

where I, is the identity matrix of order n, D, = diag(1l,wan, - ,wh, ) is a
diagonal matrix of order n, y = (yo,y1,--- ,ygn,l)T7 Y. = (Yo,y2, - 7y27172)T7
and y, = (y1,93, - 7y2n71)T'

Exercise 4.3.4 Show that for the inverse discrete Fourier transform, the analog
of (4.3.8)—(4.3.9) is

1 — ~ n— j — ~ n— .
v =5 [P (im0 + b T (ki }iso)s] . 0<i<m—1,
1 — ~ n— j — ~ n— .
Yan = 5 [P (B }i2d)s = hn P (e i) ], 0<i<n—1.

Exercise 4.3.5 Derive the inverse discrete Fourier transform formula (4.3.11).

4.4 Haar wavelets

The Fourier series is most suitable for approximations of periodic smooth
functions. To approximate functions of general features (non-periodic, non-
smooth either locally or globally), especially in such application areas as
signal processing, wavelets provide a better tool. The word wavelet means
small wave. Wavelets are an alternative to the Fourier transform to repre-
sent a signal, using short wavelets instead of long waves. They are also the
basis of many image compression algorithms.

In this section and the next, our discussion of the subject is for real valued
functions only. The extension to the complex case is straightforward.

From a functional analysis perspective, the goal is to introduce a decom-
position of a function space into subspaces so that each function in the
space can be decomposed into pieces in the subspaces. The basic idea of
a wavelet analysis is to generate building blocks for the space decomposi-
tion through translations and dilations of a single function called a scaling
function. In a wavelet analysis, a function is hierarchically decomposed,
and coefficients corresponding to a certain level reflect details of the func-
tion at that level. In this section, we consider the simplest wavelets, the



192 4. Fourier Analysis and Wavelets

y

FIGURE 4.5. Haar scaling function

Haar wavelets. The corresponding scaling function is the basic unit step

function:
1, 0<z<1,

9(z) = { 0, 2z<0orxz=>1. (4.4.1)

Figure 4.5 shows the graph of the Haar scaling function.

Integer translations of ¢(x) are functions of the form ¢(xz — k), k € Z.
Recall that Z is the set of all the integers. Let Vjy denote the space of all
finite linear combinations of {¢p(z — k) | k € Z}. In other words, f € Vp if
and only if f has a bounded support on R and is a constant on any interval
of the form [k, k + 1), k € Z. A general expression for f € Vj is

f@) = Y and(z — k),
k

where E stands for a summation for a finite number of k’s. We comment

k
that the use of a finite summation in defining the functions in Vy is for
convenience in computation and is not an essential restriction. It is also
possible to define Vj to be the space of all the functions of the form

fl@) =Y ardla — k),
k

where >, |ax|? < oo so that f € L*(R).

Now for any integer j (positive or negative), we use all finite linear com-
binations of scaled functions ¢(2/x — k), k € 7Z, to form the level j subspace
V; of L*(R). A general function in V; has the form

@) =S a2z — k).
k
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14— p(2x) 1 > ((x/2)

o| 05 0 2

FIGURE 4.6. Scaled Haar functions ¢(2z) and ¢(x/2)

Note that ¢(2/z — k) equals 1 for z € [k277,(k + 1)279), and 0 for z
elsewhere. Figure 4.6 shows the graphs of the scaled functions ¢(2z) and
d(27 1),

A number is called a dyadic number if it is an integer multiple of an
integer power of 2. Denote the set of all diadic numbers by D. For each
integer j (positive, negative, or zero), denote the set of all integer multiples
of 277 by D;. An interval of the form [k277, (k+1)277) is called a dyadic
interval of level j. We see that f € Vj is a piecewise constant function
and is constant on any dyadic interval of level j. The subspaces V}, j € Z,
are called Haar scaling spaces. Their basic properties are given in the next
theorem.

Theorem 4.4.1 For the subspaces Vj, j € Z, defined through the trans-
lations and scaling of the Haar scaling function, the following statements
hold.

(1) For any j € Z, {2/2¢(27x — k) | k € Z} is an orthonormal
basis of Vj.

(2) f(z) € V; if and only if f(277z) € V.

(3) V; S Vi,

(4) UjezV; = L*(R), where the closure is taken with respect to
the L?(R)-norm.
(5) NjezV; = {0}.

The first three properties are straightforward to verify. Property (1) is a
shift-invariance property; it requires the scaling function ¢(z) € L?(R) and
its translates ¢(z — k), k # 0 integer, to be linearly independent and form
an orthonormal basis for V. Property (2) is a scale-invariance property;
combined with the definition of V{, this property can be used to define any
other subspaces Vj, j € Z. Property (3) says the sequence of the subspaces
is nested:

eCcVaocVoaycVgecWVicVo e
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Property (4) can be shown through the density of continuous functions
in L?(R) and the approximability of a continuous function by piecewise
constants in L?(R). Property (5) is called a separation condition. For its
proof, note that if f € NjezVj, then f € V_; and so f(z) is constant on
[—27,0) and [0,27). Letting j — oo, the requirement f € L?(R) implies
f(x) = 0. Details of the proof are left as Exercise 4.4.2.

With the nested sequence of subspaces

VocVicVecC---C L*R),

a multiresolution approach to approximating a function f is as follows.
First, define an approximation fo € Vj of f from the lowest level subspace
Vb. Such an approximation can approximate f well only in regions where
the graph of f is rather flat in intervals of the form [k, k + 1), k € Z. To
improve the approximation quality, we supplement fy by a wg € V; so that
fi = fo+wo € V1 approximates f well in half-size intervals of the form
[k/2,(k+1)/2), k € Z, where f changes slowly. For the procedure to be
efficient, we choose wy to be orthogonal to V. This is an essential step.
The process is then repeated to generate higher level approximations

-1
fr=fo+ Y wj,
=0

where w; is orthogonal to V;.
Thus, for any j € Z, we consider the orthogonal decomposition

Vi = V; @ W
and want to identify the orthogonal complement W;.

Theorem 4.4.2 A function
f(@) =) axd(@F'a — k) € Vi
k

is orthogonal to V; if and only if
A2k+1 = —agk VkeZ.

Thus, such a function has the form
fl@)=> as [p(27 'z — 2k) — (271w — 2k — 1)] .
k

Proof. The function f is orthogonal to Vj if and only if f is orthogonal to
#(27x — k) for any k € Z. Note that ¢(2/x — k) equals 1 for z € [k277, (k +
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FIGURE 4.7. Haar wavelet function

1)277) and is 0 otherwise. We have

(k+1)277

[ 1@ oz -ryaa = [ f@)de
R k2—3
(2k+1) 270G+ (2k42) 27 G+
:/ agkdx+/ agp1dw
2k 2—(G+1) (2k+1)2—0G+D)

= (agk + agg41) 2”0,
Therefore, f is orthogonal to Vj if and only if agip41 + aor = 0 for any
kelZ. O
Theorem 4.4.2 suggests the definition of the function

Y(x) = ¢(2z) — o2z — 1), (4.4.2)

called the Haar wavelet function. Its graph is shown in Figure 4.7. As a con-
sequence of Theorem 4.4.2, we conclude that the orthogonal complement
W; = Vj41 ©V; consists of all finite linear combinations of ¢ (27/z — k),
k € Z. The subspaces W;, j € Z, are called the Haar wavelet spaces.

For any two integers j > i, we have the following sequence of orthogonal
decompositions:

Vi=Viaa @ W
=V o @W;_2®W;_4

=VieoW; s - oW, 1.
The properties (4) and (3) of Theorem 4.4.1 imply that for any j € Z,
PR =V;eW;&--.
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In particular, with j = 0, we have
LPR)=VooWoa Wi G-,

and any f € L?(R) has the unique expansion

f:f0+zwj :f0+n1LH;onj in L*(R)
j=0

Jj=0

for some fo € Vp and w; € Wy, j > 0.

Given a function f(x), which represents a signal for example, we can
approximate/process it via the Haar wavelet system by the following pro-
cedure. First, we choose a positive integer J so that the main features of
f over intervals of width 277 are to be captured. Then we compute the
function values

af = f(k27).

The integer variable k ranges over a set for which the points of the form
(k277) belong to the interval where f(z) is to be approximated. We define
the highest-level approximation

1) = alo(2’e — ), (4.4.3)
k

where the summation is over the range of k.
Next, we rewrite f;(z) in the form

J—1
fi(x) = folz) + ij(x), w; €W, 0<j<J—1. (4.4.4)
5=0

This decomposition is unique. We emphasize that the same discussion ap-
plies if we decide the decomposition starts from a different level, say level
l:

J—1
fr(z) = file) + > wi(z), w; €W, 1<j<J—1.
=l

For definiteness, in the following, we use (4.4.4), i.e., the lowest-level ap-
proximation takes place in the level zero subspace V. The decomposition
(4.4.4) is constructed based on the following formulas: for j, k € Z,

p(2x—2k) =< [ w — k) + (2 — k)], (4.4.5)

620 —2k—1) =

| — DN —

[6(27 2 — k) — (2 e — k)] . (4.4.6)
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These formulas can be derived from the relations
¢(2z) =
o220 —1) =

[0(x) + (2],
[p(x) = ¢ ()] .

N = DN —

Proof of (4.4.5)—(4.4.6) is left as Exercise 4.4.3.
We have the following Haar decomposition theorem.

Theorem 4.4.3 The function
Za (202 —

can be decomposed as

fi(x) = fi—1(2) + wj—1(z),

where

v

fioa(z) =Y al o2 e — k) € V4,

k
wii(@) =Y b (@ e — k) € Wi
k
with the coefficients
. 1/, :
o= (b + adin) (4.4.7)
o 1/, .
b =5 (ah—adisy)- (4.4.8)

Proof. We write
Z [a2k¢ (22 — 2k) + aly H(2x — 2k — 1)]
k

Using the formulas (4.4.5)—(4.4.6), we obtain

]

50 = Y- {ahg o2~ 1)+ vt - b

k

+a%k+l% [0(27 e — k) — (27 e — k)] } .

Rearrange the terms to get the specified decomposition. O
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Applying Theorem 4.4.3 with j = J,--- , 1, we obtain the decomposition
(4.4.4) with

fox) =) JaRé(z — k), (4.4.9)
k
wi(z) = b@z—k), 0<j<J-1, (4.4.10)
k
where the coefficients biil, <o, b9, aY are computed recursively: for j =

J,-+-, 1, we apply the formulas (4.4.7) and (4.4.8).

Now that the decomposition (4.4.4), together with (4.4.9)-(4.4.10), is
available, some of the coefficients can be modified depending on the needs.
Suppose f(x) represents a signal. Then for large values of j, w;(x) contains
high frequency components, and can be viewed as noise. If the purpose
of processing the signal is to remove the noise, then the coefficients cor-
responding to those high frequencies are set to zero. If the purpose is to
compress the data, then those coefficients with their absolute values below
certain threshold are set to zero, and doing this does not severely influ-
ence the accuracy of approximation. So after the processing, we get a new
approximation from (4.4.3):

fr(x) = folz) + iwj (z), (4.4.11)

where i
fola) = z;:agqs(x y (4.4.12)
0y(x) =Y Bz —k), 0<j<J—1. (4.4.13)

k

The function f s will be used as the approximation of the given function
f(x). The computation of f;(x) is more efficiently done when it is written
in terms of the basis functions ¢(27z — k), k € Z. This step is called
reconstruction. From (4.4.5)—(4.4.6), we obtain the following formulas:

o2z — k) = p(27 T w — 2k) + (27w — 2k — 1), (4.4.14)
V(2x — k) = ¢(27 e — 2k) — p(2 T — 2k — 1). (4.4.15)

Using these formulas, we can easily show the following Haar reconstruction
theorem.

Theorem 4.4.4 The function

fivi(z) = 2@@(2% —k)+ ii){;zp(zjx — k)
k k
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can be expressed as

fii@) =Y o2 e — k)
k

where
aiit =al + b, (4.4.16)
gy = aj, — by, (4.4.17)

Applying Theorem 4.4.4 with j = 0,1,---,J — 1, we finally get the
expression

i) =l o2’z — k) (4.4.18)
k

where the coefficients aj are computed recursively from (4.4.16)—(4.4.17).
Formula (4.4.18) is convenient to use in computing the approximate func-
tion values.

Exercise 4.4.1 Given f € L?(0,1), determine the coefficients ap and a; in the
function

9(x) = aop(2z) + 162z — 1)
so that || f — g/ 12(0,1) is minimal. Note that we get the same values for ap and a;
when we minimize ||f — gl[r2(0,1/2) and ||f — gll£2(1/2,1) separately.

Exercise 4.4.2 Prove Theorem 4.4.1.
Exercise 4.4.3 Derive the formulas (4.4.5) and (4.4.6).

Exercise 4.4.4 Show that the rescaled Haar wavelets ;i (x) = 27/2¢(2/x — k)
form an orthonormal basis of L?(R):

/ wjk(a:) wlm(l‘) d.’L‘ = 6J~16km.
R

4.5 Multiresolution analysis

The Haar wavelets discussed in Section 4.4 are the simplest wavelets. A
general framework for the theory of wavelets, called multiresolution analy-
sis, was developed in [163]. For general wavelets, the discussion starts with
the scaling function ¢ and scaling spaces Vj, j € Z. Recall Theorem 4.4.1
for the basic properties of the subspaces associated with the Haar wavelets.

Definition 4.5.1 A sequence of subspaces of L*(R), {V; | j € Z}, is called
a multiresolution analysis with scaling function ¢ if the following conditions
holds:
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(1)

2)
)

3
4) (Density) UjezV; = L*(R), where the closure is taken with
respect to the L?(R)-norm.

(5) (Separation) NjezV; = {0}.

Shift-invariance) {¢(x—k) | k € Z} is an orthonormal basis

S~

Scale-invariance) f(x) € V; if and only if f(277x) € V.

—~

Nested sequence) V; C Vji1.

(
(
(

The orthogonality condition in (1) may be weakened to the requirement
that {¢(x — k) | k € Z} forms a stable basis: Any function f € Vj can be
written uniquely as

f@) =Y frd(x—k) in L*(R)

keZ

and

co D |fel> < I f1Fam < e D Ifil®
kEZ kEZ
for some constants 0 < ¢y < ¢; < oo independent of f € Vj. Since the
orthogonality usually helps simplify calculations dramatically, it is popu-
lar to require the orthonormality condition for the scaling function and
its translates. Moreover, when the orthonormality for ¢ is not valid, it is
possible to define a new scaling function from ¢ such that the orthonor-
mality condition holds ([234]). Condition (4) requires the density of the
subspace U2 ___V; in L*(R): for any f € L*(R), there exists a sequence

Jj=—00

{fn} CUZ__V; such that

j=—00
IIf = fn||L2(R) — 0 asn— oo.

Combined with the condition (3), we can restate this as follows: for any
f € L?(R), there exist f,, € V,,, n=10,1,2,---, such that

||f_anL2(R) — 0 asn — oo.

The next result follows immediately from Definition 4.5.1, and its proof
is left as an exercise.

Proposition 4.5.2 For a multiresolution analysis with scaling function ¢,
{292¢(272 — k) | k € Z} is an orthonormal basis of V.

Wavelet spaces W; are constructed as the difference between V;,; and
V; such that W; is orthogonal to Vj. Since for £ < j, W), is a subspace
of V;, Wi, and W; are orthogonal. So the wavelet spaces are mutually
orthogonal. The sequence of the wavelet spaces {W,,} has properties similar
to the conditions required in the definition of the multiresolution analysis.
Specifically, we mention the following.
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(1) There is a function ¢ € Vi such that {¢(x — k) | k € Z} is
an orthonormal basis of Wy.

(2) f(x) € W; if and only if f(277x) € W,

(3) W; L Wy, for j # k.

(4) UjezW; = L*(R), where the closure is taken with respect
to the L?(IR)-norm.

From Theorem 4.4.1, we see that the Haar system is a multiresolution
analysis. Moreover, in the Haar system, any subspace V; consists of func-
tions with bounded support.

The Haar wavelet has a compact support. The major disadvantage of the
Haar functions is the lack of smoothness: a general function in the Haar
subspaces is discontinuous. A consequence of this is the poor approximation
quality for continuous functions. A main task is then to construct a mul-
tiresolution analysis consisting of smoother functions. In [62], Daubechies
showed the possibility of constructing other wavelets with compact support.
For the Haar wavelets, we have the simple explicit formulas, and properties
of the Haar wavelets are verified directly. For other wavelets, generally there
are no elementary formulas for the scaling function ¢ and wavelet function
1; instead, the functions are determined implicitly by a dilation equation
and a wavelet equation, respectively. Properties of the wavelets, such as the
support interval, orthogonality, and smoothness, are then determined from
these equations.

The starting point in the construction of the scaling function ¢ is the
scaling equation

¢(x) =D prV2¢(2z — k) (4.5.1)
k

for some coefficients pg, k € Z. This relation holds because ¢ € Vj C
Vi and {v2¢(2z — k) | k € Z} is an orthonormal basis. Note that if ¢
has compact support, then the summation in (4.5.1) involves only a finite
number of terms. The coefficients {p;}r can be expressed in terms of the
scaling function ¢ as follows. We multiply the equality (4.5.1) by v/2¢(2z—1)
and integrate with respect to x to obtain

pl:/R\/Eqs(zx—z) ¢(z)dz, 1€ (4.5.2)

Replacing z by (22 — 1) in (4.5.1), we derive the general scaling relation

2z —1)=> ppavV26(2 Tz — k),
k
ie.,
2292w —1) =Y proa2UTV g2 — k). (4.5.3)
k
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Corresponding to ¢, define

Y(@) =D (—1)Fp1rV2 (22 — k). (4.5.4)
k
It can be shown that ¢ is a wavelet function associated to the scaling
function ¢, and for any integer j € Z, the set {27/2¢(27x — k) | k € Z} is
an orthonormal basis of the wavelet space Wj.

For a function ¢ satisfying (4.5.1) to be a scaling function of a multires-
olution analysis, several identities must hold on the coefficients {py }«, as a
result of the orthonormality requirement (see Exercise 4.5.2 for a necessary
condition). It is difficult to find the coefficients directly. One popular ap-
proach for the construction of the scaling and wavelet functions is through
the Fourier transforms (;AS and 1[) Conditions on quS and 1& can be identified
for ¢ and v to be scaling and wavelet functions. This approach is especially
useful for theoretical issues such as existence and smoothness properties of
the scaling and wavelet functions. Detailed discussions of the subject can
be found in [63], or in [38] for a more accessible presentation.

For functions defined through the scaling equation (4.5.1) (except in sim-
ple cases such as the Haar scaling function), we can not, in general, express
them by closed formulas in terms of elementary functions. Nevertheless, in
many cases, numerical values of ¢(z) can be determined through a fixed-
point iteration applied to the scaling equation (4.5.1): With a suitable
starting function ¢(?), we compute a sequence of approximations {(;5(")} by
the recursion formula

oM () = pev26 Y (22 — k).
k

Numerical values of ¢(z) can also be computed directly using the scal-
ing equation (4.5.1), as is demonstrated in the next paragraph. Thus, the
scaling and wavelet functions can be used for computations just like other
classes of functions such as algebraic or trigonometric polynomials, expo-
nential or logarithm functions, or special functions of mathematical physics.

As an example of Daubechies wavelets, consider a continuous scaling
function ¢(z) defined by the following properties:

supp ¢ = [0, 3], (4.5.5)
@) = T g00) + 21 00

43 ;ﬁ 620 —2) + X _4*/3 6(22 —3), (4.5.6)

P(1) = ! +2¢§’ #(2) = ! —2¢§. (4.5.7)

Daubechies has shown that it is not possible to express ¢(z) in terms of
elementary mathematical functions through algebraic operations. Never-
theless, the properties (4.5.5)—(4.5.7) can be used to compute the values of
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FIGURE 4.8. Daubechies scaling function

the function ¢(x) at any point z. For example, we can compute (;5(%) as
follows:

o(3) = 2o+ 28 o0+ 22 oo + 1 un
_2+43
2

The value of ¢(x) for any « € Dy (see page 193 for the definition of the set
D7) can be computed similarly. Once the values of the function ¢ on D
are known, we can continue to calculate the function values on Dy, and so
on.
A graph of the above Daubechies scaling function is shown in Figure 4.8.
Corresponding to the scaling function defined by (4.5.5)—(4.5.7), the
wavelet function is

1+3 3+3
P(e) =~ pow — 1) + 2 g(oa)
3—-V3 1—-+3
- 4\/_ o2 +1) + 4\/_ o2z + 2). (4.5.8)
It is left as an exercise to verify that suppy = [—1,2]. A graph of this

Daubechies wavelet function is shown in Figure 4.9.
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FIGURE 4.9. Daubechies wavelet function

The Daubechies wavelet function shown here is continuous, but not con-
tinuously differentiable. Wavelets with compact support and higher degree
smoothness also exist.

Returning to the framework of a general multiresolution analysis, since
{¢jr(x) = 29/2¢(272 — k)}, kez is an orthonormal basis for L?(R), any
f € L*(R) can be expressed as

F@) =0 bt ().
ik

The wavelet transform connects f(x) to its wavelet coefficients {b;i}; rez.
Similar to the FFT for Fourier transforms, there is a recursive Fast Wavelet
Transform with comparable speed and stability (see e.g., [217]). The decom-
position and reconstruction procedures for the Haar system, as discussed
in Section 4.4, can be extended to the other wavelets.

Exercise 4.5.1 Prove Proposition 4.5.2 using conditions (1) and (2) of Defini-
tion 4.5.1.

Exercise 4.5.2 Let ¢ satisfy the scaling equation (4.5.1). Show that a necessary
condition for {¢(z — k) | k € Z} to be orthonormal is

Zpkpk—Zl = do1.
k
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Exercise 4.5.3 Consider the space L?(—m, 7). For each integer j > 0, let V; be
the subspace of trigonometric polynomials of degree less than or equal to j. Show
that the conditions (3) and (4) (modified to UjezV; = L*(—m, 7)) of Definition
4.5.1 are satisfied. Identify the subspace W; in the orthogonal decomposition
Vi = V; 0 W;.

Exercise 4.5.4 For the Haar system discussed in Section 4.4, identify the coef-
ficients in the scaling equation (4.5.1), and examine if the Haar wavelet function
satisfies the relation (4.5.4).

Exercise 4.5.5 For the Daubechies scaling function defined in (4.5.5)—(4.5.7),
verify the function values

ORRORE

Exercise 4.5.6 For the Daubechies wavelet function given in (4.5.8), show that
supp ¢ = [—1,2].
Hint: Recall (4.5.5).

Suggestion for Further Reading.

The classical reference to the Fourier series is ZYGMUND [251]. Deep
mathematical theory of Fourier analysis can be found in the classic STEIN
AND WEISS [212] or a more recent reference DUOANDIKOETXEA [73]. Effi-
cient implementation of the FFT is discussed in detail in VAN LOAN [226].
There, FFT is studied from the matrix factorization point of view, and the
central theme of the book is the idea that different FFT algorithms corre-
spond to different factorizations of the discrete Fourier transform matrix.
TREFETHEN’s monograph [223] provides practical MATLAB implementa-
tions of the FFT and related algorithms, with applications in the numerical
solution of ODEs and PDEs by the spectral method.

An elementary introduction of the theory of Fourier analysis and wavelets
can be found in BOGGESS AND NARCOWICH [38]. Two other good references
on wavelets, without requiring much advanced mathematical background
from the reader, are KAISER [132] and NIEVERGELT [180]. Presentations of
the deep mathematical theory of wavelets can be found in BRATTELI AND
JORGENSEN [41], DAUBECHIES [63], MEYER [170], WOJTASZCZYK [234].
The book by STRANG AND NGUYEN [217] emphasizes the filter structures
attached to wavelets, which are the key for their algorithmic efficiency and
successful applications. CHUI’s book [51] emphasizes the important connec-
tion between wavelets and splines. A full exposition of wavelets and their
generalizations, multiwaves, is found in KEINERT [138]. Wavelets have been
used in many branches of sciences and engineering, e.g., in computer graph-
ics (STOLLNITA ET AL. [215]), geophysics (FOUFOULA-GEORGIOU AND KU-
MAR [83]), medicine and biology (ALDROUBI AND UNSER [3]), signal pro-
cessing (MALLAT [164]). In this chapter, most of the discussion is confined
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to the one-dimensional case. Discussion of multi-dimensional wavelets can
be found in most of the references quoted above.



5

Nonlinear Equations and Their
Solution by Iteration

Nonlinear functional analysis is the study of operators lacking the property
of linearity. In this chapter, we consider nonlinear operator equations and
their numerical solution. We begin the consideration of operator equations
which take the form

u=T(u), uweK. (5.0.1)

Here, K is a subset of a Banach space V', and T : K — V. The solutions
of this equation are called fized points of the operator T', as they are left
unchanged by T'. The most important method for analyzing the solvability
theory for such equations is the Banach fixed-point theorem. We present the
Banach fixed-point theorem in Section 5.1 and then discuss its application
to the study of various iterative methods in numerical analysis.

We then consider an extension of the well-known Newton method to the
more general setting in Banach spaces. For this purpose, we introduce the
differential calculus for nonlinear operators on normed spaces. The notion of
the Gateaux derivative leads to convenient characterizations for convexity
of functionals and for minimizers of convex functionals.

We conclude the chapter with a brief introduction to another means of
studying (5.0.1), using the concept of the rotation of a completely continu-
ous vector field. We also generalize to function spaces the conjugate gradient
iteration method for solving linear equations. There are many generaliza-
tions of the ideas of this chapter, and we intend this material as only a
brief introduction.
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5.1 The Banach fixed-point theorem

Let V be a Banach space with the norm || - ||y, and let K be a subset of V.
Consider an operator T': K — V defined on K. We are interested in the
existence of a solution of the fixed-point problem (5.0.1) and the possibility
of approximating the solution u by the following iterative method. Pick an
initial guess up € K, and define a sequence {u,} by the iteration formula

Unir = T(un), n=0,1,.... (5.1.1)

To have this make sense, we identify another requirement that must be
imposed upon T
Twv)e K YvekK. (5.1.2)

The problem of solving an equation
flu)=0 (5.1.3)

for some operator f : K C V — V can be reduced to an equivalent fixed-
point problem of the form (5.0.1) by setting T'(v) = v — ¢ f(v) for some
constant scalar ¢ # 0, or more generally, T'(v) = v — F(f(v)) with an
operator I': V — V satisfying

Flw)=0 <+= w=0.

Thus any result on the fixed-point problem (5.0.1) can be rephrased as
a result for an equation (5.1.3). In addition, the iterative method (5.1.1)
then provides a possible approximation procedure for solving the equation
(5.1.3). In the following Section 5.2, we look at such applications for solving
equations in a variety of settings.

For the iterative method to work, we must assume something more than
(5.1.2). To build some insight as to what further assumptions are needed
on the operator T, consider the following simple example.

Example 5.1.1 Take V to be the real line R, and 7" an affine operator:
Tr=ax+0b, zeR

for some constants a and b. Now define the iterative method induced by
the operator T'. Let zg € R, and for n =0, 1,..., define

Tpt1 = aZp +b.

It is easy to see that
T, =x9+nb ifa=1,

and
n

T oifa#l
a

1—

T, = a"xy +
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Thus in the non-trivial case a # 1, the iterative method is convergent if
and only if |a| < 1. Notice that the number |a| occurs in the property

[Tz —Ty| <la| |z —y| Va,yeR.

O

Definition 5.1.2 We say an operator T : K C V — V is contractive with

contractivity constant o € [0,1) if
IT(uw) = TW)|v <alu—v|y Yu,veK.
The operator T is called non-expansive if
I7(w) = TO) v < lu—vlly Vu,ve K,
and Lipschitz continuous if there exists a constant L > 0 such that
IT(w) —TW)|ly < L|u—vlly Yu,veK.
We see the following implications:

contractivity =  non-expansiveness
= Lipschitz continuity
—> continuity.

Theorem 5.1.3 (BANACH FIXED-POINT THEOREM) Assume that K is a
nonempty closed set in a Banach space V', and further, that T : K — K s
a contractive mapping with contractivity constant o, 0 < a < 1. Then the

following results hold.

(1) Existence and uniqueness: There exists a unique u € K such that

u="T(u).
(2) Convergence and error estimates of the iteration: For any ug € K, the
sequence {u,} C K defined by upt1 = T(uy,), n=0,1,..., converges
to u:

lun —ully — 0 asn— co.

For the error, the following bounds are valid:

a’l’L

lun = ullv < 3= lluo —usllv,

(&%

[un —ullv < [un—1 —unlv,

11—«
[un —ullv < aflup—1 —ullv.

(5.1.4)

(5.1.5)
(5.1.6)
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Proof. Since T : K — K, the sequence {uy,} is well-defined. Let us first
prove that {u,} is a Cauchy sequence. Using the contractivity of the map-
ping T', we have

tunt1 —unllv < allun —un-1lly < <a™[lur —uollv.

Then for any m > n > 1,

m—n—1

[um — unllv < Z [Untjt1 = tnsllv
7=0
m—n—1
< > a"u —uolv
j=0
S I—a ||U1—U()Hv. (517)

Since o € [0,1), ||um — unlly — 0 as m,n — oo. Thus {u,} is a Cauchy
sequence; and since K is a closed set in the Banach space V, {u,} has
a limit v € K. We take the limit n — oo in un41 = T(uy) to see that
u = T'(u) by the continuity of T, i.e., u is a fixed-point of 7.

Suppose u1,us € K are both fixed-points of T'. Then from u; = T(u1)
and uz = T'(uz), we obtain

Up — U2 = T(ul) — T(UQ)
Hence
Jur —usflv = 1T (u1) = T(u2)llv < oflur —ually

which implies [|u1 — ug|ly = 0 since o € [0,1). So a fixed-point of a con-
tractive mapping is unique.

Now we prove the error estimates. Letting m — oo in (5.1.7), we get the
estimate (5.1.4). From

lun = ully =T (un—1) = T(u)llv < allun —ulv
we obtain the estimate (5.1.6). This estimate together with
[un—1 = ully < llun—1 = unllv + lun —ullv

implies the estimate (5.1.5). O

This theorem is called by a variety of names in the literature, with the
contractive mapping theorem another popular choice. It is also called Picard
iteration in settings related to differential equations.

As an application of the Banach fixed-point theorem, we consider the
unique solvability of a nonlinear equation in a Hilbert space.
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Theorem 5.1.4 Let V' be a Hilbert space. Assume T : V. — V is strongly
monotone and Lipschitz continuous, i.e., there exist two constants cy,cy > 0
such that for any vi,ve € V,

(T(v1) — T(v2),v1 — v2) > e1ljvr — v2|?, (5.1.8)
1T (v1) = T'(v2)| < eallvr — val|. (5.1.9)

Then for any b € V, there is a unique u € V' such that
T(u) =b. (5.1.10)
Moreover, the solution u depends Lipschitz continuously on b: If T'(uy) = by
and T(ug) = ba, then
1
||’LL1 - UQH S a ||b1 — bgH (5.1.11)

Proof. The equation T'(u) = b is equivalent to
u=u—0[T(u)— b
for any 6 # 0. Define an operator Ty : V' — V by the formula
Ty(v) =v—0[T(v)—1].

Let us show that for 6 > 0 sufficiently small, the operator Ty is contractive.
Write
TQ(U1) — TQ(UQ) = (’Ul — 1}2) —0 [T(U1) — T(UQ)] .

Then,

1To(v1) — To(v2)|I> = [lvr — val|* = 20 (T'(v1) — T(v2),v1 — v2)
+ 0| T (v1) — T(v2) |

Use the assumptions (5.1.8) and (5.1.9) to obtain
HTQ(Ul) — TQ(U2)||2 < (1 — 2¢00 + 6%92) ||’U1 — 1}2”2.

For 0 € (0,2c2/c?),
1—2c90 + 6%92 <1

and Ty is a contraction. Then by the Banach fixed-point theorem, Ty has
a unique fixed-point v € V. Hence, the equation (5.1.10) has a unique
solution.

Now we prove the Lipschitz continuity of the solution with respect to the
right hand side. From T'(u1) = by and T'(uz2) = b, we obtain

T(ul) — T(’LLQ) = b1 — bg.
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Then
(T'(u1) — T(uz),u1 —uz) = (b — bz, u1 —uz).

Apply the assumption (5.1.8) and the Cauchy-Schwarz inequality,
crflur = ual” < |lbr = b [lu1 — ual],

which implies (5.1.11). O

The proof technique of Theorem 5.1.4 will be employed in Chapter 11 in
proving existence and uniqueness of solutions to some variational inequal-
ities. The condition (5.1.8) relates to the degree of monotonicity of T'(v)
as v varies. For a real-valued function T'(v) of a single real variable v, the
constant ¢; can be chosen as the infimum of 7”(v) over the domain of T
assuming this infimum is positive.

Exercise 5.1.1 In the Banach fixed-point theorem, we assume (1) V' is a com-
plete space, (2) K is a nonempty closed set in V, (3) T : K — K, and (4) T
is contractive. Find examples to show that each of these assumptions is neces-
sary for the result of the theorem; in particular, the result fails to hold if all the
other assumptions are kept except that the contractivity of T is replaced by the
inequality

I7(w) = T()llv < llu—vllv Vuv eV, uw.

Exercise 5.1.2 Assume K is a nonempty closed set in a Banach space V', and
that T : K — K is continuous. Suppose T"" is a contraction for some positive
integer m. Prove that T has a unique fixed-point in K. Moreover, prove that the
iteration method

Un+1 :T(un), n:O,1,2,...

converges.

Exercise 5.1.3 Let T be a contractive mapping on V' to V. By Theorem 5.1.3,
for every y € V, the equation v = T'(v) + y has a unique solution, call it u(y).
Show that u(y) is a continuous function of y.

Exercise 5.1.4 Let V be a Banach space, and let T" be a contractive mapping
on K CVto K, with K ={veV||v| <r} for some r > 0. Assume T'(0) = 0.
Show that v = T'(v) + y has a unique solution in K for all sufficiently small
choices of y € V.

5.2 Applications to iterative methods

The Banach fixed-point theorem presented in the preceding section con-
tains most of the desirable properties of a numerical method. Under the
stated conditions, the approximation sequence is well-defined, and it is con-
vergent to the unique solution of the problem. Furthermore, we know the
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convergence rate is linear (see (5.1.6)), we have an a priori error estimate
(5.1.4) which can be used to determine the number of iterations needed
to achieve a prescribed solution accuracy before actual computations take
place, and we also have an a posteriori error estimate (5.1.5) which gives
a computable error bound once some numerical solutions are calculated.

In this section, we apply the Banach fixed-point theorem to the analysis
of numerical approximations of several problems.

5.2.1 Nonlinear algebraic equations

Given a real-valued function of a real variable, f : R — R | we are interested
in computing its real roots, i.e., we are interested in solving the equation

flz)=0, xzeR. (5.2.1)

There are a variety of ways to reformulate this equation as an equivalent
fixed-point problem of the form

r=T(x), xeR. (5.2.2)

One example is T(x) = z — ¢of(x) for some constant ¢y # 0. A more
sophisticated example is T'(x) = = — f(x)/f’(x), in which case the iterative
method becomes the celebrated Newton’s method. For this last example,
we generally use Newton’s method only for finding simple roots of f(x),
which means we need to assume f/(z) # 0 when f(z) = 0. We return
to a study of the Newton’s method later in Section 5.4. Specializing the
Banach fixed-point theorem to the problem (5.2.2), we have the following
well-known result.

Theorem 5.2.1 Let —0o < a < b < oo and T : [a,b] — [a,b] be a con-
tractive function with contractivity constant o € [0,1). Then the following
results hold.

(1) Ewistence and uniqueness: There exists a unique solution x € [a,b] to
the equation x = T (z).

(2) Convergence and error estimates of the iteration: For any xo € [a, b],
the sequence {x,} C [a,b] defined by xp11 = T(xy), n = 0,1,...,
converges to x:

Tp — T AS TN — O0.
For the error, there hold the bounds

n

o =l < £ Jzo — a1,

«

|z — x| < |Tp—1 — Zp],

11—«
|x, — ] < a|ep—1 — x|
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The contractiveness of the function 7' is guaranteed from the assumption
that

sup |T'(z)] < 1.
a<z<b

Indeed, using the Mean Value Theorem, we then see that 1" is contractive
with the contractivity constant a = sup,<, <, |T"()|.

5.2.2  Linear algebraic systems
Let A € R™*™ be an m by m matrix, and let us consider the linear system

Ax=b, xeR™ (5.2.3)

where b € R™ is given. It is well-known that (5.2.3) has a unique solution
x for any given b if and only if A is non-singular, det(A) # 0.

Let us reformulate (5.2.3) as a fixed point problem and introduce the
corresponding iteration methods. A common practice for devising iterative
methods to solve (5.2.3) is by using a matrix splitting

A=N-M

with N chosen in such a way that the system Na = k is easily and uniquely
solvable for any right side k. Then the linear system (5.2.3) is rewritten as

Nx =Mz +b.
This leads naturally to an iterative method for solving (5.2.3):
Nx, =Mz, 1+b, n=12,... (5.2.4)
with &g a given initial guess of the solution x.
To more easily analyze the iteration, we rewrite these last two equations

as

x=N'Mzxz+N'b,
x, =N "Mz, 1+ N 'b.

The matrix N ' M is called the iteration matrix. Subtracting the two equa-
tions, we obtain the error equation

T —x, = NﬁlM(:c —Tp_1).
Inductively,

z—x,=(N"'M)"(x—x), n=0,1,2.... (5.2.5)
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We see that the iterative method converges if | N~!M|| < 1, where || - || is
some matrix operator norm, i.e., it is a norm induced by some vector norm
I Il
||Al| = sup HA_:BH (5.2.6)
z+0 ||z
Recall that for a square matrix A, a necessary and sufficient condition
for A" — 0 asn — oo is 4 (A) < 1. This follows from the Jordan canonical
form of a square matrix. Here, r,(A) is the spectral radius of A:

ro(A) = max [Ai(A)],

with {A;(A)} the set of all the eigenvalues of A. Note that from the error
relation (5.2.5), we have convergence x,, — @ as n — oo for any initial
guess T, if and only if (N=*M)™ — 0 as n — oco. Therefore, for the itera-
tive method (5.2.4), a necessary and sufficient condition for convergence is
re(N7IM) < 1.

The spectral radius of a matrix is an intrinsic quantity of the matrix,
whereas a matrix norm is not. It is thus not surprising that a necessary and
sufficient condition for convergence of the iterative method is described in
terms of the spectral radius of the iteration matrix. We would also expect
something of this kind based on the property that in finite dimensional
spaces, convergence of {x, } in one norm is equivalent to convergence in
every other norm (see Theorem 1.2.14 from Chapter 1).

We have the following relations between the spectral radius and norms
of a matrix A € R™*™,

1. r4(A) < ||A|| for any matrix operator norm || - ||.
This result follows immediately from the definition of r,(A), the
defining relation of an eigenvalue, and the fact that the matrix norm
| - || is generated by a vector norm.

2. For any ¢ > 0, there exists a matrix operator norm || - || 4. such that
ro(A) < ||Allae < ro(A) +e.
For a proof, see [129, p. 12]. Thus,

ro(A) =1inf {||A| | || - || is a matrix operator norm} .

3. 75(A) = lim,, o ||A™||*/" for any matrix norm || - ||.
Note that here the norm can be any matrix norm, not necessarily the
ones generated by vector norms as in (5.2.6). This can be proven by
using the Jordan canonical form; see [15, p. 490].

For applications to the solution of discretizations of Laplace’s equation
and some other elliptic partial differential equations, it is useful to write

A=D+L+U,



216 5. Nonlinear Equations and Their Solution by Iteration

where D is the diagonal part of A, L and U are the strict lower and upper
triangular parts. If we take N = D, then (5.2.4) reduces to

Dx,=b—(L+U)xy_1,

which is the vector representation of the Jacobi method; the corresponding
componentwise representation is

1 .
Tni=— | b — E QijTp—15 |, 1<i<m.
i G

If we take N = D + L, then we obtain the Gauss-Seidel method
(D+L)x,=b—-Uwxy_1

or equivalently,

1 i—1 m
Tni = — b — E QijTn,j — g AijTn-1j |, 1<i<m.
v j=1 j=it1

A more sophisticated splitting is obtained by setting

Nelpin wm=1Z¢p_y
w w
where w # 0 is an acceleration parameter. The corresponding iterative
method with the (approximate) optimal choice of w is called the SOR
(successive overrelaxation) method. The componentwise representation of
the SOR method is

w i—1 m
Tp,i = (1—&)) xn—l,i"’; b; — E QAijTn,j — E AijTn—15 | 1<i<m.
v j=1 j=it+1

For linear systems arising in difference solutions of some model partial
differential equation problems, there is a well-understood theory for the
choice of an optimal value of w; and with that optimal value, the iteration
converges much more rapidly than does the original Gauss-Seidel method
on which it is based. Additional discussion of the framework (5.2.4) for
iteration methods is given in [15, Section 8.6].

5.2.83 Linear and nonlinear integral equations

Recall Example 2.3.2 from Chapter 2, in which we discussed solvability of
the integral equation

b
Au(x) —/ E(z,y)u(y)dy = f(z), a<x<b (5.2.7)
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by means of the geometric series theorem. For simplicity, we assume k €
C(la,b] x [a,b]) and let f € Cfa,b], although these assumptions can be
weakened considerably. In Example 2.3.2, we established that within the
framework of the function space C|a, b] with the uniform norm, the equation
(5.2.7) was uniquely solvable if

b
gﬁilmmmeqm (5.2.8)

If we rewrite the equation (5.2.7) as

b
u@) =5 [ Key)u@dy+ @), a<o<b

which has the form u = T'(u), then we can apply the Banach fixed-point
theorem. Doing so, it is straightforward to derive a formula for the con-
tractivity constant:

1 b
o= Wargggb/a |k (2, )| dy.

The requirement that o < 1 is exactly the assumption (5.2.8). Moreover,
the fixed point iteration

b
wn@) =3 [ M una@)dy+ 316, asz<h (529)

for n = 1,2,..., can be shown to be equivalent to a truncation of the
geometric series for solving (5.2.7). This is left as Exercise 5.2.5.

Nonlinear integral equations of the second kind

Nonlinear integral equations lack the property of linearity. Consequently,
we must assume other properties in order to be able to develop a solvability
theory for them. We discuss here some commonly seen nonlinear integral
equations of the second kind. The integral equation

b
um:u/k@%wwa#@%anSb (5.2.10)

is called a Urysohn integral equation. Here we assume that
f€Cla,b] and ke C(la,b] x [a,b] x R). (5.2.11)

Moreover, we assume k satisfies a uniform Lipschitz condition with respect
to its third argument:

|k(xay7ul) - k(may7u2)| < M‘ul - u2‘7 a < z,y < ba Ui, U2 € R.
(5.2.12)
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Since (5.2.10) is of the form v = T'(v), we can introduce the fixed point
iteration

b
un(x) = p / E(z,y, un—1(y)dy+ f(z), a<zxz<b n>1. (52.13)

Theorem 5.2.2 Assume [ and k satisfy the conditions (5.2.11), (5.2.12).
Moreover, assume
lu| M (b—a) < 1.

Then the integral equation (5.2.10) has a unique solution u € Cla,b], and
it can be approzimated by the iteration method of (5.2.13).

Another well-studied nonlinear integral equation is

b
() = p / k(e ) hy,u(y)) dy + f(@), a<z<b

with k(z,y), h(y,u), and f(x) given. This is called a Hammerstein integral
equation. These equations are often derived as reformulations of boundary
value problems for nonlinear ordinary differential equations. Multi-variate
generalizations of this equation are obtained as reformulations of boundary
value problems for nonlinear elliptic partial differential equations.

An interesting nonlinear integral equation which does not fall into the
above categories is Nekrasov’s equation:

sin 0(t)

7
1+ 3)\/ sin(s) ds
0

dt, 0<uz<m, (5.2.14)

o(z) = )\/()Tr L(z,1)

where
1 sin((@+1)/2)
Lat) = Zlog S =0 /2

One solution is 6(x) = 0, and it is the nonzero solutions that are of interest.
This arises in the study of the profile of water waves on liquids of infinite
depth; and the equation involves interesting questions of solutions that
bifurcate. See [173, p. 415].

Nonlinear Volterra integral equations of the second kind

An equation of the form

u(t):/ k(t, s, u(s)) ds + f(8), t€ [ab] (5.2.15)

is called a nonlinear Volterra integral equation of the second kind. When
k(t, s,u) depends linearly on u, we get a linear Volterra integral equation,
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and such equations were investigated earlier in Example 2.3.4 of Section 2.3.
The form of the equation (5.2.15) leads naturally to the iterative method

Un(t) = /t k(t,s,upn—1(s))ds + f(t), t€ [a,b], n>1. (5.2.16)

Theorem 5.2.3 Assume k(t,s,u) is continuous for a < s <t < b and
u € R; and let f € Cla,b]. Furthermore, assume

|k(t,s,u1) — k(t,s,u2)| < M Jup —usl, a<s<t<b, uj,us €R

for some constant M. Then the integral equation (5.2.15) has a unique
solution u € Cla,b]. Moreover, the iterative method (5.2.16) converges for
any initial function ug € Cla,b].

Proof. There are at least two approaches to applying the Banach fixed-
point theorem to prove the existence of a unique solution of (5.2.15). We
give a sketch of the two approaches below, assuming the conditions stated
in Theorem 5.2.3. We define the nonlinear integral operator

t
T:Clab — Clabl, Tu(t)= / k(t, 5, u(s)) ds + F(b).
APPROACH 1. Let us show that for m sufficiently large, the operator T
is a contraction on C[a, b]. For u,v € Cla,b],
t

Tu(t) — Tu(t) = / [k(t, s,u(s)) — k(t, s,v(s))] ds.

a

Then .
|Tu(t) — To(t)| < M/ lu(s) — v(s)|ds (5.2.17)
and
|Tu(t) — Tv(t)] < M|u—v|[e(t —a).
Since
T?u(t) — T?v(t) = / [k(t,s, Tu(s)) — k(t, s, Tv(s))] ds,
we get

IT2u(t) — T2o(t)| < M / (Tu(s) — To(s)| ds

_ )

ST |t — v||oo-
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By a mathematical induction, we obtain

m m Mt —a)|™
Tue) - o) < B g
m.
Thus
IT™u — T™0| o0 < [M(b = a)]™ [t — oo
m!
Since

m
w — 0 asm — oo,
the operator T™ is a contraction on C[a,b] when m is chosen sufficiently
large. By the result in Exercise 5.1.2, the operator T has a unique fixed-
point in C'[a, b] and the iteration sequence converges to the solution. Deriva-
tion of error bounds is left as an exercise.

APPROACH 2. Over the space Cla,b], let us introduce the norm

= —Btly(t
lollf = mmax, o o)

which is equivalent to the standard norm ||v||« on Ca, b]. The parameter
is chosen to satisfy @ > M. We then modify the relation (5.2.17) as follows:

t
=Bt | Tu(t) — To(t)] < Me—f“/ B3B3 |u(s) — v(s)| ds.

a

Hence,
t
e P Tu(t) — To(t)| < Me PH|ju — vl / ePsds
a
M
= PP — B [[[u— ]|
B
Therefore,
M
N Tw = Tol|| < — |[Ju—vlf].
B
Since 8 > M, the operator T is a contraction on the Banach space (V, |||-]]|)-
Then T has a unique fixed-point which is the unique solution of the integral
equation (5.2.15) and the iteration sequence converges. O

We observe that if the stated assumptions are valid over the interval
[a,o0), then the conclusions of Theorem 5.2.3 remain true on [a, c0). This
implies that the equation

u(t):/ k(t, s,u(s)) ds + f(£), t>a
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has a unique solution u € Cf[a, c0); and for any b > a, we have the conver-
gence ||u — up||cla,p) — 0 as n — oo with {u,} C Cla,00) being defined
by

un(t):/ k(t, s, un1(s))ds + f(t), ¢ > a.

Note that although the value of the Lipschitz constant M may increase as
(b — a) increases, the result will remain valid.

5.2.4  Ordinary differential equations in Banach spaces
Let V be a Banach space and consider the initial value problem

{ u'(t) = f(t,u(t), [t—to| <a, (5.2.18)

u(ty) = 2.

Here z € V and f : [to — a,tp + a] x V' — V is continuous. For example,
f could be an integral operator; and then (5.2.18) would be an “integro-
differential equation”. The differential equation problem (5.2.18) is equiv-
alent to the integral equation

u(t) = z+/t F(s,u(s))ds, [t—to] <a, (5.2.19)

which is of the form u = T'(u). This leads naturally to the fixed point
iteration method

t
un(t) =z+4 | f(s,un-1(s))ds, |t—to] <a, n>1. (5.2.20)
to

Denote, for b > 0,
Qp={(t,u) eRxV ||t —to] <a, ||lu—=z| <b}.

We have the following existence and solvability theory for (5.2.18). The
proof is a straightforward application of Theorem 5.1.3 and the ideas in-
corporated in the proof of Theorem 5.2.3.

Theorem 5.2.4 (GENERALIZED PICARD-LINDELOF THEOREM) Assume
f+ Qy — V is continuous and is uniformly Lipschitz continuous with
respect to its second argument:

1t u) = &) < Llu—vl V(tu),(t0) € Q,

where L is a constant independent of t. Let

M = max t,u
(tyu)elelf( )l
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ag = mi i
0 = min a,M .

Then the initial value problem (5.2.18) has a unique continuously differen-
tiable solution u(-) on [to — ag,to + ao]; and the iterative method (5.2.20)
converges for any initial value ug for which ||z — ug|| < b,

and

max |lun,(t) —u(®)]| — 0 asn— oco.
[t—to|<ao

Moreover, with « =1 — e~ the error

t o t —th—tol
s un(0) @)

is bounded by each of the following:

a’ﬂ

£ — un(B)le— L 1t=tol
o hax, llult) —uo(®)fe ;
« — L |t—to]

() — un(t 0
o max lun-1(t) —un(t)lle ,

a _1(t) — u(t)||e Elt—tol
o max lwn—1() — u(t)lle

Exercise 5.2.1 This exercise illustrates the effect of the reformulation of the
equation on the convergence of the iterative method. As an example, we compute
the positive square root of 2, which is a root of the equation z? — 2 = 0. First
reformulating the equation as x = 2/x, we obtain an iterative method z, =
2/x,_1. Show that unless o = v/2, the method is not convergent.
(Hint: Compare Tp+1 with xn—1.)

Then let us consider another reformulation. Notice that v/2 € [1,2] and is a
fixed-point of the equation

1 2
z="T(x)= 1(2—1: )+

Verify that T : [1,2] — [1,2] and maxi<.<2 [T"(z)| = 1/2. Thus with any x¢ €
[1,2], the iterative method

Tn=-(2— xi,l) 4+ Tpo1, n>1

1
1

is convergent.

Exercise 5.2.2 A matrix A = (as;) is called diagonally dominant if
Z|aij\ <laii| Vi.
J#i

Apply the Banach fixed-point theorem to show that if A is diagonally dominant,
then both the Jacobi method and the Gauss-Seidel method converge.
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Exercise 5.2.3 A simple iteration method can be developed for the linear sys-
tem (5.2.3) as follows. For a parameter 0 # 0, write the system in the equivalent
form

r=x+60(b-Ax),

and introduce the iteration formula
Tn =Tn-1+0(b—Ax,_1).

Assume A is symmetric and positive definite, and denote its largest eigenvalue
by Amax. Show that for any initial guess xo, the iteration method converges if
and only if
2
0<O< .

max
Determine the optimal value of 6 so that the spectral radius of the iteration
matrix is minimal.

Exercise 5.2.4 Prove Theorem 5.2.2. In addition, state error bounds for the
iteration (5.2.13) based on (5.1.4)—(5.1.6).

Exercise 5.2.5 Show that the iteration (5.2.9) is equivalent to some truncation
of the geometric series for (5.2.7). Apply the fixed point theorem to derive error
bounds for the iteration based on (5.1.4)—(5.1.6).

Exercise 5.2.6 Derive error bounds for the iteration of Theorem 5.2.3.

Exercise 5.2.7 Let f € C|0,1] be given. Consider the following integral equa-
tion on C[0, 1]:

u(ac):,u/o Vaz+u(y)?dy + f(z), 0<z<1

Give a bound on p that guarantees a unique solution.
Do the same for the integral equation:

u@) = [ VET @R dy+ fa), 0<a<L
0
Exercise 5.2.8 Consider the Fredholm integral equation

u(t) = co/o sin(tu(s)) ds + f(t),

where ¢g € R and f € C[0, 1]. Determine a range of ¢o for which the integral
equation admits a unique solution.

Exercise 5.2.9 Generalize Theorem 5.2.3 to a system of d Volterra integral
equations. Specifically, consider the equation

u(t) = / k(t,s,u(s))ds+ f(t), te€[a,bl.

In this equation, u(t), f(t) € R% and k(t, s, u) is an R? valued function of a < s <
t <band u € R. Include error bounds for the corresponding iterative method.
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Exercise 5.2.10 Apply Theorem 5.2.3 to show that the initial value problem
o' +p)u +qlz)u= f(z), x>0,
w(0) = uo, u'(0) = vo
has a unique solution u € C?[0, 00). Here, ug,v0 € R and p,q, f € C[0, 00) are
given.

Hint: Convert the initial value problem to a Volterra integral equation of the
second kind for u”.

Exercise 5.2.11 Prove the generalized Picard-Lindel6f theorem.

Exercise 5.2.12 Gronwall’s inequality provides an upper bound for a continu-
ous function f on [a,b] which satisfies the relation

50 <900+ [ 1) 1(6)ds, 1

where g is continuous, h € L*(a,b), and h(t) > 0 a.e. Show that

£(1) < g(t) —|—/tg(s)h(s) exp(/sth(T) dr)ds Vi€ la,b].

a

Moreover if g is nondecreasing, then

ft) < g(t) exp(/at h(s) ds) vVt € [a,b].

In the special case when h(s) = ¢ > 0, these inequalities reduce to

ft) <g(t)+ C/t g(s) e 9ds vt e [a, b]
and
f(t) <gt)ec™ Vi€ la,bl,

respectively.

Exercise 5.2.13 Gronwall’s inequality is useful in stability analysis. Let f :
[to — a,to +a] x V — V be continuous and Lipschitz continuous with respect to
its second argument:
IIf(t,u) — f(t,0)|| < Llju—v|| VtE [to—a,to+al, u,veV.

Let u1,0,u2,0 € V, and let 71 and r2 be continuous mappings from [to — a,to + a]
to V. Define u1 and ug by

ui(t) = ft,ui(t)) +ri(t), wilto) = uio,

uy(t) = f(t,uz(t)) +r2(t),  u2(to) = uzo.
Show that

lua(8) = uz ()| < €17 {juro —uzoll +a  max |ri(s) —r2(s)]| -
[s—to|<|t—to
Thus, the solution of the differential equation depends continuously on the source
term r and the initial value.
Gronwall’s inequality and its discrete analog are useful also in error estimates
of some numerical methods.
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5.3 Differential calculus for nonlinear operators

In this section, we generalize the notion of derivatives of real functions to
that of operators. General references for this material are [33, Section 2.1],
[135, Chap. 17].

5.3.1 Fréchet and Gateaux derivatives

We first recall the definition of the derivative of a real function. Let I be
an interval on R, and x(y an interior point of I. A function f : [ — R is
differentiable at xzq if and only if

f'(xo) = lim f(@o+h) = /(o) exists; (5.3.1)
h—0 h
or equivalently, for some number a,
flxzo 4+ h) = f(zo) +ah+o(h|) as h — 0. (5.3.2)

where we let f'(z¢) = a denote the derivative.

From the eyes of a first year calculus student, for a real-valued real-
variable function, the definition (5.3.1) looks simpler than (5.3.2), though
the two definitions are equivalent. Nevertheless, the definition (5.3.2) clearly
indicates that the nature of differentiation is (local) linearization. Moreover,
the form (5.3.2) can be directly extended to define the derivative of a
general operator, whereas the form (5.3.1) is useful for defining directional
or partial derivatives of the operator. We illustrate this by looking at a
vector-valued function of several real variables.

Let K be a subset of the space RY, with @y as an interior point. Let
f : K — R™. Following (5.3.2), we say f is differentiable at xq if there
exists a matrix (linear operator) A € R™*9 such that

f(xo+h) = f(xo) + Ah +o(|h||) ash — 0, h € R% (5.3.3)
We can show that A = Vf(xo) = (Ai;), the gradient or Jacobian of f at

o af
Aij - ij’

There is a difficulty in extending (5.3.1) for the differentiability of multi-
variable functions: how to extend the meaning of the divided difference
[f(zo 4+ h) — f(x0)]/h when h is a vector? On the other hand, (5.3.1) can
be extended directly to provide the notion of a directional derivative: We
do not linearize the function in all the possible directions of the variable
x approaching x; rather, we linearize the function along a fixed direction
towards xg. In this way, we will only need to deal with a vector-valued
function of one real variable, and then the divided difference in (5.3.1)

1<i<m, 1<j<d.



226 5. Nonlinear Equations and Their Solution by Iteration

makes sense. More precisely, let h be a fixed vector in R?, and we consider
the function f(xo + th) for ¢t € R in a neighborhood of 0. We then say f
is differentiable at @y with respect to h, if there is a matrix A such that

lim f(-’BoJr”;)—f(fBO) s

(5.3.4)

In case ||h|| = 1, we call the quantity Ah the directional derivative of f
at xp along the direction h. We notice that if f is differentiable at xg
following the definition (5.3.3), then (5.3.4) is also valid. But the converse
is not true: The relation (5.3.4) for any h € R? does not imply the relation
(5.3.3); see Exercise 5.3.2.

We now turn to the case of an operator f : K C V — W between two
normed spaces V and W. Let us adopt the convention that whenever we
discuss the differentiability at a point wug, implicitly we assume ug is an
interior point of K'; by this, we mean there is an r > 0 such that

B(ug,r) ={u eV ||lu—uo| <r} C K.

Definition 5.3.1 The operator f is Fréchet differentiable at ug if and only
if there exists A € L(V,W) such that

Fluo +h) = f(uo) + Al + o(||R])), 7 — 0. (5.3.5)

The map A is called the Fréchet derivative of f at ug, and we write A =
f'(up). The quantity df (ug; h) = f'(ug)h is called the Fréchet differential
of f at ug along h. If f is Fréchet differentiable at all points in Ko C K,
we say f is Fréchet differentiable on Ko and call f': Ko CV — L(V, W)
the Fréchet derivative of f on K.

If f is differentiable at ug, then the derivative f’(ug) is unique. This is
verified as follows. Suppose there exists another map A € L(V,W) such
that B

flug+ h) = f(ug) + AL+ o(||h]]), h — 0.

Then ~
Ah — f'(uo)h = o(||h]), h — 0.

For any ho € V with ||ho|| = 1, let h = tho, 0 # t € R. Dividing the
relation by ¢ and taking the limit ¢ — 0, we obtain

Ahg — f'(uo)ho = 0.
Hence, A = f'(ug).

Definition 5.3.2 The operator f is Gateaux differentiable at ug if and
only if there exists A € L(V,W) such that

lim fluog +1th) — f(uo)
t—0 t

—Ah VYheV. (5.3.6)
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The map A is called the Gateaux derivative of f at ug, and we write A =
f'(uo). The quantity df (ug; h) = f'(uo)h is called the Gateaux differential
of f at ug along h. If f is Gateaux differentiable at all points in Ky C K,
we say f is Gadteaux differentiable on Ko and call ' : Ko CV — L(V, W)
the Gateauz derivative of f on K.

From the defining relation (5.3.5), we immediately obtain the next result.

Proposition 5.3.3 If f'(ug) exists as a Fréchet derivative, then f is con-
tinuous at ug.

Evidently, the relation (5.3.6) is equivalent to
flug+th) = flug) +tAh+o(Jt]) VheV.

Thus a Fréchet derivative is also the Gateaux derivative. The converse of
this statement is not true, as is shown in Exercise 5.3.2. Nevertheless, we
have the following result.

Proposition 5.3.4 A Fréchet derivative is also a Gateaux derivative. Con-
versely, if the limit in (5.3.6) is uniform with respect to h with ||h|| =1 or
if the Gateaux derivative is continuous at ug, then the Gateaux derivative
at ug 1s also the Fréchet derivative at ug.

Now we present some differentiation rules. If we do not specify the type
of derivative, then the result is valid for both the Fréchet derivative and
the Gateaux derivative.

Proposition 5.3.5 (SuM RULE) Let V' and W be normed spaces. If f, g :
K CcV — W are differentiable at ug, then for any scalars o and 3, o f+P g
is differentiable at ug and

(o f+ B9) (uo) = o f'(uo) + 8 g (uo).

Proposition 5.3.6 (PrODUCT RULE) Let V, Vi, Vo and W be normed
spaces. If f1 : K CV — Vi and fo : K C V. — Va are differentiable at
ug, and b : Vi x Vo — W is a bounded bilinear form, then the operator
B(u) = b(f1(u), f2(w)) is differentiable at ug, and

B'(uo)h = b(f1(uo)h, fa(uo)) + b(fi(uo), f2(uo)h), heV.

Proposition 5.3.7 (CHAIN RULE) Let U, V and W be normed spaces.
Let f: KU —-V,g:LCV — W be given with f(K) C L. Assume
ug is an interior point of K, f(ug) is an interior point of L. If f'(ug) and
' (f(up)) exist as Fréchet derivatives, then go f is Fréchet differentiable at
ug and

(g0 f) (uo) = g'(f(u0))f' (uo)-
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If f'(uo) exists as a Gateaur derivative and g'(f(uo)) exists as a Fréchet
derivative, then go f is Gateaux differentiable at ug and the above formula
holds.

Let us look at some examples.
Example 5.3.8 Let f: V — W be a continuous affine operator,
fv)y=Lv+b,

where L € LIV, W), b€ W, and v € V. Then f is Fréchet differentiable,
and f’(v) = L is constant. O

Example 5.3.9 For a function T': K C R™ — R”, the Fréchet derivative
is the n x m Jacobian matrix evaluated at vo = (z1,...,2y,)7T:

o 9Ti(vo)
T'(vo) = ( 0x; >1<i<n ’ 0

1<j<m

Example 5.3.10 Let V =W = Cla, b] with the maximum norm. Assume
g € Cla,b], k € C([a,b] x [a,b] x R). Then we can define the operator
T :V — W by the formula

b
T(u)(t) = g(t) +/ k(t,s,u(s))ds.

The integral operator in this formula is called a Urysohn integral operator.
Let ug € C[a,b] be such that

%(t,s,uo(s)) € C([a,b]?).

Then T is Fréchet differentiable at ug, and

b
ok
(T (uo)h)(t) = | Z=(t s,u0(s)) h(s)ds, heV.
The restriction that k € C([a, b] X [a,b] x R) can be relaxed in a number of
ways, with the definition of T"(ug) still valid. O

It is possible to introduce Fréchet and Gateaux derivatives of higher or-
der. For example, the second Fréchet derivative is the derivative of the
Fréchet derivative. For f : K C V — W differentiable on Ky C K, the
Fréchet derivative is a mapping f' : Ko C V. — W. If f’ is Fréchet differ-
entiable on K, then the second Fréchet derivative

=) Ky CV = LV, L(V,W)).
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At each point v € Ky, the second derivative f”(v) can also be viewed as a
bilinear mapping from V' x V to W, and

" KoyCV — LV xV,W),

and this is generally the way f” is regarded. Detailed discussions on Fréchet

and Gateaux derivatives, including higher order derivatives, are given in
[135, Section 17.2] and [244, Section 4.5].

5.3.2 Mean value theorems

Let us generalize the mean-value theorem for differentiable functions of
a real variable. This then allows us to consider the effect on a nonlinear
function of perturbations in its argument.

Proposition 5.3.11 Let U and V be real Banach spaces, and let F': K C
U — V with K an open set. Assume F is differentiable on K and that
F'(u) is a continuous function of uw on K to L(U,V). Let u,w € K and
assume the line segment joining them is also contained in K. Then

() = Fu)lly < sup [IF' (L= O)u+ o) [u—wlo. (537

Proof. Denote y = F(u) — F(w). The Hahn-Banach theorem in the form
of Corollary 2.5.6 justifies the existence of a linear functional 7 : V' — R
with ||T']] = 1 and T'(y) = ||y||v. Introduce the real-valued function

gt) =T(Ftu+ (1 —t)w)), 0<t<1.

Note that T'(y) = g(1) — ¢(0).
We show ¢ is continuously differentiable on [0, 1] using the chain rule of
Proposition 5.3.7. Introduce
gi(t) =tu+(1—-t)w, ¢1:[0,1] =V,
g2(v) = T(F(v)), g:KCV —=R.
For 0 <t <1,

9(t) = g2(g1()),
g'(t) = g2(91(£))g1(t)
=[ToF'(tu+ (1—t)w)] (u—w)
=T[F'(tu+ (1 —t)w) (u—w)].
Applying the ordinary mean-value theorem, we have a 6 € [0, 1] for which
[1F(u) = F(w)lly, = g(1) — g(0) = ¢'(0)
=T[F'(0u+ (1-0)w)(u—w)]
SATINE (Ou+ (1 = 0) w) (u— w)llyy
< (Ou+ (1= 0)w)l lu—wly -
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The inequality (5.3.7) follows immediately. d

Corollary 5.3.12 Let U andV be normed spaces, and let K be a connected
open set in U. Assume F : K — V is differentiable. If F'(v) = 0 for any
v € K, then F is a constant function.

For a continuously differentiable function F' : R — R, (5.3.7) follows
from the ordinary mean-value theorem

Fu)— F(w)=F(1-0)u+0w)(u—w), uweR,

for some 6 € [0, 1] depending on F, v and w. However, this form of the
mean-value theorem does not hold for functions defined on general Banach
spaces; see Exercises 5.3.7 and 5.3.8.

The following result provides an error bound for the linear Taylor ap-
proximation for a nonlinear function. A proof similar to the above can be
given for this lemma.

Proposition 5.3.13 Let U and V' be real Banach spaces, and let F' : K C
U — V with K an open set. Assume F is twice continuously differentiable
on K, with F" : K — L(U x U, V). Let ug,uo + h € K along with the line
segment joining them. Then

1
1F(uo + h) = [F(uo) + F'(uo)hllly < 5 S 1E" (o + OR) || 1]l

5.5.3 Partial derivatives

The following definition is given for either type of derivatives (Fréchet or
Gateaux).

Definition 5.3.14 Let U, V and W be Banach spaces, f : D(f) C U x
V — W. For fized vg € V, f(u,vo) is a function of u whose derivative at
ug, if it exists, is called the partial derivative of f with respect to u, and is
denoted by fu(uo,vo). The partial derivative f,(uo,vo) is defined similarly.

We explore the relation between the Fréchet derivative and partial Fréchet
derivatives.

Proposition 5.3.15 If f is Fréchet differentiable at (ug,vo), then the par-
tial Fréchet derivatives f,(ug,vo) and f,(ug,vo) exist, and

f/(uo,’l)o)(h, k) = fu(UQ,’UQ) h+ fv(’uo,’l)o) k, helU, keV. (538)

Conversely, if fu(u,v) and f,(u,v) exist in a neighborhood of (ug,vo) and
are continuous at (ug,vo), then f is Fréchet differentiable at (ug,vo), and
(5.3.8) holds.
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Proof. Assume f is Fréchet differentiable at (ug,vo), then
fuo +h,vo + k) = f(uo,v0) + f'(u0,v0)(h, k) + o[|(h, K)|]).
Setting £ = 0, we obtain
f(uo + h,vo) = f(uo,vo) + f'(uo,v0)(h, 0) + o([|A]])-

Therefore, f,(ug,vo) exists and

fu(an UO) h = f/(’l,Lo,’Uo)(h, 0)

Similarly, f,(uo,vo) exists and

fv(u07'U0) k= fl(u07vo)(0’ k)

Adding the two relations, we get (5.3.8).
Now assume f,, (u,v) and f,(u,v) exist in a neighborhood of (ug, v9) and
are continuous at (ug, vg). We have

I1f (uo + R, vo + k) = [f (o, v0) + fuluo, vo) b+ fo(uo, vo) k]|
< |If(uwg + h,vo + k) — [f(uo,vo + k) + fu(ug,vo + k) h] ||
+ [ fuluo, vo + k) b — fu(uo, vo) Rl
+ [/ (w0, vo + k) — [f (w0, vo) + fo(uo, vo) k]|
= o(/[(h, K)I))-
Hence, f is Fréchet differentiable at (ug,vo). O

Existence of partial derivatives at a point does not imply the existence
of the Fréchet or Gateaux derivative (Exercise 5.3.1).

Corollary 5.3.16 A mapping f(u,v) is continuously Fréchet differentiable
in a neighborhood of (ug,vo) if and only if fu(u,v) and f,(u,v) are contin-
uous in a neighborhood of (ug,vo).

The above discussion can be extended straightforward to maps of several
variables.

5.3.4 The Gateaux derivative and conver minimization

Let us first use the notion of Gateaux derivative to characterize the con-
vexity of Gateaux differentiable functionals.

Theorem 5.3.17 Let V' be a normed space and K C V' be a non-empty
convex subset. Assume f : K — R is Gateaux differentiable. Then the
following three statements are equivalent.

(a) f is convex.

(b) f(v) = f(u) + (f'(u),v —u) Vu,v € K.

() (f'(v) — f'(u),v —u) > 0Vu,ve K.
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Proof. (a) = (b). For any ¢ € [0, 1], by the convexity of f,
flutt(o—u)) <tf(v)+(1-1)f(u)

Then
flutt(w—u))— f(u)
t
Taking the limit ¢ — 0+, we obtain

(f'(w),v —u) < f(v) = f(w).
(b) = (a). For any u,v € K, any A € [0,1], we have
f) = flut A —u)+ 1 =X (f'(utA(v—u))v—u),
flu) = flut A=) = A(f'(ut A0 —u),v—u).

Multiplying the first inequality by A, the second inequality by 1 — A, and
adding the two relations, we obtain

Af) + (1 =X) flu) = flu+A(v—u)).

So f is a convex function.
(b) = (c). For any u,v € K, we have

fw) = fw) + (f'(u),v — u),
flu) = f) + (f'(v),u—v
Add the two inequalities to obtain

0= —(f'(v) = f'(u),v —u),

Sf(v)_f(u)v tE(O,l].

i.e. (¢) holds.
(¢) = (b). Define a real function

o(t) = flut+t(v—u)), tel0,1].
Using Taylor’s theorem, we have
d(1) = ¢(0) + ¢/ () for some 6 € (0,1).
Notice that

Also
¢'(0) = (f'(u+t0(v—u)v—u
= % (f'lut0—u) = f(u),0(v—u)+ (f(u),v—u)
> (f'(uw),v —u),
where in the last step we used the condition (c). Thus (b) holds. O

There is a similar result on the strict convexity of a Gateaux differentiable
functional. Its proof is left as an exercise.
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Theorem 5.3.18 Let V' be a normed space and K C V' be a non-empty
convex subset. Assume f : K — R is Gateaux differentiable. Then the
following three statements are equivalent.

(a) f is strictly conver.

(b) f(v) > flu)+ (f'(u),v —u) Vu,v € K, u # v.

(c) (f'(v) — f(u),v —u) >0 Vu,v e K, u#wv.

Let us then characterize minimizers of Gateaux differentiable convex
functionals.

Theorem 5.3.19 Let V' be a normed space and K C V be a non-empty
convex subset. Assume f 1 K — R is convex and Gdteauz differentiable.
Then there exists w € K such that

flu) = inf f(v) (5.3.9)
if and only if there exists u € K such that
(f'(u),v—u)>0 VovelkK. (5.3.10)

When K is a subspace, the inequality (5.3.10) reduces to an equality:
(f'(u),v) =0 VveK. (5.3.11)

Proof. Assume u satisfies (5.3.9). Then for any ¢ € (0,1), since u + ¢ (v —
u) € K, we have
flu) < flutt(v—u)).
Then we have (5.3.10) by an argument similar to the one used in the proof
of Theorem 5.3.17 for the part “(a) = (b)”.
Now assume u satisfies (5.3.10). Then since f is convex,

f0) = f(w) + (f'(u),0 = u) = f(u).

When K is a subspace, we can take v in (5.3.10) to be v + u for any
v € K to obtain
(f'(u),v) >0 VveK.

Since K is a subspace, —v € K and
(f'(u),—v) >0 VveK.
Therefore, we have the equality (5.3.11). O

Exercise 5.3.1 Let f : R?> — R be defined by

2 )
]+ 5

123 .
Fer,a2) _{ = if (a1,22) # (0,0),
0, if (z1,22) = (0,0).

Show that at (0,0), the two partial derivatives f, (0,0) and fz,(0,0) exist, how-
ever, f is neither Gateaux nor Fréchet differentiable at (0,0).
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Exercise 5.3.2 Let f: R? — R be defined by
mad (z1,22) # (0,0)

f(g;lij): -T%‘FSL‘%’ 1,42 ) )

0, if (131,&32) = (0,0)

Show that at (0,0), the function is Gateaux differentiable and is not Fréchet
differentiable.

Exercise 5.3.3 Let V be an inner product space, and define f(v) = ||v||? for

v € V. Compute f'(u) at any u € V.
Discuss the differentiability of the norm function g(v) = ||v|, v € V.

Exercise 5.3.4 Prove Proposition 5.3.5.
Exercise 5.3.5 Prove Proposition 5.3.6.
Exercise 5.3.6 Prove Proposition 5.3.7.

Exercise 5.3.7 Define a function f : R — R? by the formula
f(z) = (sinz,cosz)”, zeR.
Compute its Fréchet derivative f’(x). Show that there is no § such that

f@2r) = £(0)=f((1—-0)0+4627) (2r —0).

Exercise 5.3.8 Assume f : R — R" is continuously differentiable. Show the
integral form of the mean-value theorem:

1
f) = fla) = / /(1 —t)a+tb)dt(b— a).
0
In particular, this formula holds for the function in Exercise 5.3.7.

Exercise 5.3.9 Give an example to show that the connectedness of the set K
in Corollary 5.3.12 cannot be dropped.

Exercise 5.3.10 Prove Proposition 5.3.13.

Exercise 5.3.11 Following the proof of Theorem 5.3.17, give a proof of Theorem
5.3.18.
Hint: In proving (a) = (b), use the inequality

flutt(v—u)— f(u)
t )

(f'(u),v —u) < te (0,1
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Exercise 5.3.12 Convexity of functionals can also be characterized by using
second derivatives. In this exercise, we restrict our consideration to real functions
of vector variables; though the results can be extended to functionals defined on
general normed spaces. Let K C R? be non-empty and convex, f : K — R be
twice continuously Géateaux differentiable. Recall that the matrix

Vif(z) = (%)dxd

is usually called the Hessian matrix of f.

(a) Show that f is convex on K if and only if the Hessian matrix VZf(x) is
positive semi-definite for any x € K.

(b) If the Hessian matrix V2 f(x) is positive definite for any = € K, then f is
strictly convex on K.

Exercise 5.3.13 Show that for p > 1/2, the real-valued function

f& ==Q0+P)", €er?

D=

is strictly convex.
Hint: Apply the result from Exercise 5.3.12 (b).

Exercise 5.3.14 Let f : C*[0,1] — C[0, 1] be defined by

fu) = <Z—Z>2, ue C'0,1].

Calculate f'(u).

Exercise 5.3.15 Let A € L(V) be self-adjoint, V' being a real Hilbert space.
Define

fw) = 5 (Av,0).

Then f : V — R. Show the existence of the Fréchet derivative f’'(v) and calculate
it. Do the same for A € £(V) without being necessarily self-adjoint.

Exercise 5.3.16 Let V be a real Hilbert space, a(+,-) : V XV — R a symmetric,
continuous bilinear form, and ¢ € V’. Compute the Fréchet derivative of the
functional

Fv) = %a(v,v) —tw), vevV.

Exercise 5.3.17 (a) Find the derivative of the nonlinear operator given in the
right hand side of (5.2.14).

(b) Let u(t) = sinf(t), and reformulate (5.2.14) as a new fixed point problem
u= K(u). Find K'(u) for u = 0.
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5.4 Newton’s method

Let f: R — R be continuously differentiable and consider the equation

flx)=0.

Suppose we know an approximate solution x,, near a root of the equation
x*. Then by the Taylor expansion,

0=f(z")
= f(@n) + f'(20) (&" — 20) + 0(|2" — z5])
= fzn) + f'(2n) (&7 — zn).
Thus,
o* e x, — [f ()] f(2n).
This leads to the well-known Newton method for solving the equation
fz) =0:
Tpi1 = 2n — [f(20)] f(20), n=0,1,....
In this section, we generalize the Newton method to solving operators equa-
tions.

5.4.1 Newton’s method in Banach spaces

Let U and V' be two Banach spaces. Assume F' : U — V is Fréchet differ-
entiable. We are interested in solving the equation

F(u) = 0. (5.4.1)

The Newton method reads as follows: Choose an initial guess ug € U; for
n=20,1,..., compute

Uny1 = Up — [F'(un)] " F(un). (5.4.2)

Theorem 5.4.1 (LOCAL CONVERGENCE) Assume u* is a solution of the
equation (5.4.1) such that [F'(u*)]™" exists and is a continuous linear map
from V to U. Assume further that F’(u) is locally Lipschitz continuous at
u*,

IF (w) = F'()| < Lu—vl| Yu,ve N(u"),

where N (u*) is a neighborhood of u*, and L > 0 is a constant. Then there
exists a 0 > 0 such that if ||ug — u*|| < 0, the Newton’s sequence {u,} is
well-defined and converges to u*. Furthermore, for some constant M with
M < 1, we have the error bounds

e = '] < M [l — [ (5.4.3)

and
|t — u*|| < (M8 /M. (5.4.4)
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Proof. Upon redefining the neighborhood N (u*) if necessary, we may as-
sume [F'(u)]~! exists on N(u*) and

co= sup [[F'(u)] 7| < oo.
u€N (u*)

Let us define
T(u) =u—[F'(u)] 'F(u), wu€ N(u).
Notice that T'(u*) = u*. For u € N(u*), we have
T(u) = T(w") =u—u" — [F'(u)] " F(u)
= [F'(w)] 7" [F(u") = Fu) = F'(u) (u" — u)]
1
= [F'(U)}_l/ [F'(u+t (u" —w)) = F'(u)] dt (u* — u)
0

and by taking the norm,
1
1T (u) = T(u?)]| < H[F’(u)]_lll/0 [F'(u+t(u" —u) — F'(u)] dt [|u" — ul

1
< 1 ) / Lt{lu* — ul dt u* ]l

Hence,

1T (u) = T ()| < % lu — ]|, (5.4.5)

Choose § < 2/(coL) with the property B(u*,§) C N(u*); and note that
a=cld/2 < 1.
Then (5.4.5) implies
I7(w) — | = 7 (w) — T
< aflu —u*, u € B(u*, ). (5.4.6)
Assume an initial guess ug € B(u*,d). Then (5.4.6) implies
s — ]l = |17 (uo) — w*|| < alluo — u”|| < a8 <.

Thus uy € B(u*,d). Repeating this argument inductively, we have u,, €
B(u*,6) for all n > 0.
To obtain the convergence of {u, }, we begin with

[tnt1 = u'l| = [T (un) = u*|| < aljun —u*f|, n=>0.

By induction,
[un — v < a™fluo —u™ll, n=0
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and u, — u* as n — oo.
Returning to (5.4.5), denote M = ¢oL/2. Note that M § = o < 1. Then
we get the estimate

w1 —u*l = 1T (un) — || < M [Jun —u*||?,
proving (5.4.3). Multiply both sides by M, obtaining
* * (12
M|upgq — || < (M [Jun — ™))"
An inductive application of this inequality leads to
M JJup —u*|| < (M [luo —u*[[)*",
thus proving (5.4.4). O

The theorem clearly shows that the Newton method is locally convergent
with quadratic convergence. The main drawback of the result is the depen-
dence of the assumptions on a root of the equation, which is the quantity
to be computed. The Kantorovich theory overcomes this difficulty. A proof
of the following theorem can be found in [244, p. 210].

Theorem 5.4.2 (KANTOROVICH) Suppose that
(a) F: D(F) C U — V is differentiable on an open convex set D(F'), and
the derivative is Lipschitz continuous:

|F'(u) — F'(v)|| < L|u—v|| Vu,veDF).

(b) For some ug € D(F), [F'(ug)]™! ezists and is a continuous operator
from V to U, and such that h = abL < 1/2 for some a > ||[F'(uo)]}||
and b > ||[F' (uo)] L F(ug)||. Denote

_1—(1—2n)1/2 o 1+ (1 —2h)Y/?
a alL ’ o alL '

*

(c) ug is chosen so that B(uy,r) C D(F), where r = t* —b.

Then the equation (5.4.1) has a solution u* € B(uy,r) and the solution is
unique in B(ug,t*) N D(F); the sequence {u,} converges to u*, and we
have the error estimate

[1—(1—2n)2)>
2na L ’

lewn, — u™|| < n=0,1,....

The Kantorovich theorem provides sufficient conditions for the conver-
gence of the Newton method. These conditions are usually difficult to verify.
Nevertheless, at least theoretically, the result is of great importance. For
other related discussions of Newton’s method, see [33, pp. 116-118] and
[135, Chap. 18].
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5.4.2  Applications

Nonlinear systems

Let F : R — R? be a continuously differentiable function. A nonlinear
system is of the form
zcRY  F(zx)=0.

Then the Newton method is
Tpy1 =Xy — [F'(2,)]  F(2), (5.4.7)
which can also be written in the form
F'(x,) 8, = —F(x,), Tni1=xp+0n.

So at each step, we solve a linear system. The method breaks down when
F'(x,) is singular or nearly singular.

Nonlinear integral equations

Consider the nonlinear integral equation

u(t) = /0 k(t, 5, u(s)) ds (5.4.8)

over the space U = C[0,1]. Assume k € C([0,1] x [0,1] x R) and is con-
tinuously differentiable with respect to its third argument. Introducing an
operator I': U — U through the formula

1
F@(®) = ult) - [ ks ds, ¢ (0.1
0
the integral equation can be written in the form
F(u) =0.
Newton’s method for the problem is
Un+1 = Un — [F’(un)]_lF(un)7

or equivalently,
F (up) (tns1 — upn) = —F(uy). (5.4.9)

Let us compute the derivative of F'.

F(u)(0)(t) = lim % [F'(u+ ho)(t) = F(u)(t)]

~ lim = {hv(t) - /01 le(t, 5, u(s) + ho(s)) — k(t, 5, u(s))] ds}

h—0 h

= v(t) —l—/o Bk(t,gigiu(s)) v(s) ds.
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Therefore, the Newton iteration formula is

1
Sn (1) — / M Snsr(s) ds

= —up,(t / k(t, s,un(s)) un(s)ds, (5.4.10)

Unt1(t) = Un(t) + dpny1(t).

At each step, we solve a linear integral equation.
It is often computationally more efficient to use a modification of (5.4.9),
using a fixed value of the derivative:

F'(uo)(Unt1 — upn) = —F(uy). (5.4.11)

The iteration formula is now

Ok(t,
Opyr(t / il uo ) Ont1(s)ds

— —un(t) + /0 k(t, 5, 1n () tn (5) ds, (5.4.12)

Unt1(t) = Un(t) + dpny1(t).

This converges more slowly; but the lack of change in the integral equation
(since only the right side is varying) often leads to less computation than
with (5.4.10).

Nonlinear differential equations
As a sample problem, we consider

{ u(t) = f(t,u(t), te(0,1),
u(0) = u(l) = 0.

Here the function f : [0, 1] xR is assumed to be continuous and continuously
differentiable with respect to its second argument. We take

U =Cgl0,1] = {v e C?0,1] | v(0) = v(1) = 0}
with the norm || - ||c2(0,17. Define
F(u)(t) =u"(t) = f(t,u(t), te]0,1].

It can be shown that

y " Of (t,u(t
P =y - 2D )
Thus at each step, we solve a linearized boundary value problem
" of of
Un1(8) = g (& un () uns(8) = f(E un(t)) — -t un(t)) un(t),

€ (0,1),
un+1(0) = Un+1(].) =0.
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Exercise 5.4.1 Give the Newton method for solving the nonlinear boundary
value problem

— " (z) + u(z) v (z) + u(z)® =%, xe€(0,1),
w0) =1, u'(1)=2.

Exercise 5.4.2 Consider the nonlinear advection-diffusion problem

oau—pAu+ (u-Viyu=f inQ,
u =g, on I,

ou
M% =g, only,

where o and p are given positive constants, f, g, and g, are given functions,
suitably smooth, 0Q = T'o UT1 with To N Ty = @, and 8/0v denotes the out-
ward normal derivative on the boundary. Derive the Newton iteration formula
for solving this nonlinear problem.

Exercise 5.4.3 Explore sufficient conditions for the convergence of the Newton
method (5.4.7).

Exercise 5.4.4 Explore sufficient conditions for the convergence of the Newton
method (5.4.10).

Exercise 5.4.5 Explore sufficient conditions for the convergence of the modified
Newton method (5.4.11)—(5.4.12).

Hint: Use the Banach fixed-point theorem to show the method is linearly con-
vergent, provided uo is chosen sufficiently close to u*.

5.5 Completely continuous vector fields

There are other means of asserting the existence of a solution to an equa-
tion. For example, if f € Cla,b], and if f(a) f(b) < 0, then the intermediate
value theorem asserts the existence of a solution in [a,b] to the equation
f(x) = 0. We convert this to an existence theorem for fixed points as
follows. Let T : [a,b] — [a,b] be continuous. Then 2 = T'(x) has a solu-
tion in [a,b]. This can be proved by reducing it to the earlier case, letting
f(z) =2 —T(x).

It is natural to try to extend this to multivariate functions f or T'.

Theorem 5.5.1 (BROUWER’S FIXED-POINT THEOREM) Let K C R? be
bounded, closed, and convex. Let T : K — K be continuous. Then T has at
least one fixed point in the set K.

For a proof of Theorem 5.5.1, see [147, p. 94], [135, pp. 636-639], or [84,
p. 232].
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We would like to generalize this further, to operators on infinite dimen-
sional Banach spaces. There are several ways of doing this, and we describe
two approaches, both based on the assumption that T is a continuous
compact operator. This is a concept we generalize to nonlinear operators
T from Definition 2.8.1 for linear operators. We begin with an example
to show that some additional hypotheses are needed, in addition to those
assumed in Theorem 5.5.1.

Example 5.5.2 Assume V is a Hilbert space with an orthonormal basis
{¢j}j>1. Then for every v € V, we can write

o0
v=> ajp;  |vllv =
j=1

Let K be the unit ball in V:
K=A{v||vlly <1}.

Introduce a parameter k > 1, and then choose a second parameter ¢ < 1

satisfying
0<t<VkZ-1

Define T': K — K by

T(w)=t(1—vllv)er + > ajpir1, veK. (5.5.1)
Jj=1

This can be shown to be Lipschitz continuous on K, with
[T (v) = T(w)lly <kllv—wlv, v,weK. (5.5.2)

Moreover, the domain K is convex, closed, and bounded. However, T does
not have a fixed point.
This example is a modification of one given in [133]. O

Definition 5.5.3 Let T : K C V. — W, with V and W Banach spaces.
We say T is compact if for every bounded set B C K, the set T(B) has
compact closure in W. If T is both compact and continuous, we call T a
completely continuous operator.

When T is a linear operator, T' being compact implies 7" is bounded and
hence continuous. This is not true in general when T is nonlinear; continuity
of T must be assumed separately. Some authors include a requirement of
continuity in their definition of T' being compact, e.g. [33, p. 89]. With
the above definition, we can state one generalization of Theorem 5.5.1. For
proofs, see [33, p. 90], [135, p. 482], or [147, p. 124].
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Theorem 5.5.4 (SCHAUDER’S FIXED-POINT THEOREM) Let V' be a Ba-
nach space and let K C V' be bounded, closed, and convex. Assume T :
K — K is a completely continuous operator. Then T has at least one fixed
point in the set K.

When dealing with equations involving differentiable nonlinear functions,
say
v="T(v), (5.5.3)

a common approach is to “linearize the problem”. This generally means we
replace the nonlinear function by a linear Taylor series approximation,

T(v) = T(vo) + T (vo) (v — o) (5.5.4)

for some suitably chosen point vy. Then the equation (5.5.3) can be rewrit-
ten as
(I —T"(vo)) (v—p) =~ T(vo) — vo. (5.5.5)

This linearization procedure is a commonly used approach for the conver-
gence analysis of approximation methods for solving (5.5.3), and it is used
to this end in Section 12.7. It is also the basis of Newton’s method for
(5.5.3).

The approximation (5.5.5) leads us to consider the properties of T (vg)
and motivates consideration of the following result. A proof is given in [148,
p. 77]. As a consequence, we can apply the Fredholm alternative theorem
to the operator I — T"(vp).

Proposition 5.5.5 Let V' be a Banach space and let K C V be an open
set. Assume T : K — V is a completely continuous operator which is
differentiable at vo € K. Then T'(vg) is a compact operator from V to V.

5.5.1 The rotation of a completely continuous vector field

The concept of the rotation of a nonlinear mapping is a fairly deep and
sophisticated consequence of topology, and a complete development of it
is given in [147, Chap. 2]. We describe here the main properties of this
“rotation”.

Let T: K CV — V, with V a Banach space, and assume 7' is completely
continuous on K. We call the function

P(v)=v-TW), veK

the completely continuous vector field generated by T. Let B be a bounded,
open subset of K and let S denote its boundary, and assume B = BUS C
K. Assume T has no fized points on the boundary S. Under the above
assumptions, it is possible to define the rotation of T (or ®) over S. This
is an integer, denoted here by Rot(®) with the following properties.
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If Rot(®) # 0, then T has at least one fixed point within the set B.
(See [147, p. 123].)

Assume there is a function X (v,t) defined for v € Band 0<t<1,
and assume it has the following properties.

X (v,0) = ®(v), v € B.

X (-,t) is completely continuous on B for each ¢ € [0, 1].

(a
(b
(c
(d

For every v € S, X (v,t) is uniformly continuous in ¢.

)
)
)
) v—X(v,t) #0forall v e S and for 0 <t <1.

Then Rot(®) = Rot(¥), where ¥(v) = v — X (v,1). The mapping
X is called a homotopy, and this property says the rotation of a
completely continuous vector field is invariant under homotopy. (See
(147, p. 108].)

Let vg be an isolated fixed point of 7" in K. Then for all sufficiently
small neighborhood of vy, Rot(®) over that neighborhood is constant;
it is called the index of the fized point vg. If all fixed points of T' on
B are isolated, then the number of such fixed points is finite; call
them vy,...,v,. Moreover, Rot(®) equals the sum of the indexes of
the individual fixed points v, ...,v,. (See [147, p. 109].)

Let vy be a fixed point of T' and suppose that T has a continuous
Fréchet derivative T’(v) for all v in some neighborhood of vg. In
addition, assume 1 is not an eigenvalue of T"(vg). Then the index of
vp in nonzero. More precisely, it equals (—1)? with 8 equal to the
number of positive real eigenvalues of T"(vy) which are greater than
1, counted according to their multiplicity. Also, the fixed point vq is
isolated. (See [147, p. 136].)

Let vy be an isolated fixed point of 7" in B. Then the index of vq is
zero if and only if there exists some open neighborhood N of vy such
that for every 6 > 0, there exists completely continuous Ty defined
on N to V with

| T(v) —Ts(v)|l,, <6, ve N

and with T having no fixed points in N. This says that isolated fixed
points have index zero if and only if they are unstable with respect
to completely continuous perturbations.

These ideas give a framework for the error analysis of numerical methods
for solving some nonlinear integral equations and other problems. Such
methods are examined in Subsection 12.7.2 of Chapter 12, and an example
is given in [12].
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Exercise 5.5.1 Returning to Example 5.5.2, show that T': B — B, the inequal-
ity (5.5.2) holds, and T does not have a fixed point in B.

5.6 Conjugate gradient method for operator
equations

The conjugate gradient method is an iteration method which was originally
devised for solving finite linear systems which were symmetric and positive
definite. The method has since been generalized in a number of directions,
and in this section, we consider its generalization to operator equations

Au = f. (5.6.1)

In Section 9.4, we consider the variational formulation of the conjugate
gradient method. Here, we assume A is a bounded, positive definite, self-
adjoint linear operator on a Hilbert space V. With these assumptions, we
can apply Theorem 5.1.4 to conclude that (5.6.1) has a unique solution
u* = A7'f and the inverse operator A~! is continuous from V to V.
For simplicity in this section, we assume V is a real Hilbert space; and
we further assume that V' is separable, implying that it has a countable
orthogonal basis.

The conjugate gradient method for solving Au = f in V is defined as
follows. Let ug be an initial guess for the solution u*. Define ro = f — Aug
and sg = rg. For k > 0, define

2
o _nd
k+1 = Uk + Qg Sk, Qg = (Asp, 51)"
b
Thr1 = f — Augga, (5.6.2)
2
Tk
Skr1 = Trr1 + Besk, Br = w
|

The norm and inner product are those of V. There are several other equiva-
lent formulations of the method. An introduction to the conjugate gradient
method for finite-dimensional systems, together with some other equivalent
ways of writing it, is given in [15, Section 8.9] and [95, Section 10.2].

The following theorem is taken from [186, p. 159]; and we omit the proof,
as it calls for a more detailed investigation of the method than we wish to
consider here. The proof also follows quite closely the proof for the finite-
dimensional case, which is well-known in the literature (e.g. see [156, p.
250]). In stating the theorem, we also use the following alternative inner
product and norm:

(U’U)A = (A’U,’LL), HU”A =V (U’U)A'
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Theorem 5.6.1 Let A be a bounded, self-adjoint, linear operator satisfying
vm |l < lolla < VM|vll, veV, (5.6.3)

with m, M > 0 (which implies that || - ||a and || - || are equivalent norms).
Then the sequence {uy} from (5.6.2) converges to u*, and

-m
M+m

= ey < lw* —ully, k0. (5.6.4)

This shows ui — u* linearly.

Patterson [186, p. 163] also derives the improved result

VAT -

k
VIRV g, k> 0. 5.6.5

[lu* — UkHA <2 (

It follows that this is a more rapid rate of convergence by showing

\/M—\/E<M—m
\/M—i—\/ﬁ_M-l-m’

which we leave to the reader.

In the case that A = I — K, with K a compact operator, more can be
said about the rate of convergence of u; to u*. For the remainder of this
section, we assume K is a compact, self-adjoint operator on V to V.

The discussion of the convergence requires results on the eigenvalues of
K. From Theorem 2.8.15 in Subsection 2.8.5, the eigenvalues of the self-
adjoint compact operator K are real and the associated eigenvectors can
be so chosen as to form an orthonormal basis for V:

K¢j=XN¢;, j=1,2,...

(5.6.6)

with (¢s,¢;) = J; ;. Without any loss of generality, let the eigenvalues be
ordered as follows:
A1l = [A2] = [As[ = -+ > 0. (5.6.7)

We permit the number of nonzero eigenvalues to be finite or infinite. From
Theorem 2.8.12 of Subsection 2.8.5,

lim A; =0.

j—o0
The eigenvalues of A are {1 — A;};>1 with {¢;};>1 as the corresponding
orthogonal eigenvectors. The self-adjoint operator A = [ — K is positive
definite if and only if

d=inf (1-XN;)=1—sup \; >0, (5.6.8)
Jj=1 j>1
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or equivalently, A; < 1 for all j > 1. For later use, also introduce

A =sup(l—)j).
j=z1
We note that 1
1Al =4, a7 = 5. (5.6.9)
With respect to (5.6.3), M = A and m = ¢. The result (5.6.4) becomes
o~ unall g < T3 " —wlly, k20, (5.6.10)

It is possible to improve on this geometric rate of convergence when
dealing with equations

Au= (T -K)u=f

to show a “superlinear” rate of convergence. The following result is due to
Winther [232].

Theorem 5.6.2 Let K be a self-adjoint compact operator on the Hilbert
space V. Assume A = 1—K is a self-adjoint positive definite operator (with
the notation used above). Let {uy} be generated by the conjugate gradient
iteration (5.6.2). Then up — u* superlinearly:

u* — ugll < (cr)® ||u* —uol|, k>0 (5.6.11)

with klirr;o cr = 0.
Proof. It is a standard result (see [156, p. 246]) that (5.6.2) implies that
u = g + Pr_1(A)ro (5.6.12)

with ]Sk,l()\) a polynomial of degree < k — 1. Letting A = I — K, this can
be rewritten in the equivalent form

U = ug + ﬁkfl(K)To

for some other polynomial P()\) of degree < k — 1. The conjugate gradi-
ent iterates satisfy an optimality property: If {yx} is another sequence of
iterates, generated by another sequence of the form

Yy = ug + Pe—1(K)ro, k>1, (5.6.13)
for some sequence of polynomials { P,y | deg(Py—1) < k—1, k > 1}, then

|lu* —upll 4 < v —ylly, E>0. (5.6.14)



248 5. Nonlinear Equations and Their Solution by Iteration

For a proof, see Luenberger [156, p. 247].
Introduce

A=A

1—X7

k
Q) =1 (5.6.15)

and note that Q(1) = 1. Define P,_; implicitly by
Qr(A) =1—=(1=A)Pe1(}),

and note that deg(Py—1) = k—1. Let {yx} be defined using (5.6.13). Define
er = u* — yp and
;’}c =b-— Ayk = Agk.

We first bound 7, and then
ekl < JATHHI7l = 5 17l

Moreover,

. . . VA
lu* =kl 4 < ™ = wnlla < VA Ju* = yill < == [l

hence,

« L. 1 /A
™ — gl < 7 lu” = ukll4 < 54/ = 7% - (5.6.16)

From (5.6.13),
T.=b—A [yo + Pk—l(K)TO] = [I — APk_l(K)] rg = Qk(A)To. (5617)

Expand r¢ using the eigenfunction basis {¢1, ¢o, ... }:

(oo}

To = Z(To’cﬁj)(ﬁr

j=1

Note that
Qu(A)¢; = Qr(Nj)d;, J=1,
and thus Qr(A)¢; =0 for j =1,...,k. Then (5.6.17) implies

=Y (r0,0))Qr(A)d; = > (ro,;)Qr(Ny)0;
j=1 j=k+1
and
7kl < | Y (ro, 65) < akllroll (5.6.18)

j=k-+1
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with

ar = sup [Qr(N;)].
j>k+1

Examining Q(\;) and using (5.6.7), we have

k
a <H\>\k+1\+|>\ il

(5.6.19)

Recall the well-known inequality

k 17k k
1
Ho) =ran

which relates the arithmetic and geometric means of k positive numbers
b1,...,bg. Applying this inequality to the right hand side of (5.6.19), we

have
k

k
Al
2Ty

j=1

ap <

o

Since lim A; = 0, it is a straightforward argument to show that

J—o0

(5.6.20)

k—o0

k
. 2 A
lim Z jE:I T

We leave the proof to the reader.
Returning to (5.6.18) and (5.6.16), we have

i} 1 /A 1 /A AN
[[u —UkHSg g”rlc”ﬁg gakHTOHS 3 o flu” = uo|.

To obtain (5.6.11), define

AN 3/(2K) k A\
o = (5) > 2
Jj=1

By (5.6.20), ¢, — 0 as k — oo. O

(5.6.21)

ESEl N

It is of interest to know how rapidly ¢ converges to zero. For this we
restrict ourselves to compact integral operators. For simplicity, we consider
only the single variable case:

/ E(z,y)v(y)dy, =€ [a,b], v e L*(a,b), (5.6.22)
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and V = L?(a,b). From (5.6.21), the speed of convergence of ¢ — 0 is
essentially the same as that of

k
_1 3 Al

In turn, the convergence of 7, depends on the rate at which the eigenvalues
Aj converge to zero. We give two results from Flores [82] in the following
theorem. In all cases, we also assume the operator A = I — K is positive
definite, which is equivalent to the assumption (5.6.8).

Theorem 5.6.3 (a) Assume the integral operator K of (5.6.22) is a self-
adjoint Hilbert-Schmidt integral operator, i.e.

b b
IK|%s E/ / |k (t, s)|?ds dt < oc.

Then
L\

11—\

1
<7m < W”KHHSH(I_K)71H~ (5.6.24)

(b) Assume k(t, s) is a symmetric kernel with continuous partial derivatives
of order up to p for some p > 1. Then there is a constant M = M (p) such
that

< e/ |- K)

L 0>1 (5.6.25)

with ((z) the Riemann zeta function:

— 1
((z) = -, z>1
=

Proof. (a) It can be proven from Theorem 2.8.15 of Section 2.8.5 that

N =K s
j=1

From this, the eigenvalues \; can be shown to converge to zero with a
certain speed. Namely,

J
JN <D N <K
=1

and so

1
N < —=l[Kl|lgs, j=>1.
V]
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This leads to

l
1 -1 HK”HS 1 [[K|us
s ey e

Recalling that 6= = ||A~*|| proves the upper bound in (5.6.24). The lower
bound in (5.6.24) is immediate from the definition of 7.
(b) From Feny6 and Stolle [80, Sec. 8.9], the eigenvalues {\;} satisfy

lim jP+HY/2); = 0.

J]—00

Let

g = sup FH21N|

so that

I\ | < j—p+1/2’ j>1. (5.6.26)

With this bound on the eigenvalues,

1 B
7 < &sszwz < ¢ +1/2).

This completes the proof of (5.6.25). O

We see that the speed of convergence of {7;} (or equivalently, {c/}) is
no better that O(¢~1), regardless of the differentiability of the kernel func-
tion k. Moreover, for most cases of practical interest, it is no worse than
O(¢=1/?). The result (5.6.11) was only a bound for the speed of convergence
of the conjugate gradient method, although we expect the convergence
speed is no better than this. For additional discussion of the convergence
of {7}, see [82].

The result (5.6.12) says that the vectors uy — uo belong to the Krylov
subspace

K(A) = {ro, Arg, A%rg, . . ., Akflro} :

and in fact, uy is an optimal choice in the following sense:

* . *

[u* — ulla enin [[u* = ylla-
Other iteration methods have been based on choosing particular elements
from KC(A) using a different sense of optimality. For a general discussion
of such generalizations to nonsymmetric finite linear systems, see [87]. The
conjugate gradient method has also been extended to the solution of non-
linear systems and nonlinear optimization problems.
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Exercise 5.6.1 Prove the inequality (5.6.6).
Exercise 5.6.2 Derive the relation (5.6.12).

Exercise 5.6.3 Prove the result in (5.6.20).

Suggestion for Further Reading.

Many books cover the convergence issue of iterative methods for finite
linear systems; see, e.g., AXELSSON [28], DEMMEL [67], GOLUB AND VAN
LOAN [95], STEWART [214], and TREFETHEN AND BAU [224]. For finite-
dimensional nonlinear systems, see the comprehensive work of ORTEGA
AND RHEINBOLDT [184]. The recent book by DEUFLHARD [68] focuses on
affine invariance properties of the Newton method and its variants for algo-
rithms and their convergence analysis, and this approach permits the con-
struction of fully adaptive algorithms. For optimization problems, two com-
prehensive references are LUENBERGER [156] and NOCEDAL AND WRIGHT
[181]. The conjugate gradient method was first published in [122] for solving
symmetric positive-definite linear systems. The method and its extensions
for more general problems, mainly finite dimensional ones, are discussed in
several books, e.g., GOLUB AND VAN LOAN [95], HESTENES [121], LUEN-
BERGER [156], NOCEDAL AND WRIGHT [181].

Portions of this chapter follow ZEIDLER [244]. A more theoretical look
at iteration methods for solving linear equations is given in NEVANLINNA
[178]. The iterative solution of linear integral equations of the second kind
is treated in several books, including ATKINSON [18, Chap. 6] and KRESS
[149]. There are many other tools for the analysis of nonlinear problems,
and we refer the reader to BERGER [33], FRANKLIN [84], KANTOROVICH
AND AKILOV [135, Chaps. 16-18], KRASNOSELSKII [147], KRASNOSELSKII
AND ZABREYKO [148], and ZEIDLER [244].



6
Finite Difference Method

The finite difference method is a universally applicable numerical method
for the solution of differential equations. In this chapter, for a sample
parabolic partial differential equation, we introduce some difference schemes
and analyze their convergence. We present the well-known Lax equivalence
theorem and related theoretical results, and apply them to the convergence
analysis of difference schemes.

The finite difference method can be difficult to analyze, in part because
it is quite general in its applicability. Much of the existing stability and
convergence analysis is restricted to special cases, particularly to linear dif-
ferential equations with constant coefficients. These results are then used to
predict the behavior of difference methods for more complicated equations.

6.1 Finite difference approximations

The basic idea of the finite difference method is to approximate differential
quotients by appropriate difference quotients, thus reducing a differential
equation to an algebraic system. There are a variety of ways to do the
approximation.

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis 253
Framework, Texts in Applied Mathematics 39, DOI: 10.1007/978-1-4419-0458-4_6,
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Suppose f is a differentiable real-valued function on R. Let x € R and
h > 0. Then we have the following three popular difference approximations:

fleth) - fz)

f(z) = . (6.1.1)
@) _i(x_h) (6.1.2)

These differences are called a forward difference, a backward difference and
a centered difference, respectively. Supposing f has a second derivative, it
is easy to verify that the approximation errors for the forward and back-
ward differences are both O(h). If the third derivative of f exists, then the
approximation error for the centered difference is O(h?). We see that if the
function is smooth, the centered difference is a more accurate approxima-
tion to the derivative.

The second derivative of the function f is usually approximated by a
second-order centered difference:

It can be verified that when f has a fourth derivative, the approximation
error is O(h?).

Now let us use these difference formulas to formulate some difference
schemes for a sample initial-boundary value problem for a heat equation.

Example 6.1.1 Let us consider the problem

Up = VUgy + f(z,t) in (0,7) x (0,7T), (6.1.5)
u(0,t) =u(m,t) =0, 0<t<T, (6.1.6)
u(z,0) =ug(z), 0<z<m. (6.1.7)

The differential equation (6.1.5) can be used to model a variety of physical
processes such as heat conduction (see e.g. [192]). Here v > 0 is a given
constant, f and ug are given continuous functions. To develop a finite differ-
ence method, we need to introduce grid points. Let N, and N; be positive
integers, hy = m/N,, hy = T/N; and define the partition points

xj:]ha:v jzov]-v"'vav
tm:mht, m:0,1,...7Nt.
A point of the form (x;,t,,) is called a grid point and we are interested

in computing approximate solution values at the grid points. We use the

notation v} for an approximation to ujt = u(x;,tm) computed from a

finite difference scheme. Write fJ" = f(z;,t,,) and

r=vhi/h3.
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Then we can bring in several schemes.
The first scheme is

vjm-&-l — oy _, vty — 20" + ity bom
hi he .
1<j<N,—1,0<m <N —1, (6.1.8)
vy = vy, =0, 0<m < Ny, (6.1.9)
o) =ug(z;), 0<j< N, (6.1.10)

This scheme is obtained by discretizing the differential equation (6.1.5) at
x = x; and ¢ = t,,,, replacing the time derivative with a forward difference
and the second spatial derivative with a second-order centered difference.
Hence it is called a forward-time centered-space scheme. The difference
equation (6.1.8) can be written as

1
o' = (1= 2r) v 7 (0]} +of ) + bS]

1<j<N,—1,0<m<N,— 1. (6.1.11)

Thus once the solution at the time level t = t,,, is computed, the solution at
the next time level t = ¢,,,11 can be found explicitly. The forward scheme
(6.1.8)—(6.1.10) is an explicit method.

Alternatively, we may replace the time derivative with a backward dif-
ference and still use the second order centered difference for the second
spatial derivative. The resulting scheme is a backward-time centered-space
scheme:

m m—1 m m m
e S = S
1<j<N,—1,1<m<N, (6.1.12)
vy = vy, =0, 0<m <Ny, (6.1.13)
o) =uo(z;),  0<j< N, (6.1.14)

The difference equation (6.1.12) can be written as
(I+2r) 0" —7r (v +vjty) = 11;”71 + he i,
1<j<N,—1, 1<m<N, (6.1.15)

which is supplemented by the boundary condition from (6.1.13). Thus in

order to find the solution at the time level ¢ = ¢, from the solution at

t =tm,—_1, we need to solve a tridiagonal linear system of order N, — 1. The
backward scheme (6.1.12)—(6.1.14) is an implicit method.

In the above two methods, we approximate the differential equation at

x = x; and t = t,,. We can also consider the differential equation at x = z;

and t = t,,_1/2, approximating the time derivative by a centered difference:
w(xj, tm) — w(z), tim—1)

(g, tm—1/2) ~ » .
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Further, approximate the second spatial derivative by the second order
centered difference:

W1, tm—1/2) = 2w(xj, t—1/2) +u(Tj—1,tm—1/2)
h? ’

U (T, ty—1/2) =
and then approximate the half time values by averages:

U(xjatm—l/Z) ~ [u(xj,tm) -l—’LL(LUj,tm,l)} /2,

etc. As a result we arrive at the Crank-Nicolson scheme:

m m—1 m m m m—1 m—1 m—1
vt — v} V(Uj+1—21}j +uity) + (0 — 200"+t

hy 212
+ R 1<j<N, -1, 1<m <N, (6.1.16)
vy = vy, =0, 0<m< Ny, (6.1.17)
Ug? = up(x;), 0<j<N,. (6.1.18)

Here f;»nfl/Q = f(%j,tm—1/2), which can be replaced by (f* + fI"~)/2.
The difference equation (6.1.16) can be rewritten as

m r m m
(L+7r)vf" = 5 (0]} +vj2y)

2
_ T - m— m—
= (L= o 4 5 (Wt ul ) + e Y2 (6.1.19)

We see that the Crank-Nicolson scheme is also an implicit method and at
each time step we need to solve a tridiagonal linear system of order NV, — 1.

The three schemes derived above all seem reasonable approximations
for the initial-boundary value problem (6.1.5)—(6.1.7). Let us do some
numerical experiments to see if these schemes indeed produce useful re-
sults. Let us use the forward scheme (6.1.8)—(6.1.10) and the backward
scheme (6.1.12)—(6.1.14) to solve the problem (6.1.5)—(6.1.7) with v = 1,
f(z,t) = 0 and ug(z) = sinz. It can be verified that the exact solution is
u(z,t) = e"tsinz. We consider numerical solution errors at ¢t = 1. Results
from the Crank-Nicolson scheme are qualitatively similar to those from the
backward scheme but magnitudes of the error are smaller, and are thus
omitted.

Figure 6.1 shows solution errors of the forward scheme corresponding to
several combinations of the values N, and N; (or equivalently, h, and h;).
Convergence is observed only when N, is substantially smaller than Ny
(i.e. when h; is substantially smaller than h,). In the next two sections, we
explain this phenomenon theoretically.

Figure 6.2 demonstrates solution errors of the backward scheme corre-
sponding to the same values of IV, and N;. We observe a good convergence
pattern. The maximum solution error decreases as N, and IN; increase. In
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FIGURE 6.1. The forward scheme: errors at ¢t = 1

Section 6.3, we prove that the maximum error at ¢t = 1 is bounded by a
constant times (h2 + hy). This result explains the phenomenon in Figure
6.2 that the error seems to decrease more rapidly with a decreasing h; than
hy. O

Naturally, a difference scheme is useful only if the scheme is convergent,
i.e., if it can provide numerical solutions which approximate the exact solu-
tion. A necessary requirement for convergence is consistency of the scheme,
that is, the difference scheme must be close to the differential equation in
some sense. However, consistency alone does not guarantee the conver-
gence, as we see from the numerical examples above. From the view-point
of theoretical analysis, at each time level, some error is brought in, repre-
senting the discrepancy between the difference scheme and the differential
equation. From the view-point of computer implementation, numerical val-
ues and numerical computations are subject to roundoff errors. Thus it
is important to be able to control the propagation of errors. The ability
to control the propagation of errors is termed stability of the scheme. We
expect to have convergence for consistent, stable schemes. The well-known
Lax theory for finite difference methods goes beyond this. The theory states
that with properly defined notions of consistency, stability and convergence
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FIGURE 6.2. The backward scheme: errors at t = 1

for a well-posed partial differential equation problem, a consistent scheme
is convergent if and only if it is stable. In the next section, we present
one version of the Lax equivalence theory on the convergence of differ-
ence schemes. In the third section, we present and illustrate a variant of
the Lax equivalence theory that is usually more easily applicable to yield
convergence and convergence order results of difference schemes.

Exercise 6.1.1 One approach for deriving difference formulas to approximate
derivatives is the method of undetermined coefficients. Suppose f is a smooth
function on R. Let A > 0. Determine coefficients a, b, and ¢ so that

af(x+h)+bf(x)+cf(z—h)

is an approximation of f’(z) with an order as high as possible; i.e., choose a, b,
and ¢ such that

|a f(z+h) +bf(x)+cflz—h) = f(z)] <OM)

with a largest possible exponent p.

Exercise 6.1.2 Do the same problem as Exercise 6.1.1 with f’(x) replaced by

f"(z).
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Exercise 6.1.3 Is it possible to use
af(x+h)+bf(x)+cflx—nh)

with suitably chosen coefficients to approximate f”’(z)? How many function val-
ues are needed to approximate [’ (z)?

Exercise 6.1.4 For the initial value problem of the one-way wave equation
Ut +au, = f in Rx R4, (6.1.20)
u(+,0) = uo(+) inR, (6.1.21)

where a € R is a constant, derive some difference schemes based on various combi-
nations of difference approximations of the time derivative and spatial derivative.

Exercise 6.1.5 The idea of the Lax-Wendroff scheme for solving the initial value
problem of Exercise 6.1.4 is the following. Start with the Taylor expansion
h2
w(xj, tms1) = u(xj, tm) + heue(xj, tm) + éumg(l'j, tm). (6.1.22)

From the differential equation, we have
U = —aUz + f

and

Utt = @ Use — a fu + fr

Use these relations to replace the time derivatives in the right side of (6.1.22).
Then replace the first and the second spatial derivatives by central differences.
Finally replace f. by a central difference and f: by a forward difference.

Follow the above instructions to derive the Laz- Wendroff scheme for solving
(6.1.20)—(6.1.21).

Exercise 6.1.6 Give forward, backward and Crank-Nicolson schemes for the
initial-boundary value problem
Ut = VilUgy + VolUyy + f(z,y,t), 0<z<a, 0<y<b 0<t<T,
w(0,y,t) = gi(y, 1), ula,y,t) = gr(y,t), 0<y<b 0<t<T,
u(z,0,t) = go(z,t), u(z,b,t) = ge(z,t), 0<x<a, 0<t<T,
u(z,y,0) =uo(z,y), 0<z<a, 0<y<b.

Here for the given data, v1,v2,a,b,T are positive numbers, and f, g1, gr, g, gt, Uo
are continuous functions of their arguments.

Exercise 6.1.7 Consider the initial-boundary value problem of a hyperbolic
equation
Utt = VUgz + f(x,t) in (0,a) x (0,7T),
u(0,t) = g1(t), u(a,t) = g2(t), 0<t<T,
u(z,0) = uo(z), ue(x,0) =wvo(z), 0<z<a.
Here for the given data, v, a,T are positive numbers, and f, g1, g2, uo, vo are con-

tinuous functions of their arguments. Discuss how to form a reasonable finite
difference scheme for solving the problem.
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6.2 Lax equivalence theorem

In this section, we follow [107] to present one version of the Lax equivalence
theorem for analyzing difference methods in solving initial value or initial-
boundary value problems. The rigorous theory is developed in an abstract
setting. To help understand the theory, we use the sample problem (6.1.5)—
(6.1.7) with f(z,t) = 0 to illustrate the notation, assumptions, definitions
and the equivalence result.

We first introduce an abstract framework. Let V' be a Banach space,
Vo C V a dense subspace of V. Let L : Vy C V — V be a linear operator.
The operator L is usually unbounded and can be thought of as a differential
operator. Consider the initial value problem

du(t)
o = Lu(t), 0<t<T, (6.2.1)
u(0) = up.

This problem also represents an initial-boundary value problem with ho-
mogeneous boundary value conditions when they are included in definitions
of the space V' and the operator L. The next definition gives the meaning
of a solution of the problem (6.2.1).

Definition 6.2.1 A function u : [0,T] — V s a solution of the initial
value problem (6.2.1) if for any t € [0,T], u(t) € Vy,

Jlim H 7 [ut + A1) — u(t)] - Lu(t)H —0, (6.2.2)
and u(0) = up.

In the above definition, the limit in (6.2.2) is understood to be the right
limit at t = 0 and the left limit at ¢t = T'.

Definition 6.2.2 The initial value problem (6.2.1) is well-posed if for any
ug € Vo, there is a unique solution uw = u(t) and the solution depends
continuously on the initial value: There exists a constant co > 0 such that
if u(t) and T(t) are the solutions for the initial values ug, Wy € Vp, then

sup ||u(t) —a®)|lv < colluo — ol|v- (6.2.3)
0<t<T

From now on, we assume the initial value problem (6.2.1) is well-posed.
We denote the solution as

u(t) = S(t)ug, wuo € V.

Using the linearity of the operator L, it is easy to see that the solution
operator S(t) is linear. From the continuous dependence property (6.2.3),
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we have
sup ||S(t) (uo — o) |lv < colluo — ol v,
0<t<T

sup ||S(t)U0||V < COHUOHV Yug € Vp.
0<t<T

By Theorem 2.4.1, the operator S(t) : Vj € V — V can be uniquely
extended to a linear continuous operator S(t) : V. — V with

sup [[S(t)|lv < co.
0<t<T

Definition 6.2.3 For ug € V\Vy, we call u(t) = S(t)uo the generalized
solution of the initial value problem (6.2.1).

Example 6.2.4 We use the following problem and its finite difference ap-
proximations to illustrate the use of the abstract framework of the section:

Ut = VUgy in (0,7) x (0,7),
w(0,¢) =u(mt)=0 0<t<T, (6.2.4)
u(z,0) = up(x) 0<z<m.

We take V = C()[O,ﬂ'] = {’U S C[O,ﬂ'] ‘ ’U(O) = ’U(’]T) — 0} with the norm
|- llcjo,x)- We choose

Vo = {v ‘ v(z) = iaj sin(jz), aj € R, n= 1,2,...}. (6.2.5)
j=1

The verification that V4 is dense in V' is left as an exercise.
If ug € Vy, then for some integer n > 1 and by,...,b, € R,

up(z) = bjsin(jz). (6.2.6)
j=1

For this ug, it can be verified directly that the solution is

n

u(z, t) = Z bjef”j% sin(jz). (6.2.7)

j=1

By using the maximum principle for the heat equation (see, e.g. [78] or
other textbooks on partial differential equations),

: . - -
min{0, Oggﬁuo(m)} < u(z,t) < max{0, Orgng?écﬁuo(x)},

we see that

< .
Jmax lu(z, t)| < Jnax luo(z)| Vit el[0,T]
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Thus the solution operator S(t) : Vo C V — V is bounded.

Then for a general ug € V, the problem (6.2.4) has a unique solution. If
up € V has a piecewise continuous derivative in [0, 7], then from the theory
of Fourier series,

uo(x) = Z b, sin(jx)

and the solution u(t) can be expressed as

oo

u(z,t) = S(t)up(z) = Z bje_"jzt sin(jz). 0
j=1

Return to the abstract problem (6.2.1). We present two results, the first
one is on the time continuity of the generalized solution and the second one
shows the solution operator S(t) forms a semigroup.

Proposition 6.2.5 For any ug € V, the generalized solution of the initial
value problem (6.2.1) is continuous in t.

Proof. Choose a sequence {ug,,} C Vo that converges to ug in V:
[lwo,n — wolly — 0 asn — oo.
Let tg € [0,T] be fixed, and t € [0,T]. We write
u(t) —u(ty) = S(t)uo — S(to)uo
= S(t)(uo — uo,n) + [S(t) — S(to)] wo,n — S(to)(uo — uo,n)-
Then
[u(t) = u(to)llv < 2colluon —uollv + [ [S(t) = S(to)] wonllv-

Given any € > 0, we choose n sufficiently large such that
€

2 coljuo,n — uollv < 5

For this n, using (6.2.2) of the definition of the solution, we have a § > 0
such that -
[ [S(t) = S(to)] uonllv < 3 for |t — to] < 4.

Then for t € [0,T] with [t — to] < J, we have [Ju(t) — u(to)||v < e. O

Proposition 6.2.6 Assume the problem (6.2.1) is well-posed. Then for all
ti,to € [0,T] such that t1 +to < T, we have S(t; +to) = S(t1) S(to)-
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Proof. The solution of the problem (6.2.1) is u(t) = S(t)up. We have
u(to) = S(to)up and S(t)u(ty) is the solution of the differential equation
on [tg, T] with the initial condition wu(tg) at to. By the uniqueness of the
solution,

S(t)ulto) = u(t + to),

ie.,
S(tl)S(to)uO = S(tl + to)Uo.

Since ug € V is arbitrary, S(t1 + t9) = S(t1) S(to). O

Now we introduce a finite difference method defined by a one-parameter
family of uniformly bounded linear operators

C(At):V =V, 0<At< A,

Here A > 0 is a fixed number. The family {C(At)}o<ai<a, is said to be
uniformly bounded if there is a constant ¢ such that

IC(At)|| < e VAte (0,Aq].
The approximate solution is then defined by
uar(m At) = C(At)"ug, m=1,2,....

Definition 6.2.7 (CONSISTENCY) The difference method is consistent if
there exists a dense subspace V. of V' such that for all ug € V., for the
corresponding solution u of the initial value problem (6.2.1), we have

. 1 . .
Alilllo HE [C(At)u(t) — u(t + At)] H =0 uniformly in [0, T].

Assume V. N Vg # (. For ug € V. N Vy, we write

L [C(At)u(t) — u(t + At)]

At
oAt -1 u(t + At) — u(t)
= [T — L} u(t) — {T — Lu(t)
Since A
t t) — u(t
M—Lu(t)ao as At — 0
At
by the definition of the solution, we see that for a consistent method,
At) -1
{%—L] u(t) =0 as At — 0;

so [C(At) — I] /At is a convergent approximation of the operator L.
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Example 6.2.8 (continuation of Example 6.2.4) Let us now consider
the forward method and the backward method from Example 6.1.1 for the
sample problem (6.2.4). For the forward method, we define the operator
C(At) by the formula

C(At)v(z) = (1 —2r)v(z) + 7 [v(z + Az) + v(z — Ax)],

where Az = /vAt/r and if e+ Ax ¢ [0, 7], then the function v is extended
by oddness with period 27. We identify At with h; and Az with h,. Then
C(At) : V — V is a linear operator and it can be shown that

|C(At)]|y < (|1 —2r| +27) 0]y VYveV.

So
[C(AY)]| < [1—2r|+2r, (6.2.8)

and the family {C(At)} is uniformly bounded. The difference method is
uat(tm) = C(At)uae(tm—1) = C(At)"ug

or

uat(s,tm) = C(AL) ug(-).

Notice that in this form, the difference method generates an approximate
solution ua(z,t) that is defined for x € [0, 7] and t = t,,,, m = 0,1,..., Nq.
Since

UAL(Zj, tmg1) = (1 —2r) uae(zj, tm)
+ 7 [uat(zj—1, tm) + uar(@jt1, tm)]
1<7<N,—1,0<m< Ny —1,
uat(0,tm) = uat(Nay tm) =0, 0 <m < Ny,
uae(2j,0) = uo(z;), 0<j <N,

we see that the relation between the approximate solution ua; and the
solution v defined by the ordinary difference scheme (6.1.8)—(6.1.10) (with
fir=0)is

unt(zj, tm) = 05" (6.2.9)

As for the consistency, we take V. = V. For the initial value function
(6.2.6), we have the formula (6.2.7) for the solution which is obviously
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infinitely smooth. Now using Taylor expansions at (z,t), we have
C(At)u(x,t) —u(z, t + Af)
= (1 =2r)u(z,t) + ru(z + Az, t) + u(z — Az, t)] — u(z, t + At)
= (1 —2r)u(z,t) + r [2u(z, t) + uza(z, ) (Az)?]

% [tawzs (@ + 01 AL, ) + Upgaa(@ — O2Az, 1)] (Az)

1
—u(z, t) —ug(x, t) At — 5 uge(,t + O3At) (At)?

_|_

1
=3 we (2,1 + O3At) (At)?
2
- 2lzl—r [z (T + 01 AT, 1) 4+ Upgaa (T — O Az, 1)] (AL)?,

where 01, 05,03 € (O, 1) Thus,
1
HE [C(At)u(t) — ult + Ab)] H < cAl
and we have the consistency of the scheme.
For the backward method, ua:(-,t + At) = C(At)ua(-,t) is defined by
(1+2r) uae(z, t + At) — 7 [uar(z — Az, t + At)
+ua(z + Az, t + At)] = upa¢(x,t)
with Az = \/vAt/r. Again, for z + Ax ¢ [0, 7|, the function u is extended

by oddness with period 2. Rewrite the relation in the form
uae(x, t + At)
o uat(x,t)
S 1+2r 1427
Let |luae(-, t + At)||v = |uar(zo, t + At)| for some xg € [0, 7]. Then

luad(t+ At)lv

[uat(z — Azt + At) + uae(x + Az, t + At)] +

r luat(xo,t)]
< — Ax,t+ At Ax, t+ At _
S R [uat(zo — Az, t + At)| + Juae(zo + Az, t + At)|] + Tror

ie.,
2r luae()llv
Lt At < St At _—
Jusdt + A0l < o flusd £+ Ay + 18D
So

luae(,t + Aty < fluac,8)llv
and the family {C'(At)}o<ai<a, is uniformly bounded for any fixed small
number Aqg > 0.
Showing consistency of the backward scheme is more involved, and the
argument is similar to that in Example 6.3.4 where the definition of the
consistency is slightly different but is essentially the same. 0
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Let us return to the general case.

Definition 6.2.9 (CONVERGENCE) The difference method is convergent
if for any fized t € [0,T], any ug € V, we have

i [Ca8)™ = S(0)] uoll =0

where {m;} is a sequence of integers and {At;} a sequence of step sizes
such that lim;_, o m; At; = t.

Definition 6.2.10 (STABILITY) The difference method is stable if the op-
erators
{C(A)™ |0 < At < Ay, mAt < T}

are uniformly bounded, i.e., there exists a constant My > 0 such that
IC(A)™ |lv—oy < My Vm:mAt <T, VAt < Ay.

We now come to the central result of the section.

Theorem 6.2.11 (LAX EQUIVALENCE THEOREM) Assume the initial value
problem (6.2.1) is well-posed. Then, for a consistent difference method, sta-
bility is equivalent to convergence.

Proof. (=) Consider the error

First assume ug € V.. Then since the method is stable,

u(t) — u(t + At) H
At
+ [Ju(mAt) — u(t)]]. (6.2.10)

C(@n ™ o — u(t)] < MymAtsup | ZE
t

By continuity, ||u(mAt) — u(t)|| — 0, and by the consistency,

sup H C’(At)u(t)A—t ult + At) H e

So we have the convergence by (6.2.10).
Next consider the convergence for the general case where ug € V. We
have a sequence {ug,} C Vo such that ug, — uo in V. Writing
C(At)™ug — u(t) = C(A)™ (uo — uo,n)
+ [C(AD)™ = 5(t)] wo,n — S(t) (uo — o),
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we obtain

IC(A)™uo — u(t)

| <[IC(A8)™ (uo = uo.n) |
+lean)™ = S@)]uonll + [15() (wo = uon)|l-

Since the initial value problem (6.2.1) is well-posed and the method is
stable,

1C(AD) uo — u(t)]| < ¢lluo — uo.n

|+ I[C(AH)™ = S(8)]uo,n

|
Given any € > 0, there is an n sufficiently large such that
€

¢ luo = ol < 5

For this n, let At be sufficiently small,

IC(A)™ = S(t)]uo,n

| < % VAt small, |mAt —t] < At.

Then we obtain the convergence.
(<=) Suppose the method is not stable. Then there are sequences { At}
and {my} such that m;At; < T and

klingo [|C(Atg)™ || = oc.
Since Aty < A, we may assume the sequence {At;} is convergent. If the
sequence {my} is bounded, then

Sup IC(Atg)™ | < Sup [C(ALg)[|™ < oo.
This is a contradiction. Thus mj — oo and At — 0 as k — oo.
By the convergence of the method,
sgp IC(Atg) ™ ug|| < 00 Yug € V.

Applying Theorem 2.4.4, we have

Jim [[C(A6)™ | < .

contradicting the assumption that the method is not stable. O

Corollary 6.2.12 (CONVERGENCE ORDER) Under the assumptions of
Theorem 6.2.11, if u is a solution with initial value ug € V. satisfying

H C(At)u(t) — u(t + At
0<t<T At

) H <c(AtF VAL e (0,A),

then we have the error estimate
IC(At) M ug — u(t)]| < c(At)F,

where m is a positive integer with mAt = t.
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Proof. The error estimate follows immediately from (6.2.10). O

Example 6.2.13 (continuation of Example 6.2.8) Let us apply the
Lax equivalence theorem to the forward and backward schemes for the
sample problem 6.2.4. For the forward scheme, we assume r < 1/2. Then
according to (6.2.8), ||[C(At)]] < 1 and so

lC(An™| <1, m=12,....

Thus under the condition r < 1/2, the forward scheme is stable. Since the
scheme is consistent, we have the convergence
A‘lti_mo lluac(:, miAt;) —u(-,t)]|v =0, (6.2.11)

where limay, o m;At; = t.
Actually, it can be shown that

IC(AY)|| = |1 — 2r| + 2r

and r < 1/2 is a necessary and sufficient condition for stability and then
for convergence as well (Exercise 6.2.3).

By the relation (6.2.9), for the finite difference solution {vj"} defined in
(6.1.8)(6.1.10) with f/"* = 0, we have the convergence

S max lvj* = u(z;,t)| =0,
where m depends on h; and limy, o mh; = t.

Since we need a condition (r < 1/2 in this case) for convergence, the
forward scheme is said to be conditionally stable and conditionally conver-
gent.

For the backward scheme, for any r, ||C(At)|| < 1. Then

IC(A)™| <1 Vm.

So the backward scheme is unconditionally stable, which leads to uncondi-
tional convergence of the backward scheme. We skip the detailed presen-
tation of the arguments for the above statement since the arguments are
similar to those for the forward scheme.

We can also apply Corollary 6.2.12 to claim convergence order for the
forward and backward schemes, see Examples 6.3.3 and 6.3.4 in the next
section for some similar arguments. 0

Exercise 6.2.1 Show that the subspace Vj defined in (6.2.5) is dense in V.

Exercise 6.2.2 Analyze the Crank-Nicolson scheme for the problem (6.2.4).
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Exercise 6.2.3 Consider the forward scheme for solving the sample problem
6.2.4. Show that

|C(At)|| = |1 — 27| + 2r,
and r < 1/2 is a necessary and sufficient condition for both stability and conver-
gence.

6.3 More on convergence

In the literature, one can find various slightly different variants of the Lax
equivalence theorem presented in the preceding section. Here we consider
one such variant which is usually more convenient to apply in analyzing
convergence of difference schemes for solving initial-boundary value prob-
lems.

Consider an initial-boundary value problem of the form

Lu=f in(0,a)x (0,T), (6.3.1)
u(0,t) = u(a,t) =0, tel0,T], (6.3.2)
u(z,0) = uo(x), x€[0,a]. (6.3.3)

Here f and ug are given continuous functions, and L is a linear partial
differential operator of first order with respect to the time variable. For the
problem (6.1.5)—(6.1.7), L = 8; — v 92. We assume for the given data f and
uo, the problem (6.3.1)—(6.3.3) has a unique solution u with certain smooth-
ness that makes the following calculations meaningful (e.g., derivatives of
u up to certain order are continuous).

Again denote N, and N; positive integers, h, = a/N,, hy = T/Ny, and
we use the other notations introduced in Example 6.1.1. Corresponding to
the time level t = t,,, we introduce the solution vector

m o __ (,,m m T Ngy—1
"= (v, v, )t ERTETE

where the norm in the space RV=~! is denoted by ||-||; this norm depends on
the dimension N, — 1, but we do not indicate this dependence explicitly for
notational simplicity. We will be specific about the norm when we consider
concrete examples.

Consider a general two-level scheme

v = Qu™ + g™, 0<m < N, -1, (6.3.4)

00 =l (6.3.5)

Here the matrix Q € RWN=—1Dx(Na—1) may depend on hy and h,. We use

Q] to denote the operator matrix norm induced by the vector norm on
RN==1 The vector g™ is usually constructed from values of f at t = t,,,

UO — (Uo(ml)’ Cey UO(l‘Nx—l))T7
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and in general
u” = (u',. . uf )T, 1<m <N,

with u the solution of (6.3.1)-(6.3.3).

We now introduce definitions of consistency, stability and convergence for
the scheme (6.3.4)—(6.3.5). For this purpose, we need to define a quantity
7™ through the relation

u™t = Qu™ + hig™ + heT™. (6.3.6)

This quantity 7™ can be called the local truncation error of the scheme.
As we will see from examples below, for an explicit method, 7™ defined in
(6.3.6) is indeed the local truncation error used in many references. In the
case of an implicit method, 7™ defined here is related to the usual local
truncation error by a linear transformation.

Definition 6.3.1 We say the difference method (6.3.4)—(6.3.5) is consis-
tent if
sup |7 — 0 as hy,hy — 0.
m:mh<T

The method is of order (p1,p2) if, when the solution u is sufficiently smooth,
there is a constant ¢ such that

sup |7 < ¢ (R + hE?). (6.3.7)
m:mh:<T

The method is said to be stable if for some constant My < oo, which may
depend on T, we have

sup Q™[] < M.

m:mh<T

The method is convergent if

sup |lu™ —v™|| — 0 as hy,hy — 0.
m:mh:<T

We have the following theorem concerning convergence and convergence
order of the difference method.

Theorem 6.3.2 Assume the scheme (6.3.4)—(6.3.5) is consistent and sta-
ble. Then the method is convergent. Moreover, if the solution u is suffi-
ciently smooth so that (6.3.7) holds, then we have the error estimate

sup  [J[u™ — o™ < c(hP* + AP?).
m:mh<T
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Proof. Introduce the error vectors: e™ = 4™ — v for m = 0,1,..., Ny.
Then €” = 0 by the definition of the initial value for the scheme. We have
the error recursion relation, derived from (6.3.4) and (6.3.6):

et =Qe™+ ™.

Using this relation repeatedly and remembering e® = 0, we find

m

em+1 _ ht Z Ql7m7l~

1=0
Thus
m
le™ < he Y 1R 7™M

=0

Apply the stability condition,

le™ | < Mo(m + 1) hy sup [[777]].
0<I<m

Then we have the inequality

sup |lu™ —o™|| < MyT  sup |7,
m:mh:<T m:mhy <T

and the claims of the theorem follow. O

Example 6.3.3 We give a convergence analysis of the scheme (6.1.8)—
(6.1.10). Assume Uy, Ugpgr € C([0,7] % [0,T]). Then (cf. (6.1.11))

u;ﬂ-&-l _ (1 _ 27“) u;" +7‘(U;‘7.l|-1 —|—u;n_1) +htf]m —|—htT]m7

where, following easily from Taylor expansions,
77" < e (hf + he)

with the constant ¢ depending on uy and Ugppq-
The scheme (6.1.8)-(6.1.10) can be written in the form (6.3.4)-(6.3.5)
with

1-—2r T
r 1-2r r

r 1-—2r T
r L=2r (No—1)x (Ny—1)

and
gr=rr=r )"
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Let us assume the condition r < 1/2. Then if we choose to use the maximum-
norm, we have

1Qllo =1, [|7™[lco < ¢ (B2 + hy).

Thus the method is stable, and we can apply Theorem 6.3.2 to conclude
that under the conditions s, Upgze € C([0, 7] x [0,T]) and r < 1/2,

max  [[u™ — v s < c(hZ + hy).
0<m<N,

Now suppose we use the discrete weighted 2-norm:

[vll2,n. =V hal[v]|2-

It is easy to see that the induced matrix norm is the usual spectral norm
Q]2 Since @ is symmetric and its eigenvalues are (see Exercise 6.3.1)

N (Q) =1 — 4r sin? (21]3

€T

), 1<j<N, -1,

we see that under the condition r < 1/2,
1Qll2 = max [X;(@)] <1,
i.e., the method is stable. It is easy to verify that
7™ 2,h, < € (B3 + he).

Thus by Theorem 6.3.2, we conclude that under the conditions s, Uzzrs €
C([0,7] x [0,T]) and r < 1/2,

max |lu™ — o™ ||2,n, < c(h2 + hy).
0<m<N, :

So the convergence order is 2 in h, and 1 in hy. O

Example 6.3.4 Now consider the backward scheme (6.1.12)—-(6.1.14). As-
sume Uy, Ugzgr € C([0,7] x [0,T7]). Then (cf. (6.1.15))

(I+2r)uf" —r(ufyy +ujy) = u;”_l +he f]" + T

where
7 < c(h2 + hy)

with the constant ¢ depending on wus and Ugg... Define the matrix

Q=0;"



6.3 More on convergence 273

where

1+ 27 —r
—r 1+2r —r
Q1= . .
—r 142r -
-t 142 J e -

Let g™ = Qf™ and 7™ = Q7. Then the scheme (6.1.12)—(6.1.14) can be
written in the form (6.3.4)-(6.3.5).

First we consider the convergence in || - || . Let us estimate || Q|| oo. From
the definition of @,

y=Qx <= x=Qy forx,yecRV"!

Thus ,
yz‘:m(yi—l+yi+1)+ T2 1<i< N —
Suppose || Y|looc = |yi|- Then
Il = il < T 2lyloe + 120
So
1Qllos = lYlloo < 2[l0c VaeR¥="1
Hence

1Qll <1,

the backward scheme is unconditionally stable and it is easy to see
7™ oo < 17| o

Applying Theorem 6.3.2, for the backward scheme (6.1.12)—(6.1.14), we
[0,

conclude that under the conditions us, Ugzer € C([0, 7] % [0,T]),
max  [[u™ — v < c(hZ + hy).
0<m< N,
Now we consider the convergence in || - ||2,n,. By Exercise 6.3.1, the

eigenvalues of ()1 are

_ |
A(Q) = P 1SN - L

Since @ = Q7 ! the eigenvalues of @ are

M@ =X(Q1) ' e(0,1), 1<j<N,-1
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Now that @ is symmetric because @ is,

1Qllz = _max (@) <1.

So the backward scheme is unconditionally stable measured in || - [|2,5, , and
it is also easy to deduce

7™ 2.ne < 17" M2, -

So for the backward scheme (6.1.12)—(6.1.14), we apply Theorem 6.3.2 to
conclude that under the conditions us, Ugzer € C([0, 7] % [0,T]),

max ||[u™ —v"2.n, < c(hi + hy).
0<m<N, :

Again, the convergence order is 2 in h, and 1 in h,. O

Exercise 6.3.1 Let a,b,c € R with bc > 0. Show that the eigenvalues of the
matrix

a ¢
b a c
Q=
b a c
b a N XN
are .
/\j:a+2\/acos(L) j<N
N+1/’ -7

Hint: For the nontrivial case be # 0, write
Q=al+VbeD 'AD

with D is a diagonal matrix with the diagonal elements /c/b, (1/c/b)?, ...,
(y/¢/b)Y, and A is a tridiagonal matrix

Then find the eigenvalues of A by following the definition of the eigenvalue prob-
lem and solving a difference system for components of associated eigenvectors.
An alternative approach is to relate the characteristic equation of A through its
recursion formula to Chebyshev polynomials of the second kind ([15, p. 497]).

Exercise 6.3.2 Provide a convergence analysis for the Crank-Nicolson scheme
(6.1.16)—(6.1.18) in || - ||2,n, norm by applying Theorem 6.3.2, as is done for the
forward and backward schemes in examples.
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Exercise 6.3.3 The forward, backward and Crank-Nicolson schemes are all par-
ticular members in a family of difference schemes called generalized mid-point
methods. Let 6 € [0,1] be a parameter. Then a generalized mid-point scheme for
the initial-boundary value problem (6.1.5)—(6.1.7) is

m m—1 m m m m—1 m—1 m—1
vi"t — vy :Vevj+1—2vj +vity e v — 20 +vi5
hi h2 h2

O A0, 1<j<N,—1, 1<m< N,

J

supplemented by the boundary condition (6.1.13) and the initial condition (6.1.14).
Show that for 6 € [1/2,1], the scheme is unconditionally stable in both || - ||2,x,

and || - o norms; for 8 € [0,1/2), the scheme is stable in || - ||2,n, norm if
2(1—-20)r <1, and it is stable in || - || norm if 2 (1 — 0) r < 1. Determine the
convergence orders of the schemes.

Suggestion for Further Reading.

More details on theoretical analysis of the finite difference method, e.g.,
treatment of other kind of boundary conditions, general spatial domains
for higher spatial dimension problems, approximation of hyperbolic or el-
liptic problems, can be found in several books on the topic, e.g., [218]. For
the finite difference method for parabolic problems, [221] is an in-depth
survey. Another popular approach to developing finite difference methods
for parabolic problems is the method of lines; see [15, p. 414] for an in-
troduction which discusses some of the finite difference methods of this
chapter. The book [101] provides a comprehensive coverage of high order
finite difference methods for time dependent PDEs.

For initial-boundary value problems of evolution equations in high spatial
dimension, stability for an explicit scheme usually requires the time step-
size to be prohibitively small. On the other hand, some implicit schemes are
unconditionally stable, and stability requirement does not impose restric-
tion on the time stepsize. The disadvantage of an implicit scheme is that
at each time level we may need to solve an algebraic system of very large
scale. The idea of operator splitting technique is to split the computation
for each time step into several substeps such that each substep is implicit
only in one spatial variable and at the same time good stability property is
maintained. The resulting schemes are called alternating direction methods
or fractional step methods. See [165, 243] for detailed discussions.

Many physical phenomena are described by conservation laws (conserva-
tion of mass, momentum, and energy). Finite difference methods for con-
servation laws constitute a large research area. The interested reader can
consult [155] and [94].

Extrapolation methods are efficient means to accelerate the convergence
of numerical solutions. For extrapolation methods in the context of the
finite difference method, see [166].



7

Sobolev Spaces

In this chapter, we review definitions and properties of Sobolev spaces,
which are indispensable for a theoretical analysis of partial differential equa-
tions and boundary integral equations, as well as being necessary for the
analysis of some numerical methods for solving such equations. Most re-
sults are stated without proof; proofs of the results and detailed discussions
of Sobolev spaces can be found in numerous monographs and textbooks,
e.g. [1, 78, 89, 245].

7.1 Weak derivatives

We need the multi-index notation for partial derivatives introduced in Sec-
tion 1.4.

Our purpose in this section is to extend the definition of derivatives. To
do this, we start with the classical “integration by parts” formula

/v(m)@aqﬁ(m)dx:(—1)|a‘/8av(m) () do (7.1.1)
Q Q

which holds for v € C™(2), ¢ € C§°(2) and || < m. This formula, relating
differentiation and integration, is a most important formula in calculus. The
weak derivative is defined in such a way that, first, if the classical deriva-
tive exists then the two derivatives coincide so that the weak derivative
is an extension of the classical derivative; second, the integration by parts
formula (7.1.1) holds, where 0% is now a weak differential operator applied
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to less smooth functions. A more general approach for the extension of the
classical derivatives is to first introduce the derivatives in the distributional
sense. A detailed discussion of distributions and the derivatives in the dis-
tributional sense can be found in several monographs, e.g., [210]. Here we
choose to introduce the concept of the weak derivatives directly, which is
sufficient for this text.

As preparation, we first introduce the notion of locally integrable func-
tions.

Definition 7.1.1 Let 1 < p < co. A function v : Q C R* — R is said to
be locally p-integrable, v € Li. (), if for every @ € Q, there is an open
neighborhood ' of @ such that ¥ C Q and v € LP ().

Notice that a locally integrable function can behave arbitrarily badly near
the boundary 9. One such example is the function e4@® " sin(d(z)1),
where d(x) = infyecaq ||z — y|| is the distance from x to 0S.

We have the following useful result which will be used repeatedly ([245,

p. 18]).

Lemma 7.1.2 (GENERALIZED VARIATIONAL LEMMA) Let v € Li (Q)
with Q a nonempty open set in R, If

| @ o@dr =0 voecr@.

then v =0 a.e. on ).

Now we are ready to introduce the concept of a weak derivative.

Definition 7.1.3 Let Q2 be a nonempty open set in RY, v,w € L (Q).
Then w is called a weak o' derivative of v if

/ o(@) °¢(x) dz = (— 1)l / w@) d(@)de VéeCrQ).  (712)
Q Q
We also say w is a weak derivative of v of order |a|.

Lemma 7.1.4 A weak derivative, if it exists, is uniquely defined up to a
set of measure zero.

Proof. Suppose v € L (£2) has two weak o' derivatives wy, ws € L ().
Then from the definition, we have

/Q (w1 (@) — ws(@)] $(@) dz = 0 Yo € C(Q).

Applying Lemma 7.1.2, we conclude w; = ws a.e. on ). O

From the definition of the weak derivative and Lemma 7.1.4, we imme-
diately see the following result holds.



7.1 Weak derivatives 279

Lemma 7.1.5 If v € C™(Q), then for each o with || < m, the classical
partial derivative 0%v is also the weak o partial derivative of v.

Because of Lemma 7.1.5, it is natural to use all those notations of the
classical derivatives also for the weak derivatives. For example, 0;v = vy,
denote the first-order weak derivative of v with respect to x;.

The weak derivatives defined here coincide with the extension of the
classical derivatives discussed in Section 2.4. Let us return to the situation
of Example 2.4.2, where the classical differentiation operator D : C*[0,1] —
L2(0,1) is extended to the differentiation operator D defined over H'(0,1),
the completion of C''[0,1] under the norm | - ||12. For any v € H*(0,1),
there exists a sequence {v,,} C C1[0,1] such that

lon —v[l12 — 0 asn— oo,
which implies, as n — oo,
v, —v and Duv, — Dv in L*(0,1).

Now by the classical integration by parts formula,

/ vp(z) Dé(z) de = —/ Doy (z) ¢p(x)dz V¢ € C5°(0,1).
0 0

Taking the limit as n — oo in the above relation, we obtain

/ v(z) Do(z) de = —/ Du(z) ¢p(x)dr Vo e C(0,1).
0 0

Hence, Du is also the first-order weak derivative of v.

Now we examine some examples of weakly differentiable functions which
are not differentiable in the classical sense, as well as some examples of
functions which are not weakly differentiable.

Example 7.1.6 The absolute value function v(z) = |z| is not differen-
tiable at x = 0 in the classical sense. Nevertheless, the function is weakly
differentiable on any interval containing the point z = 0. Indeed, it is easy
to verify that

1, x>0,
wx)=4¢ —1, z<0,
co, z =0,

where ¢g € R is arbitrary, is a first order weak derivative of the absolute
value function. O
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Example 7.1.7 Functions with jump discontinuities are not weakly dif-
ferentiable. For example, define

-1, —-1<x<0,
’U(l‘) = €o, l':O,
1, O<z<l,

where ¢cg € R. Let us show that the function v does not have a weak
derivative. We argue by contradiction. Suppose v is weakly differentiable
with the derivative w € L (—1,1). By definition, we have the identity

loc

1 1

/ o(z) &' () do = —/ w(@) d(z)dz Vo € C(—1,1).
—1 —1

The left hand side of the relation can be simplified to — 2 ¢(0). Hence we

have the identity

1
| )o@ ds =200) voeCE-1,1)
-1
Taking ¢ € C§°(0,1), viewed as a function in C§°(—1,1) with vanishing
value on [—1, 0], we get

1
/Ow(x)qS(x)dx:O V¢ e C5°(0,1).

By Lemma 7.1.2, we conclude that w(z) = 0 a.e. on (0,1). Similarly,
w(z) = 0 a.e. on (—1,0). So w(z) = 0 a.e. on (—1,1), and we arrive at
the contradictory relation

0=2¢(0) V¢eCi°(-1,1).
Thus the function v is not weakly differentiable. O

Example 7.1.8 More generally, assume v € C|a, b] is piecewisely continu-
ously differentiable (Figure 7.1), i.e., there exist a partition of the interval:
a=uz9 <z <<z, =Db,such that v € C[x;_1,2;], 1 <4 < n. Then
the first-order weak derivative of v is

w(z) = v'(z), x e Ul (i1, ),
arbitrary, x=ux;, 0<i<n.

This result can be verified directly by applying the definition of the
weak derivative. Suppose moreover that v is piecewise smoother, e.g., v €
C?[x;—1,7;], 1 < i < n. Similar to Example 7.1.7, we can show that a
second-order weak derivative of v does not exist, unless v'(z;—) = v'(x;+)
fori=1,...,n—1. O
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FIGURE 7.1. A continuous function that is piecewisely smooth

Example 7.1.9 In the finite element analysis for solving differential and
integral equations, we frequently deal with piecewise polynomials, or piece-
wise images of polynomials. Suppose €2 C R? is a polygonal domain and is
partitioned into polygonal sub-domains:

N
Q= QlQ_n

Fach sub-domain €2, is usually taken to be a triangle or a quadrilateral.
Suppose for some non-negative integer k,

veCHQ), v, €M), 1<n<N.

Then the weak partial derivatives of v of order (k + 1) exist, and for a
multi-index o of length (k+1), the o' weak derivative of v is given by the
formula
%v(x), xe€UN_ Q,,
{ arbitrary, otherwise.

When  is a general curved domain, €2, may be a curved triangle or
quadrilateral. Finite element functions are piecewise polynomials or im-
ages of piecewise polynomials. The index k is determined by the order of
the PDE problem and the type of the finite elements (conforming or non-
conforming). For example, for a second-order elliptic boundary value prob-
lem, finite element functions for a conforming method are globally contin-
uous and have first-order weak derivatives. For a non-conforming method,
the finite element functions are not globally continuous, and hence do not
have first-order weak derivatives. Nevertheless, such functions are smooth
in each sub-domain (element). For details, see Chapter 10. O

Most differentiation rules for classical derivatives can be carried over to
weak derivatives. Two such examples are the following results.
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Proposition 7.1.10 Let o be a multi-index, c1,co € R. If 0% and 0*v
exist, then so does 0%*(c1u + cov) and

0%(c1u + cav) = c10%u + c20%v.

Proposition 7.1.11 Let p,q € (1,00) be related by 1/p+1/q = 1. Assume
U, Uy, € LY (Q) and v,v,, € LL _(Q). Then (uv),, exists and

loc loc
(UV)z, = Uz, ¥ + UV,

We have the following specialized form of the chain rule.

Proposition 7.1.12 Assume f € C*(R,R) with f' bounded. Suppose 2 C
RY is open bounded, and for some p € (1,00), v € LP(Q) and v,, € LP(Q),
1 <i < d, ie, v € WhP(Q) using the notation of the Sobolev space

WLP(Q) to be introduced in the following section. Then (f(v))., € LP(Q),
and (f(v))z; = f'(v)vg,, 1 < i < d.

Exercise 7.1.1 The “classical” variational lemma, in contrast to the generalized
variational lemma of Lemma 7.1.2, is the following (in one dimension): If v €
C([a, b)) satisfies

/ab v(z) p(x)dx =0

for any ¢ € C([a,b]) (or any ¢ € C°°([a,b])) vanishing in some neighborhood of
a and b, then
v(z) =0 for z € [a,b].

Prove this result.

Exercise 7.1.2 Assume v € C([a, b]) has the property

b
/ v(z) ¢’ (z)dr =0
for any ¢ € C"([a,b]) with ¢(a) = ¢(b) = 0. Show that v is a constant function.
Hint: Start with ,
/ (z) — co] () dx = 0,
where ¢ is the mean value of v over [a, b]. Construct ¢ with the required properties

such that ¢'(z) = v(z) — co.

Exercise 7.1.3 Let Q = (0,1), f(z) = /2. How many weak derivatives does
f(x) have? Give formulas of the weak derivatives that exist.

Exercise 7.1.4 Let

|1, 1<z <0,
f(ac)—{ ar+b, 0<z<l.

Find a necessary and sufficient condition on a and b for f(z) to be weakly differ-
entiable on (—1,1). Calculate the weak derivative f’(z) when it exists.
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Exercise 7.1.5 Show that if v € W'?(Q), 1 < p < oo, then |v|,v", v~ €
WP(Q), and

5. vt — O0z;v, a.e.on {x € Q|v(x) >0},
SCR ) a.e.on {z € Q| v(x) <0},
0, a.e. on {x € Q| v(x) > 0},

Gt = { —0y,v, a.e.on{z € Q|v(x) <0},

where v = (Jv| + v)/2 is the positive part of v, and v~ = (|v| — v)/2 is the
negative part.
Hint: To prove the formula for d,,v", apply Proposition 7.1.12 to the function

I R e if v >0,
ff(”)’{o if v <0,

where € > 0, to obtain a formula for 9;, f-(v). Then take the limit ¢ — 0+.

Exercise 7.1.6 Assume v has the a!” weak derivative woa = %u and wea has

the 5" weak derivative wa s = 0°w,. Show that wa. s is the (a + )" weak
derivative of v.

7.2 Sobolev spaces

Some properties of Sobolev spaces require a certain degree of regularity of
the boundary 992 of the domain .

Definition 7.2.1 Let Q be open and bounded in R?, and let V denote a
function space on RY™1. We say 0K is of class V if for each point xq € 09,
there exist an r > 0 and a function g € V such that upon a transformation
of the coordinate system if necessary, we have

QN B(xo,r) ={x € B(xo,7) | 2a > g(21,...,24-1)}

Here, B(xg,r) denotes the d-dimensional ball centered at xy with radius r.

In particular, when V' consists of Lipschitz continuous functions, we say
Q is a Lipschitz domain. When V' consists of C* functions, we say Q is a
C* domain. When V consists of C* (0 < a < 1) functions, we say 0 is
a Hélder boundary of class C*.

We remark that smooth domains are certainly Lipschitz continuous, and
in engineering applications, most domains are Lipschitz continuous (Figures
7.3 and 7.4). Well-known non-Lipschitz domains are the ones with cracks
(Figure 7.5).

Since 99 is a compact set in R?, we can actually find a finite number of
points {z;}1_; on the boundary so that for some positive numbers {r;}/_,
and functions {g;}._, C V,

Q ﬂB(iBi,TZ‘) = {513 € B(mi,’l"i) ‘ Tq > gi($1,. .. ,xd_l)}
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x,>gx,, X )

Xy =gy, s X gy )

FIGURE 7.2. Smoothness of the boundary

FIGURE 7.3. Smooth domains

upon a transformation of the coordinate system if necessary, and

I
0Q C | B(i, ).

i=1

7.2.1 Sobolev spaces of integer order

Definition 7.2.2 Let k be a non-negative integer, p € [1,00]. The Sobolev
space WEP(Q) is the set of all the functions v € LP(Q) such that for each
multi-index o with || < k, the o weak derivative 0%v exists and O%v €
LP(Q). The norm in the space W*P(Q) is defined as

1/p
Z Haa””izz(g) , 1< p<oo,
||UHWIW(Q) = || <k
max [ 0%v]| Lo (q), p = 0.
lal<k

When p = 2, we write H*(Q) = Wk2(Q).
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= P

() (b)

FIGURE 7.4. Lipschitz domains

e _

() (b)

FIGURE 7.5. Crack domains

Usually we replace [|v||yyx.0(q) by the simpler notation [|v[|x,p.q, or even
[lv|lk,p when no confusion results. When p = 2, we similarly use |[v||x.0
or |lv[lx for the norm |[v[| gk (q). The standard seminorm over the space

WkP(Q) is

1/p
| o Z HﬁaU”ip(Q) 9 1 S p < 0,
vlwrp (o) = la|=k
max [0l p=oo

It is not difficult to see that W*P(Q) is a normed space. Moreover, we
have the following result.

Theorem 7.2.3 The Sobolev space W*P(Q) is a Banach space.

Proof. Let {v,} be a Cauchy sequence in W*?(Q). Then for any multi-
index a with |a] < k, {0%v,} is a Cauchy sequence in LP(2). Since LP(£2)
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is complete, there exists a v, € LP(Q) such that
0%y — vy In LP(Q), as n — oc.

Let us show that v, = 0%v where v is the limit of the sequence {v,} in
LP(Q). For any ¢ € C3°(Q),

/Qun(w)aw( )de = (— a'/aa

Letting n — oo, we obtain
/ v(x) 0%¢(x) do = (—1)I / vo () p(x)dz V¢ e C(Q).
Q Q

Therefore, vy, = 0% and v, — v in WHP(Q) as n — oo. O

A simple consequence of the theorem is the following result.

Corollary 7.2.4 The Sobolev space H*(Q) is a Hilbert space with the inner
product

uvk—/ Zaa o%v(x)dr, u,v e HF(Q).
2 a<k

Like the case for Lebesgue spaces LP (), it can be shown that the Sobolev
space WHP(Q) is reflexive if and only if p € (1, 00).
Let us examine some examples of Sobolev functions.

Example 7.2.5 Assume Q = {x € R? | |z| < 1} is the unit ball, and let
v(z) = |x|*, where ) is a real parameter. Let p € [1,00). Notice that

1
Hv||lipm):/g\x|/\pdx20d/o pAPHd=L gy

where the constant cg is the surface area of the unit sphere in R?. So
veLP(Q) < I>-—d/p.

It can be verified that the first-order weak derivative v,, is given by the
formula, if v, exists,

Vg, () = Mz %2y, x#£0,1<i<d.

Thus
Vo(@)| = A[e]*', @ #0.

Now

1
Vol = Wp/ﬂ || AP = C/O pA-Dptd=1g,.
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We see that
veW(Q) <« A>1-d/p.

More generally, for a nonnegative integer k, we have
veEWrRP(Q) «— A>k—d/p. (7.2.1)

Proof of this equivalence is left to the reader (Exercise 7.2.7).

A function with several integrable weak derivatives may have discontinu-
ity. For the function in this example, we have v € C(Q) if and only if A > 0.
For d =2 and p € [1,2), when 0 > XA > 1 — 2/p, we have v € WP(Q) and
v & C(Q). O

With the consideration of continuity of functions from Sobolev spaces
given in the example, it is now a proper place to make a remark. Since
Sobolev spaces are defined through Lebesgue spaces, strictly speaking, an
element in a Sobolev space is an equivalence class of measurable functions
that are equal a.e. When we say a function from a Sobolev space is contin-
uous, we mean that from the equivalence class of the function, we can find
one function which is continuous.

Example 7.2.6 Continuing the discussion at the end of Example 7.2.5,
we ask if an H'(Q) function is continuous for d = 2. Consider the example

v(x) = log <log <1>> , TER? r=|x|
T

with Q = B(0, 8), a circle of radius § < 1 in the plane. Then

—27
Vo(z)|Pde = ——= <
[ Ivet@pas = =5

and also easily, [|v] 12 < co. Thus v € H*(Q2), but v() is unbounded
as * — 0. For conditions ensuring continuity of functions from a Sobolev
space, see Theorem 7.3.7. We will see that in the case of d = 2, for p > 2,
a function in W1P(Q) is continuous. O

Example 7.2.7 In the theory of finite elements, we need to analyze the
global regularity of a finite element function from its regularity on each
element. Let © C R? be a bounded Lipschitz domain, partitioned into
Lipschitz sub-domains:
N
o= o
n=1

Suppose for some non-negative integer k and some real p € [1,00) or p = o0,

vlg, € WFFLP(Q,), 1<n<N, veCk@Q).
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Let us show that

v e WHLP(Q).
Evidently, it is enough to prove the result for the case k = 0. Thus let
v € C(Q) be such that for each n = 1,..., N, v € WhP(Q,). For each 1,

1 <i < d, we need to show that 0;v exists as a weak derivative and belongs
to LP(£2). An obvious candidate for 0;v is

ow(x), xeUN  Q,,
wi(x) =

arbitrary, otherwise.

Certainly w; € LP(2). So we only need to verify w; = 0;v. By definition,
we need to prove

/wiqﬁdx:—/vﬁiqbdx V¢ e C5o ().
Q Q

Denote the unit outward normal vector on 982, by v = (14, ..., z/d)T that
exists a.e. since 2, has a Lipschitz boundary. We have

N
w;pdr = /Bivqﬁdx
N N
= v|q, ¢ vids — /v@iqﬁdx

N
= E / v
n=1 0Qn

where we apply an integration by parts formula to the integrals on the
subdomains €2,,. Integration by parts formulas are valid for functions from
certain Sobolev spaces, to be discussed in Section 7.4. Now the sum of
the boundary integrals is zero: Either a portion of 012, is a part of 92 and
¢ = 0 along this portion, or the contributions from the adjacent subdomains
cancel each other. Thus,

anﬁl/ids—/vaigbdx,
Q

/wigbdx:—/v@iqﬁdx Yo e C5 ().
Q Q
By definition, w; = 0;v. O

Example 7.2.8 Continuing the preceding example, let us show that if
v e WHFLP(Q) and v € C*(€,), 1 <n < N, then v € C*(Q). Obviously it
is enough to prove the statement for £ = 0. Let us argue by contradiction.
Thus we assume v € WHP(Q) and v € C(€2,,), 1 <n < N, but there are two
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Qn an

FIGURE 7.6. Two adjacent subdomains

adjacent subdomains ,,, and §,,, and a nonempty open set ' C Q,,, UQ,,,
(Figure 7.6) such that

vla,, >vl,, on~yN,

where v = 0, N OQy,.

By shrinking the set € if necessary, we may assume there is an ¢ between
1 and d, such that v; > 0 (or v; < 0) on yNQ'. Here v; is the ith component
of the unit outward normal v on v with respect to €2,,. Then we choose
¢ € C§P(Q) C C§° () with the property ¢ > 0 on v N Q. Now

2
o pdx = Z/ ;v ¢ dx
/Q =1 Q"l

2 2
= Z/ vlq,, pvids — Z/ v O dx
1=1 7 9%, 1=1 "/,
= /(U\in —’U|Qn2)¢1/id$—/’08i¢d$.
¥ Q

By the assumptions, the boundary integral is nonzero. This contradicts the
definition of the weak derivative. O

Combining the results from Examples 7.2.7 and 7.2.8, we see that under
the assumption v|g, € C*(Q,) N WFLP(Q,), 1 < n < N, we have the
conclusion

veECHQ) = wveWrtr(Q).

Some important properties of the Sobolev spaces will be discussed in the
next section. In general the space C§°(2) is not dense in WP (). So it is
useful to bring in the following definition.
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Definition 7.2.9 Let Wg’p(Q) be the closure of C5°(Q) in W*P(Q). When
p =2, we denote HY(Q) = Wéc’Q(Q).

We interpret W(f’p(Q) to be the space of all the functions v in WP (Q)
with the “property” that

0%(x) =0 on 0N, Ya with |a] <k — 1.

The meaning of this statement is made clear later after the trace theorems
are presented.

7.2.2  Sobolev spaces of real order

It is possible to extend the definition of Sobolev spaces with non-negative
integer order to any real order. We first introduce Sobolev spaces of positive
real order. In this subsection, we assume p € [1, 00).

Definition 7.2.10 Let s = k + o with k > 0 an integer and o € (0,1).
Then we define the Sobolev space W*P(Q) to be the set

{v e wha(q) | 12 |1(Ci)y_|f+:/(py) cLPQx Q) Va:|a| = k}
with the norm
1/p
0%v(x) — 0% (y)P
Wollops = [lelt, 0+ 52 [ )l

ok ||-’L'—y||”p+d

It can be shown that the space W*P(Q) is a Banach space. It is reflexive
if and only if p € (1,00). When p = 2, H*(Q2) = W*2(Q) is a Hilbert space
with the inner product

(U, U)S,Q = (U, U)k,Q

[ ) ot -l
QxQ .

[l — g2+

+
|a|=k

Most properties of Sobolev spaces of integer order, such as density of
smooth functions, extension theorem and Sobolev embedding theorems dis-
cussed in the next section, carry over to Sobolev spaces of positive real order
introduced here. The introduction of the spaces W*#P () in this text serves
two purposes: As a preparation for the definition of Sobolev spaces over
boundaries and for a more precise statement of Sobolev trace theorems.
Therefore, we will not give detailed discussions of the properties of the
spaces W*P(Q). An interested reader can consult [137, Chapter 4, Part IJ.

The space C5°(£2) does not need to be dense in W*?(Q). So we introduce
the following definition.
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Definition 7.2.11 Let s > 0. Then we define W3*(Q) to be the closure

of the space C§°(2) in W=P(Q2). When p = 2, we have a Hilbert space
s _ s,2

H§(Q) = Wy (Q).

With the spaces W (£2), we can then define Sobolev spaces with nega-
tive order.

Definition 7.2.12 Let s > 0, either an integer or a non-integer. Let p €
[1,00) and denote its conjugate exponent p’ defined by the relation 1/p +
1/p = 1. Then we define W= (Q) to be the dual space of WP (Q). In
particular, H=5(Q) = W~52(Q).

On several occasions later, we need to use in particular the Sobolev space
H~1(Q), defined as the dual of H}(Q). Thus, any ¢ € H () is a bounded
linear functional on H{ (€):

6] < M |lvl] Vv e Hy(R).

The norm of 7 is

(v
[/ Pyp——
vEHE(Q) HUHH(}(Q)

Any function f € L?*(Q) naturally induces a bounded linear functional
f € HY(Q) by the relation

(f,v)z/ﬂfvdx Yo € Hy(Q).

Sometimes even when f € H~'(Q)\L*(Q), we write [, f v dz for the dual-
ity pairing (f, v) between H~1(Q) and H} (), although integration in this
situation does not make sense.

It can be shown that if £ € H~1(2), then there exist L?*(Q) functions /o,
..., £q, such that

d
L(v) = /Q (Eov + Z&»vm) dr Yov € Hy(RQ).

i=1

Thus formally (or in the sense of distributions),

d
ol
z_ﬁo—;axi,

i.e., H=1(Q) functions can be obtained by differentiating L?(2) functions.
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7.2.3  Sobolev spaces over boundaries

To deal with function spaces over boundaries, we introduce the following
Sobolev spaces.

Definition 7.2.13 Let k > 0 be an integer, o € (0,1], s € [0,k + o] and
p € [1,00). Assume a set of local representations of the boundary given by

00N B(xy,r;) ={x € B(x,ri) | xa = gi(x1, ..., 2q-1)}

fori=1,...,1I, with open D; C R~ the domain of g;; and assume every
point of O lies in at least one of these local representations. We assume
gi € CP(Dy) for all i. A decomposition of OQ into a finite number I of
such sub-domains ¢;(D;) is called a “patch system”. For s < k + «, we
define the Sobolev space WP (9Q) as follows:

WeP(0Q) = {ve L*(090) |vog € WHP(D;), i =1,...,1}.
The norm in W*P(99) is defined by
||UHW-w(aQ) = miaX |vo giHW@%P(Di)'

Other definitions equivalent to this morm are possible. When p = 2, we
obtain a Hilbert space H*(02) = W*2(9Q).

Later on, we will mainly use the space HY/2(9€), which is further elab-

orated in Subsection 7.3.4.

Exercise 7.2.1 Show that for non-negative integers k and real p € [1, 00|, the
quantity || - [lyyk.p (o) defines a norm.

Exercise 7.2.2 For the sequence {u,} of zigzag functions illustrated in Figure
7.7, show that as n — oo,

lunllzz0,1) = 0, lunllz20,1) — o

Exercise 7.2.3 Consider the function
2
z°, 0<z <1,

f(x)’{:zf‘, 1<z<0.

Determine the largest possible integer k for which f € H*(—1,1).

Exercise 7.2.4 Show that C*(Q) ¢ W**(Q) for any p € [1, o0].

Exercise 7.2.5 Is it true that C*°(Q) C WP (Q)?
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n—1/2

FIGURE 7.7. Zigzag function for Exercise 7.2.2

Exercise 7.2.6 Show that there exists a constant ¢ depending only on k such
that
k
HUUHHk(sz) < C||u||ck<ﬁ)”’UHHk(sz) Vu,v € H*(Q).

Hint: Use the formula

0% (w) =Y ( g )a"uaa—%.

B

This formula, for both classical derivatives and weak derivatives, can be proved by
an inductive argument. See Section 1.4 for the meaning of the quantities involving
multi-indices.

Exercise 7.2.7 Prove the relation (7.2.1).

Exercise 7.2.8 Continuing Example 7.2.5, discuss whether it is possible to have
a discontinuous function that belongs to W27 (Q).

7.3 Properties

We collect some important properties of the Sobolev spaces in this section.
Most properties are stated for Sobolev spaces of nonnegative integer order,
although they can be extended to Sobolev spaces of real order. We refer
to Sobolev spaces of real order only when it is necessary to do so, e.g.,
in presentation of trace theorems. Properties of the Sobolev spaces over
boundaries are summarized in [137, Chapter 4, Part I].

7.3.1 Approximation by smooth functions

Inequalities involving Sobolev functions are usually proved for smooth func-
tions first, followed by a density argument. A theoretical basis for this
technique is density results of smooth functions in Sobolev spaces.
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Theorem 7.3.1 Assume v € WFP(Q), 1 < p < oo. Then there exists a
sequence {v,} C C>=(Q) N WkP(Q) such that

lvn —v|lkp — 0 asn — oo.

Note that in this theorem the approximation functions v, are smooth
only in the interior of 2. To have the smoothness up to the boundary of
the approximating sequence, we need to make a smoothness assumption on
the boundary of €.

Theorem 7.3.2 Assume ) is a Lipschitz domain, v € Wkr(Q),1<p<
00. Then there exists a sequence {v,} C C°°(Q) such that

[l —v|lkp — 0 asn — oo.

Proofs of these density theorems can be found, e.g., in [78].

Since C*(Q)) c Ck(Q) ¢ WkP(Q), we see from Theorem 7.3.2 that
under the assumption €2 is Lipschitz continuous, the space W*P?(Q) is the
completion of the space C*°(Q) with respect to the norm || - ||1.,-

From the definition of the space W(f P(Q), we immediately obtain the
following density result.

Theorem 7.3.3 For any v € Wf’p(Q), there exists a sequence {v,} C
C§° () such that

lvn —v|kgp — 0 asn — oo.

The definitions of the Sobolev spaces over €) can be extended in a straight-
forward fashion to those over the whole space R? or other unbounded do-
mains. When Q = R?, smooth functions are dense in Sobolev spaces.

Theorem 7.3.4 Assume k > 0, p € [1,00). Then the space C§°(R?) is
dense in WkP(R?).

7.3.2 Extensions

Extension theorems are also useful in proving some relations involving
Sobolev functions. A rather general form of extension theorems is the fol-
lowing universal extension theorem, proved in [211, Theorem 5, p. 181].

Theorem 7.3.5 Assume Q is an open half-space or a Lipschitz domain
in R®. Then there is an extension operator E such that for any non-
negative integer k and any p € [1,00], E is a linear continuous operator
from WHFP(Q) to WkEP(RY); in other words, for any v € WP (), we have
Eve WFP(RY), Bv=v in Q, Ev is infinitely smooth on RN\, and

| Bvllwr.pmay < cllvllwre)

for some constant ¢ independent of v.
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Notice that in the above theorem, the extension operator E works for all
possible values of k and p. In Exercise 7.3.2, we consider a simple extension
operator from W*?(R%) to W*P(R?), whose definition depends on the
value k.

7.3.3  Sobolev embedding theorems

Sobolev embedding theorems are important, e.g. in analyzing the regularity
of a weak solution of a boundary value problem.

Definition 7.3.6 Let V and W be two Banach spaces with V. C W. We
say the space V is continuously embedded in W and write V. — W, if

lollw <clvlly YveV. (7.3.1)

We say the space V is compactly embedded in W and write V. —— W if
(7.3.1) holds and each bounded sequence in'V has a subsequence converging
n W.

If V. — W, the functions in V are more smooth than the remaining
functions in W. A simple example is H*(Q) — L2?(Q) and H'(Q) ——
L?(Q). Proofs of most parts of the following two theorems can be found in
[78]. The first theorem is on embedding of Sobolev spaces, and the second
on compact embedding.

Theorem 7.3.7 Let Q C R? be a Lipschitz domain. Then the following
statements are valid.

(a) If k < d/p, then W*P(Q) — LU(Q) for any q < p*, where p* is
defined by 1/p* =1/p—k/d.

(b) If k = d/p, then WFP(Q) — LI(Q) for any q < oc.
(¢) If k > d/p, then
WkP(Q) — Ck—[d/p]—lﬂ(g)’
where

8= [d/p] +1—d/p, if d/p # integer,
any positive number < 1, if d/p = integer.

In the theorem, [x] denotes the integer part of z, i.e. the largest integer
less than or equal to . We remark that in the one-dimensional case, with
= (a,b) a bounded interval, we have

WP (a,b) < Cla,b]

forany k> 1,p > 1.
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Theorem 7.3.8 Let Q C R? be a Lipschitz domain. Then the following
statements are valid.

(a) If k < d/p, then WFP(Q) << LY(Q) for any q < p*, where p* is
defined by 1/p* =1/p—k/d.

(b) If k = d/p, then WFP(Q) << LI(Q) for any q < co.
(¢) If k> d/p, then
WEP(Q) eses CRI/PI=10(Q),

where 5 € [0,[d/p| +1—d/p).

How to remember these results? We take Theorem 7.3.7 as an example.
The larger the product kp, the smoother the functions from the space
WkP(Q). There is a critical value d (the dimension of the domain ) for this
product such that if kp > d, then a W"P(Q) function is actually continuous
(or more precisely, is equal to a continuous function a.e.). When kp < d,
a WkP(Q) function belongs to LP () for an exponent p* larger than p.
To determine the exponent p*, we start from the condition kp < d, which
is written as 1/p — k/d > 0. Then 1/p* is defined to be the difference
1/p—k/d. When kp > d, it is usually useful to know if a W*P(Q) function
has continuous derivatives up to certain order. We begin with

WEP(Q) — C(Q) if k> d/p.

Then we apply this embedding result to derivatives of Sobolev functions;
it is easy to see that

WkP(Q) — CYQ) if k—1>d/p.

As some concrete examples, for a two-dimensional Lipschitz domain €2,
HY(Q) —— L1(Q) V1 < ¢ < oo and H?(Q) < C(Q). So in particular,
a sequence bounded in H'(Q) has a subsequence that converges in L?(12),
and a sequence bounded in H?(f2) has a subsequence that converges in
C(Q). For a three-dimensional Lipschitz domain Q, H!(Q) < L9(Q)
V1<q<6, H(Q) — L5(Q), and H?(Q) —— C(Q).

A direct consequence of Theorem 7.3.8 is the following compact embed-
ding result.

Theorem 7.3.9 Let k and | be non-negative integers, k > [, and p €
[1,00]. Let Q C R be a non-empty open bounded Lipschitz domain. Then
WHEP(Q) esems WHP(Q).
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7.3.4 Traces

Sobolev spaces are defined through LP(€2) spaces. Hence Sobolev functions
are uniquely defined only a.e. in 2. Now that the boundary I" has measure
zero in R?, it seems the boundary value of a Sobolev function is not well-
defined. Nevertheless it is possible to define the trace of a Sobolev function
on the boundary in such a way that for a Sobolev function that is continuous
up to the boundary, its trace coincides with its boundary value.

Theorem 7.3.10 Assume Q is a Lipschitz domain in R?, 1 < p < oco.
Then there exists a continuous linear operator v : WHP(Q) — LP(T') with
the following properties:

(a) yv =v|r if v € WEP(Q) N C(Q).
(b) For some constant ¢ > 0, [|yv|| Loy < ¢ [vllwip) Yv € WHP(Q).

(c) The mapping v : WHP(Q) — LP(T) is compact; i.e., for any bounded
sequence {v,} in WP (Q), there is a subsequence {vn'} C {v,} such
that {yvn} is convergent in LP(T").

The operator v is called the trace operator, and yv can be called the
generalized boundary value of v. The trace operator is neither an injection
nor a surjection from W1?(Q) to LP(T'). The range v(WP(€)) is a space
smaller than LP(T), namely W'=1/P?(T), a positive order Sobolev space
over the boundary. Usually we use the same symbol v for the trace of
ve HY Q).

As a consequence of Theorem 7.3.10, if v,, — v in H(Q), then v,, — v
in L2(T).

When we discuss weak formulations of boundary value problems later in
this book, we need to use traces of the H'(§) functions. These traces form
the space H'/2(I'); in other words,

HY?(T) = ~(H'()).
Correspondingly, we can use the following as the norm for H'/?(T):

Hg||H1/2(p) = in1f H’UHHl(Q). (7.3.2)
veH" ()
yv=g

In studying boundary value problems, necessarily we need to be able to
impose essential boundary conditions properly in formulations. For second-
order boundary value problems, essential boundary conditions involve only
function values on the boundary, so Theorem 7.3.10 is sufficient for the
purpose. For higher-order boundary value problems, we need to use the
traces of partial derivatives on the boundary. For example, for fourth-order
boundary value problems, any boundary conditions involving derivatives
of order at most one are treated as essential boundary conditions. Since
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a tangential derivative of a function on the boundary can be obtained by
taking a differentiation of the boundary value of the function, we only need
to use traces of a function and its normal derivative.

Let v = (v1,...,v4)T denote the outward unit normal to the boundary
[ of Q. Recall that if v € C1(Q), then its classical normal derivative on the

boundary is
d

ov 87}
o Z 83:1
The following theorem ([98]) states the fact that for a function from certain

Sobolev spaces, it is possible to define a generalized normal derivative which
is an extension of the classical normal derivative.

Theorem 7.3.11 Assume € is a bounded open set with a C*' boundary
. Assume 1 <p < oo, s—1/p>1is not an integer, and k > s — 1. Then
there exist unique bounded linear and surjective mappings o : WP (Q) —
We=VP2(T) and vy : WP(Q) — W= 1=V/P2(T) such that yov = v|r and
10 = (Ov/Ov)|r when v € WP(Q) N CL(Q).

7.3.5  Equivalent norms

In the study of weak formulations of boundary value problems, it is con-
venient to use equivalent norms over Sobolev spaces or Sobolev subspaces.
There are some powerful general results, called norm equivalence theorems,
for the purpose of generating various equivalent norms on Sobolev spaces.
Before stating the norm equivalence results, we recall the seminorm defined
by

1/p

olope = /Z 00| da

lo|=k
over the space W*P?(Q) for p < co. It can be shown that if € is connected
and |v|kp0 =0, then v € Pr_1(Q).

Theorem 7.3.12 Let Q C R be a Lipschitz domain, k > 1,1 < p <
00. Assume f; : WFP(Q) — R, 1 < j < J, are seminorms on WH? ( )
satisfying two conditions:

(H1) 0 < fi(v) < clvllppa YoeWrP(Q), 1 <5< J.
(H2) Ifv e Pr_1(Q) and fj(v) =0,1<j<J, thenv=0.

Then the quantity
J
kpot+ > fi(v) (7.3.3)

j=1

o]l = Jv
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or
1/p

J
ol = [l 0+ fi(v)” (7.3.4)
j=1

defines a norm on WEP(Q), which is equivalent to the norm ||[v|k .-

Proof. We prove that the quantity (7.3.3) is a norm on W*? () equivalent
to the norm ||v||x,p,o. The statement on the quantity (7.3.4) can be proved
similarly or by noting the equivalence between the two quantities (7.3.3)
and (7.3.4).

By the condition (H1), we see that for some constant ¢ > 0,

o]l < cllvllkpe VoeWEP(Q).
So we only need to show that there is another constant ¢ > 0 such that
[vllkpe < cllvll Voe WhP(Q).

We argue by contradiction. Suppose this inequality is false. Then we can
find a sequence {v,} C W*P(Q) with the properties

[vnllkpo =1, (7.3.5)
[vall < 1/n (7.3.6)
forn=1,2,.... From (7.3.6), we see that as n — oo,
|Un|k,p,Q —0 (737)
and
filon) =0, 1<j<J (7.3.8)

Since {v,} is a bounded sequence in W*?(Q) from the property (7.3.5),
and since
WhD(Q) s W10 (),

there is a subsequence of the sequence {vy,}, still denoted as {v,}, and a
function v € Wk=1P(Q) such that

vy — v in WFLP(Q), as n — oc. (7.3.9)

This property and (7.3.7), together with the uniqueness of a limit, imply
that
vy — v in WFP(Q), as n — oo

and

V]k,p,0 = Hm [vpkp0 =0.
n—oo
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We then conclude that v € Pr_1(Q2). On the other hand, from the continuity
of the functionals { f;}1<j<s and (7.3.8), we find that

fi(v) = lim fi(v,) =0, 1<j<J.

Using the condition (H2), we see that v = 0, which contradicts the relation
that
[0]lkp0 = Hm |lon[lkp.o = 1.
n—oo

The proof of the result is now completed. O

Notice that in Theorem 7.3.12, we need to assume {2 to be connected.
This assumption is used to guarantee that from |v|g .o = 0 we can conclude
that v is a (global) polynomial of degree less than or equal to k& — 1. The
above proof of Theorem 7.3.12 can be easily modified to yield the next
result.

Theorem 7.3.13 Let Q be an open, bounded set in R with a Lipschitz
boundary, k > 1,1 < p < co. Assume f; : WFP(Q) - R, 1< j < J, are
seminorms on WP (Q) satisfying two conditions:

(H1) 0< fi(v) <cllvllgpa YveWrP(Q), 1 <5< J.
(H2) If [v|kpo =0 and fj(v) =0, 1< j <.J, thenv =0.

Then the quantities (7.3.3) and (7.3.4) are norms on W*P(Q), equivalent
to the norm ||v||k.p.a-

We may also state the norm-equivalence result for the case where 2 is a
union of separated open connected sets.

Theorem 7.3.14 Let Q be an open, bounded set in R%, Q = UxeaQx with
each Qy having a Lipschitz boundary, QxNQ, =0 for X # p. Let k > 1,
1 < p < oo. Assume fj : Wk’p(Q) — R, 1< j < J, are seminorms on
WHkP(Q) satisfying two conditions:

(H1) 0 < fi(v) < c||v|kpa Vv e WrP(Q), 1 <5< J.
(H2) Ifvla, € Pie1(Qr), VAEA, and fj(v) =0,1 <5 < J, then v =0.

Then the quantities (7.3.3) and (7.3.4) are norms on W*P(Q), equivalent
to the norm ||v||k.p.a-

Many useful inequalities can be derived as consequences of the previous
theorems. We present some examples below.

Example 7.3.15 Assume €2 is an open, bounded set in R? with a Lipschitz
boundary. Let us apply Theorem 7.3.13 with k=1, p=2,J =1 and

fito) = [ folds
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We can then conclude that there exists a constant ¢ > 0, depending only
on {2 such that

lvlie < cflolie + ollom]  Yve HY(Q).
Therefore, the Poincaré-Friedrichs inequality holds:
lvlia <clvhia Yve Hi(Q). (7.3.10)

From this inequality it follows that the seminorm |-|; o is a norm on H}(Q),
equivalent to the usual H'(Q)-norm. O

An extension of the inequality (7.3.10) is discussed in Exercise 7.3.5.

Example 7.3.16 Let Q C R? be a Lipschitz domain. Assume I'y is an
open, non-empty subset of the boundary I'. Then there is a constant ¢ > 0,
depending only on €2, such that

vl < cllvlie + vllry]  Yve HY(Q).

This inequality can be derived by applying Theorem 7.3.12 with k£ = 1,
p=2,J=1and

filv) = |v| ds.
To
Therefore,
lllne < clvle Yoe Hp (Q),
where
H () ={ve H'(Q) | v=0ae. onTo}
is a subspace of H*(). O

Some other useful inequalities, however, cannot be derived from the norm
equivalence theorem. One example is

[v]l2.0 < c|Avjoa Vv e H*(Q)NH(Q) (7.3.11)

which is valid if € is smooth or is convex. This result is proved by using a
regularity estimate for the (weak) solution of the boundary value problem
(see [78])
—Au=f inQ,
u=0 onl.
Another example is Korn’s inequality useful in theoretical mechanics.

Let Q be a Lipschitz domain in R3. Given a function u € [H*(Q)]?, the
linearized strain tensor is defined by

e(u) = % [Vu+ (Vu)'];
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in component form,
1
Eij(u):§(8xiuj+8xjui), 1<4,5 <3.
Let I'y be a measurable subset of 92 with meas (I'g) > 0, and define
[HE () ={ve [H(Q)]? |lv=0ae. onTy}.

Korn’s inequality states that there exists a constant ¢ > 0 depending only
on 2 such that

T — c/Q\s(v)Fdx Vo e [HE, (). (7.3.12)

A proof of Korn’s inequality can be found in [143] or [177].

7.83.6 A Sobolev quotient space

Later in error analysis for the finite element method, we need an inequality
involving the norm of the Sobolev quotient space

V = WhLR(Q) /By(Q)
={[] | o] = {v+aq|q€Pr()}, ve WHIP(Q)}.
Here k > 0 is an integer. Any element [v] of the space V is an equivalence
class, the difference between any two elements in the equivalence class being

a polynomial in the space Pr(€2). Any v € [v] is called a representative
element of [v]. The quotient norm in the space V is defined to be

= inf .
IBllv = inf o+ allesn

Theorem 7.3.17 Assume 1 < p < co. Let Q C R? be a Lipschitz domain.
Then the quantity |v|g1,p.0, YU € [v], is @ norm on V, equivalent to the
quotient norm ||[v]|lv.

Proof. Obviously, for any [v] € V and any v € [v],

= inf > .
0% R v+ qllk+1,p.0 = [V]k+1,p,0

Thus we only need to prove that there is a constant ¢, depending only on
Q, such that

inf v+ qllir1p0 < cPlirrpo Vo€ WHHP(Q). (7.3.13)
qEePL(2)

Denote N = dim (P, (2)). Define N independent linear continuous function-
als on P (Q), the continuity being with respect to the norm of W*+17(Q),
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By the Hahn-Banach theorem, we can extend these functionals to lin-
ear continuous functionals over the space W*+LP(Q), denoted by fi(-),
1 <@ < N, such that for g € P(2), fi(q) =0, 1 <1i < N, if and only if
q=0. Then |f;(-)], 1 <4 < N, are seminorms on W*+12(Q) satisfying the
assumptions of Theorem 7.3.12. Applying Theorem 7.3.12, we have

N
[ollk+1p.0 <€ [vkﬂ,p,ﬂ + fi(v)ll Vo e WHLP(Q).

i=1

Since f;, 1 < ¢ < N, are linearly independent on P (2), for any fixed
v € WHHLP(Q), there exists ¢ € Px(f2) such that fi(v+¢q) =0,1<i < N.
Thus,

v+ qlleripo <c

N
0+ dlripo + > 10+ @)l = cloleripo,

i=1

and hence (7.3.13) holds.
Tt is possible to prove (7.3.13) without using the Hahn-Banach theorem.
For this, we apply Theorem 7.3.12 to obtain the inequality

0%v(x) dx
Q

[olli+1p0 < ¢ |olsipa+ D Vo e WHhP(Q).

la|<k

Replacing v by v + ¢ and noting that 9%g = 0 for || = k + 1, we have

v+ gllktipe < |lolripa+ Y

/Qaa(v +q)dx

2 (7.3.14)
Vo € WHLP(Q), ¢ € Pr(Q).
Now construct a polynomial § € P () satisfying
/ 0%(v+q)de =0 for |a| <k. (7.3.15)
Q
This can always be done: Set |a| = k, then 0P equals a1!--- 4! times

the coefficient of ® = z{* --- x5, so the coefficient can be computed by
using (7.3.15). Having found all the coefficients for terms of degree k, we
set |a] = k—1, and use (7.3.15) to compute all the coefficients for terms of
degree k — 1. Proceeding in this way, we obtain the polynomial § satisfying
the condition (7.3.15) for the given function v.

With ¢ = g in (7.3.14), we have

inf |[v+qllkrip0 < v+ @lrtipo < v,
qEPk(Q)

from which (7.3.13) follows. O
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Corollary 7.3.18 For any Lipschitz domain Q C R?, there is a constant
¢, depending only on €, such that

inf |l +pllrria < clvlprie Yo e HHQ). (7.3.16)
pEPk(Q)

Exercise 7.3.1 Assume () is a Lipschitz domain, v € W’”’(Q), k > 0 integer,
1 < p < co. Show that there exists a sequence of polynomials {v, }»>1 such that

llv —vn|lkp — 0 asn — oco.

Hint: Apply Theorem 7.3.2 and recall Exercise 3.1.8.

Exercise 7.3.2 It is possible to construct a simple extension operator when the
domain is a half-space, say RY = {x € R? | z4 > 0}. Let £ > 1 be an integer,
p € [1,00]. For any v € WF?(R), we define

[ va), e RY,
Ev(x) = { Zf;é cjv(1y .. a1, —22q), =€ RNRYL,

where the coefficients co, ..., cx—1 are determined from the system

e
s

(=2 =1, i=0,1,...,k—1.

<
Il
o

Show that Ev € WHP(RY), and E is a continuous operator from W*?(R%) to
WFhP(RY).

Exercise 7.3.3 In general, an embedding result (Theorems 7.3.7, 7.3.8) is not
easy to prove. Nevertheless, it is usually not difficult to prove an embedding result
for one-dimensional domains. Let —co < a < b < oo, p > 1, and let g be the
conjugate of p defined by the relation 1/p+1/¢ = 1. Prove the embedding result
WP (a,b) — C%Y9(a,b) with the following steps.

First, let v € C'[a, b]. By the Mean Value Theorem in Calculus, there exists a
¢ € [a, b] such that

b
/ v(z)dz = (b—a)v(&).
Then we can write

1 b
“b-al,

v(z) v(s)ds + /; v'(s)ds,

from which it is easy to find
lo(z)] < cllvllwip@y Yo €la,b].

Hence,
[vllcta,n < cllvllwieap-
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Furthermore, for x # v,

[v(z) —v(y)| =

b 1/p
<o -yl [ / \v’<s>|l’ds} .

/yz v'(s)ds

HUHCDvl/‘I(a,b) <c Hvuwlwp(a,b) Vuec! [a, b].

Therefore,
Second, for any v € WP (a,b), using the density of C'[a,d] in WP (a,b), we
can find a sequence {v,} C C'[a,b] such that
lvn = vllwip(ap — 0 asn— oo.
Apply the inequality proved in the first step,

[[vm — Un“c&l/q(a,b) <cllvm = vnllwipap — 0 asm,n — oo.

So {v,} is a Cauchy sequence in C%1/9(a, b). Since the space C*1/9(a, b) is com-
plete, the sequence {v, } converges to some v in Co’l/q(a, b). We also have v, — v
a.e., at least for a subsequence of {v, }. By the uniqueness of a limit, we conclude
U = .

Exercise 7.3.4 Prove Theorem 7.3.9 by applying Theorem 7.3.8.

Exercise 7.3.5 Assume Q C R? is bounded along the direction of one axis,
p € [1,00). Prove the Poincaré inequality

vl (@) < clVolle@) Vv € Wyt (Q).

Hint: Due to the density of C§°(€) in W, (), it is sufficient to prove the
inequality for v € C§°(Q2). With a change of the coordinate system if necessary,
we may assume for some £ > 0 that Q € R?~! x (—¢,¢). Extend v by zero outside

Q and write
U( ) 91) ( - )
T Lly---y Td—1,% dZ

Exercise 7.3.6 Let Q@ C R? be a Lipschitz domain, 1 < p < co. Then there
exists a constant ¢ > 0 such that

||U — msl(U)HLp(Q) <c HVUHLp(Q) Vo e Wl’p(Q),

where

1
ma(v) = Teas()) /Qv(m) dx

is the mean value of v over 2. This result is termed Poincaré-Wirtinger inequality.

Exercise 7.3.7 Let Q C R? be a Lipschitz domain with boundary T'. Assume
I'o C T is such that meas(I'o) > 0. Define

H? (Q) = {v € H*(Q) | v =09v/dv = 0 a.e. on To}.
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Prove the following inequality
[v]|2,0 < clv]2,0 Vv e H%O(Q).

This result implies that under the stated assumptions, |v
which is equivalent to the norm ||v|2,q.

2,0 is anorm on H7 (1),

Exercise 7.3.8 Define a subspace of H2(a7 b):
V = {ve H*(a,b) | v(a) =0, v'(b) + gu(b) = 0},

where g € R. Discuss whether |v|g2, ;) defines a norm over V' which is equivalent
to (vl zr2q,p)-

Exercise 7.3.9 Apply the norm equivalence theorems to derive the following
inequalities, stating preciously assumptions on 2:

[v]j1,p.0 <c (|U|1,p,gz + ‘/ vdacD Vo e WhP(Q),
Qo

if Qo C Q, meas(Qo) > 0;

[vll1.p.0 < c[[vlip0+ vle@] YveWHP(Q),
if ' C T, measq—1(I") > 0.

[ollips < clohipa Vve Wy?(9Q).

Can you think of some more inequalities of the above kind?

Exercise 7.3.10 Let Q C R? be a Lipschitz domain, I'y C T’ a non-trivial part
of the boundary, i.e., measq—1(I'o) > 0. Assume 1 < p < oco. Show that there
exist two positive constants c1 and ¢ such that if u,v € W?(Q) with u = v on
I, then

[ulip.0 = callullipe = c2fv]lip.o.-

Exercise 7.3.11 In some applications, it is important to find or estimate the
best constant in a Sobolev inequality. For example, let 2 be a Lipschitz domain,
and let 'y and I's be two disjoint, nonempty open subsets of the boundary I.
Then there is a Sobolev inequality

[ollz2ry) < ellVollrz) Yo € Hry(Q).

By the best constant ¢ of the inequality, we mean that co is the smallest constant
such that the inequality holds. The best constant ¢y can be characterized by the
expression

co = sup{||vllp2(r,)/IIVVllL2() [ v € H%Q(Q)}

Show that co = 1/+/A1 where A1 > 0 is the smallest eigenvalue of the eigenvalue
problem

u € Ht,(Q), Vu-V'Udas:)\/ uvds Yo € Hp, ().

Q r,
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Hint: To do the last part of the exercise, first show the existence of 0 # u €
H{, () such that

co = |lullp2 oy / IVl L2 ) -
This is shown through a sequence {v,} C Ht, () with [|[Vun| 2 = 1 and
[vnllz2(r,y — co. A subsequence of {v,} converges weakly in H'(Q2) and strongly
in L*(I"1) to u € H{,(2). Then, with this u, for any v € Hf,(€2), the function

F) = lu+ tollza g, /IV (u+ 1) |12 (q)

has a maximum at t = 0; this leads to the conclusion that u is an eigenfunc-
tion corresponding to the eigenvalue \;. Finally, show the existence of a smaller
eigenvalue leads to a contradiction.

Exercise 7.3.12 Determine the best constant in the Poincaré—Friedrichs in-
equality
[vllL2(ap) < cllvl2@p YvEV
for each of the following spaces:
V = Hy(a,b),
V = Hy(a,b) = {v € H'(a,b) | v(a)
V= H&)(a,b) ={ve H'(a,b) | v(b

0}7
=0}

Exercise 7.3.13 Let Q C II¢,(0,1;) be a Lipschitz domain in R?. Recall the
Poincaré inequality:

~

[vllz2 (o) < clIVoll2i) Vv € Ho(R).

Show by an elementaryu argument that we may take ¢ = (1/v/2) minj<i<ql;.
—1/2
Show with a more delicate argument that ¢ = 7~ * (Zle I 2) .

Hint: Extend v by value zero on Q0\Q, where Qo = II&_, (0,1;). Then v € Hj(Qo),
and it is sufficient to prove the results for € = €.

Exercise 7.3.14 In Exercises 7.3.11 and 7.3.12, the best constant of an inequal-
ity is related to a linear eigenvalue boundary value problem. In some other ap-
plications, we need the best constant of an inequality, which can be found or
estimated by solving a linear elliptic boundary value problem. Keeping the nota-
tions of Exercise 7.3.11, we have the Sobolev inequality

ol < cllVulliz@ Yo € Hiy ().
The best constant ¢y of the inequality can be characterized by the expression
1
co = sup{[[vllpi(ry)/IIVVllL2@) | v € Hr, ()}
Show that
1/2
Co = HVUHLZ(Q) = ||u||L1(F1)’

where, u is the solution of the problem
u € HE, (Q), /Vu~Vvd:r:/ vds Yov € Hp,(Q).
Q ry

Hint: Use the result of Exercise 7.1.5 (see [110, Section 1.5] or [108]).
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7.4 Characterization of Sobolev spaces via the
Fourier transform

When Q = R?, it is possible to define Sobolev spaces H*(R?) by using
the Fourier transform. All the functions in this section are allowed to be
complex-valued. A review on the theory of the Fourier transform is given
in Section 4.2. For v € L'(RY), its Fourier transform is

1

Ful) = s /R exp(—iz - £) v(x) dz,

and the inverse Fourier transform is
1

Flo(x) = W /Rd exp(ix - &)v(€)dE.

By (4.2.16) and (4.2.17), these two formulas are valid also for v € L%(R?),
in the sense given in (4.2.14) and (4.2.15). We recall the important property

F(0%v)(€&) = (i&)“Fou(€) if 9%v € L*(RY).
It is then straightforward to show the next result.

Theorem 7.4.1 A function v € L*(R?) belongs to H*(R?) if and only if
(1 + €122 Fv € L2(RY). Moreover, there exist ¢y, co > 0 such that

clvll ey < [I(1+ |£|2)k/2fv”L2(Rd) < collvl|gr(may Vv € Hk(Ig&d) )
7.4.1

Thus we see that ||(1 + \£\Q)k/2}'vHLz(Rd) is a norm on H*(R?), which
is equivalent to the canonical norm ||v|| gk ge). Other equivalent norms can
also be used, e.g., (1 + |&])Fv| r2ra) or [|[(1+ [€)FFollr2@a). So it is
equally well to define the space H*(R?) as

H*(RY) = {v e L2RY) | (1 + |¢2)F/2Fv e L*(RY)}.

We notice that in this equivalent definition, there is no need to assume k to
be an integer. It is natural to define Sobolev spaces of any (positive) order
s>0:

H*(RY) = {v e L*(RY) | (1 + |€]*)*/2Fv € LA(R?)} (7.4.2)

with the norm
Hv||H~*(Rd) = [|(1 + \5\2)5/2}-”||L2(Rd)

and the inner product

()i = [ (14 €F)"Ful) Fofe) de.
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In particular, when s = 0, we recover the L%(R?) space: H?(R%) = L?(R9).

Actually, the definition of the Fourier transform can be extended to dis-
tributions of slow growth which are continuous linear functionals on smooth
functions decaying sufficiently rapidly at infinity (see Section 4.2 or [210]
for detailed development of this subject). Then we can define the Sobolev
space H*(R?) for negative index s to be the set of the distributions v of
slow growth such that

0] o ray = (1 + 1€12)*/2 Fol| L2 ey < oo

We can combine the extension theorem, the approximation theorems and
the Fourier transform characterization of Sobolev spaces to prove some
properties of Sobolev spaces over bounded Lipschitz domains.

Example 7.4.2 Let Q C R? be a Lipschitz domain. Assume k > d/2.
Prove H*(Q) — C(Q), i.e.,

Hv||c(§) <c ||vHHk(Q) Vo e Hk(Q) (7.4.3)

Proof. STEP 1. We prove (7.4.3) for Q = R? and v € C§°(RY). We have

o(@) = —— /R exp(im - €)Fo(€) de

&
Thus
@) <c [ IFo©)ds

:C/ (1+ [€P)*2Fu(€)]
re (L4 [€2)F2

dg

1/2

<e[[avierrra] " [[ avierrimera

. [ [a+ £2>’“|fv<£>2df} "

where we used the fact that

1 oo d-1
TrEmr & =wir | may if ly if 2
/Rd(l—&—\éP)kdE wd 1/0 (1+T2)kdr<001 and only if k& > d/

(wg—1 denotes the (d —1)-dimensional Lebesgue measure of the unit sphere
in R?). Hence,

[ollcray < cllvllgr@ey Vv € CG(RY).

STEP 2. Since C§°(RY) is dense in H*(IR?), the relation (7.4.3) holds for
any v € H¥(RY).
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STEP 3. We now use the extension theorem. For any v € H*(Q2), we can
extend it to Ev € H*(R?) with

£ e may < ellvllmw @
Therefore,
[vllc@) < 1Evlcgey < cllEv]lgrgay < cllv]l @)

Thus we have proved (7.4.3). O

Example 7.4.3 Let Q C R? be a Lipschitz domain. Then
1 2 1 2
lolleq < ellolyag ol kg Vo e HAQ). (7.4.4)

Proof. As in the previous example, it is sufficient to show (7.4.4) for the
case Q = R? and v € C§°(2). For any A > 0,

p@) <c| [ 1Fote) dsr

. U (1+ A EP)¥2Fu(E)]
re (L4 A[g2)42

2\d 2 2\—d
<o [ AR Fu@Rds [ (4R s

<o [, IF0@F + X1+ 1) Fo(@)R] de

= ¢ [N 0l gy + AV 0l oy |

2
dg]

Taking
2/d
A= U|U||L2(Rd)/”UHHd(Rd)] )

we then get the required inequality. O
Exercise 7.4.1 Let v(z) be a step function defined by: v(z) = 1 for = € [0, 1],
and v(z) = 0 for = ¢ [0, 1]. Find the range of s for which v € H*(R).

Exercise 7.4.2 As a part of a proof of Theorem 7.4.1, show that there exist
constants ci,ca > 0 such that

1/2 1/2
a | DI <a+EP) < D € vee R
|o| <k || <k

Exercise 7.4.3 Provide a detailed argument for Step 2 in the proof of Example
7.4.2.



7.5 Periodic Sobolev spaces 311

Exercise 7.4.4 From the Sobolev embedding theorem, we know that H*(f2) —

C(Q2) whenever s > d/2. For s € (d/2,d), derive an inequality of the form (7.4.4)
for v e H*(Q).

Exercise 7.4.5 Let o € [0, 1]. Show the Sobolev space interpolation inequality:

o 1—0o 1 d
[0l e ey < 071 @ay |0l 2 gay Vv € H(RT).

More generally, let so < s1 be two real numbers, and let s, = o s1+ (1 —0)so
for some o € [0, 1]. Then the following interpolation inequality holds:

o —0o s d
||U||HS<7(1R<«1) < HWHHSI(Rd)HvH}{m(Rd) Vv e H™ (RY).
Exercise 7.4.6 Show that the formula
[Vl 55 may = 11 + [&]°)Fvll L2 Ra)

defines a norm on H*(R?%) and this norm is equivalent to the norm ]l z7= ety

7.5 Periodic Sobolev spaces

When working with an equation defined over the boundary of a bounded
and simply-connected region in the plane, the functions being discussed are
periodic. Therefore, it is useful to consider Sobolev spaces of such functions.
Since periodic functions are often discussed with reference to their Fourier
series expansion, we use this expansion to discuss Sobolev spaces of such
functions.

From Example 1.3.15, we write the Fourier series of ¢ € L%(0,27) as

oo

@(x): Z am¢m<x)

m=—00

with )
m(z) = e m=0,41,42,...

forming an orthonormal basis of L?(0, 27). The Fourier coefficients are given
by

1 27 )
am = (¢, ¥m) = \/—2—71_/0 p(x) e da.

Convergence of the Fourier series was discussed earlier in Section 4.1. Also,
for a non-negative integer k, recall that CJ(27) denotes the space of all
periodic functions on (—oo,00) with period 27 that are also k-times con-
tinuously differentiable.
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Definition 7.5.1 For an integer k > 0, H*(27) is defined to be the closure
of C¥(2m) under the inner product norm

1/2

2
L2

k
el = | Hso(j)’
=0

For arbitrary real s > 0, H*(2w) can be obtained as in earlier sections,
with the formulas of Section 7.4 being closest to the discussion given below,
especially (7.4.2).

The following can be shown without too much difficulty; e.g. see [149,
Chap. 8].

Theorem 7.5.2 For s € R, H*(2m) is the set of all series

o)=Y amthm(z) (7.5.1)
for which
lellZ, = laol* + > Im[**|am|* < co. (7.5.2)
[m|>0

Moreover, the norm |pllss is equivalent to the standard Sobolev norm
@l s for ¢ € H(27).

The norm || - ||+ s is induced by the inner product

(‘Pa P)*,s = aOgO + Z ‘m‘zsamgm
|m|>0

where © = > amthy, and p = by,

For s < 0, the space H*(27) contains series that are divergent accord-
ing to most usual definitions of convergence. These new “functions” (7.5.1)
are referred to as both generalized functions and distributions. One way
of giving meaning to these new functions is to introduce the concept of
distributional derivative, which generalizes the derivative in ordinary sense
and the weak derivative introduced in Section 7.1. With the ordinary dif-
ferentiation operator D = d/dt, we have

Dy(t) = d‘z—f) =i Y mamtn(t) (7.5.3)

m=—0oo

and D : H*(2r) — H* '(27), s > 1. The distributional derivative gives
meaning to differentiation of periodic functions in L2(0,27), and also to
repeated differentiation of generalized functions. To prove that there exists
a unique such extension of the definition of D, proceed as follows.
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Introduce the space T of all trigonometric polynomials:

T:{cpz 3 am¢m’amec, m| < n, n:O,l,...}. (7.5.4)

m=—n

It is straightforward to show this is a dense subspace of H*(27) for arbi-
trary s, meaning that when using the norm (7.5.2), the closure of T equals
H?(2r). Considering T as a subspace of H*(27), define D : T — H*~1(2n)
by

Dp=¢', peT. (7.5.5)

This is a bounded operator; and using the representation of ¢ in (7.5.4), it
is straightforward to show
D[l = 1.

Since T is dense in H*(27), and since D : T C H*(2w) — H*"(2m) is
bounded, we have that there is a unique bounded extension of D to all of
H?(27); see Theorem 2.4.1. We will retain the notation D for the extension.
Combining the representation of ¢ € T in (7.5.4) with the definition (7.5.5),
and using the continuity of the extension D, the formula (7.5.5) remains
valid for any ¢ € H*(2) for all s.

Example 7.5.3 Define

() 0, (2k—1)w<t<2km,
PUT L 2k <t < (2k+ D,

for all integers k, a so-called “square wave”. The Fourier series of this
function is given by

. o0

¢ (2k+1 2k+1)it
- [ it _ o= @RI o6 <t < 00
k=0

l\D|F—‘

which converges almost everywhere. Regarding this series as a function
defined on R, the distributional derivative of ¢(t) is

oo

k=0 j=—00

The function §(t) is the Dirac delta function, and it is a well-studied linear
functional on elements of H®(2r) for s > 1/2:

Slg] = (,0) = p(0), @€ H*(2n), s >1/2

with 6[¢] denoting the action of ¢ on . O
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7.5.1 The dual space

The last example suggests another interpretation of H*®(2w) for negative
s, that as a dual space. Let £ be a bounded linear functional on H®(27)
for some t > 0, bounded with respect to the norm || - ||;. Then using the
Riesz representation theorem (Theorem 2.5.8), we have a unique element

Ne € H_t(Qﬂ-)v Ne = Z;.j:,()o binm, with

oo (oo}

e[(p] = <(,0,’I’}/> = Z amgm for Y = Z amwm S Ht(27T) (756)

m=—0o0 m=—0o0

It is also straightforward to show that when given two such linear function-
als, say ¢1 and {5, we have

77c1Z1+02Z2 = 6177@1 + EQT}ZQ

for all scalars ¢y, ca. Moreover,

(s )| < N[l ellmelle, —

and

1l = llmell,—-
The space H~%(2m) can be used to represent the space of bounded linear
functionals on H'(27), and it is usually called the dual space for H'(2m).
In this framework, we are regarding H°(27) = L?(0,27) as self-dual. The
evaluation of linear functionals on H*(27), as in (7.5.6), can be considered
as a bilinear function defined on H!(27) x H~*(27); and in that case,

(o] < ll@llsellnelle,—e, » € H'(2m), n € H™*(2m). (7.5.7)
Define b : H!(27) x L?(0,27) — C by
b(e, ) = (p,9), ¢ € H'(2m), ¢ € L*(0,27) (7.5.8)

using the usual inner product of L?(0, 27). Then the bilinear duality pairing
(-,-) is the unique bounded extension of b(,-) to H'(27) x H*(2r), when
L?(0,27) is regarded as a dense subspace of H ~*(27). For a more extensive
discussion of this topic with much greater generality, see Aubin [27, Chapter
3].

We have considered (-,-) as defined on H!(2m) x H~%(2w) with ¢t > 0.
But we can easily extend this definition to allow ¢ < 0. Using (7.5.6), we
define

oo

(o) = > ambm (7.5.9)

m=—00

foro =" anty, in H'2r)andn=>°"_ by, in H *(27), for
any real number ¢. The bound (7.5.7) is also still valid. This extension of
(-,-) is merely a statement that the dual space for H*(27) with ¢ < 0 is just

H(2m).
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7.5.2  Embedding results

We give another variant of the Sobolev embedding theorem.

Proposition 7.5.4 Let s > k + 1/2 for some integer k > 0, and let ¢ €
H?®(2m). Then ¢ € CI’f (2m).

Proof. We give a proof for only the case k = 0, as the general case is
quite similar. We show the Fourier series (7.5.1) for ¢ is absolutely and
uniformly convergent on [0, 27]; and it then follows by standard arguments
that ¢ is continuous and periodic. From the definition (7.5.1), and by using
the Cauchy-Schwarz inequality,

oo

e < S laml

m=—0oo

= laol + ) |m|™*|m|*|am|

[m|>0

< Jao| + ¢ 3 mw S mf2fan2.
| |

m|>0 m|>0

Denoting ¢(r) the zeta function:

[M]8

1
¢(r) = —, T >1,
m:lm

we then have
()] < laol + v/2¢(25) ]l s- (7.5.10)

By standard arguments on the convergence of infinite series, (7.5.10) implies
that the Fourier series (7.5.1) for ¢ is absolutely and uniformly convergent.
In addition,

Il < [1+v/2E5)] g

Thus the identity mapping from H?®(2r) into Cp(2) is bounded. O

les, @€ H*(2m). (7.5.11)

The proof of the following result is left as Exercise 7.5.1.

Proposition 7.5.5 Let s > t. Then H*(27) is dense in H'(27), and the
identity mapping

I:H*(27) — H'(2n), I(p)=¢ for o € H*(27)

is a compact operator.
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7.5.83  Approximation results

When integrals of periodic functions are approximated numerically, the
trapezoidal rule is the method of choice in most cases. Let us explain why.
Suppose the integral to be evaluated is

I(p) = / " o(x) da

with ¢ € H*(27) and s > 1/2. The latter assumption guarantees ¢ is
continuous so that evaluation of ¢(x) makes sense for all x. For an integer
k> 1, let h =27 /k and write the trapezoidal rule as

k
Ti(p) =h Y _ o(ih). (7.5.12)

j=1
We give a nonstandard error bound, but one that shows the rapid rate of

convergence for smooth periodic functions.

Proposition 7.5.6 Assume s > 1/2, and let ¢ € H*(27). Then

4r((2s)

1(e) = Tilp)l = = llells, k=1 (7.5.13)

Proof. We begin with the following result, on the application of the trape-
zoidal rule to e™?.

o o, m=jk, j=0+1,42,...,
Tk(e )Z{

. (7.5.14)
0, otherwise.

Using it, and applying T} to the Fourier series representation (7.5.1) of
©(s), we have

I() = Tilp) = V20 Y thm = —V21 Y g (km)* (km) "
[m|>0 |m|>0

Applying the Cauchy-Schwarz inequality to the last sum,

1/2 1/2
11(0) = Te(@)| < V2r | Y lagm| (km)* > (km)~2
[m|>0 [m|>0
< Vor g, k*y/2((2s).
This completes the proof. O

Recall the discussion of the trigonometric interpolation polynomial Z,,¢
in Chapter 3, and in particular the theoretical error bound of Theorem
3.7.1. We give another error bound for this interpolation. A complete
derivation of it can be found in [151].
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Theorem 7.5.7 Let s > 1/2, and let ¢ € H*(2m). Then for 0 <r <s,
c
o~ Zugle < —liglla, m>1 (75.15)

The constant ¢ depends on s and r only.

Proof. The proof is based on using the Fourier series representation (7.5.1)
of ¢ to obtain a Fourier series for Z, ¢. This is then subtracted from that
for ¢, and the remaining terms are bounded to give the result (7.5.15).
For details, see [151]. This is only a marginally better result than Theorem
3.7.1, but it is an important tool when doing error analyses of numerical
methods in the Sobolev spaces H*(2m). O

7.5.4  An illustrative ezample of an operator

To illustrate the usefulness of the Sobolev spaces H®(2w), we consider the
following important integral operator:

27
Ap(z) = — = / () log

™

T —
2e~1/2 sin(Ty> ‘ dy, —oo<x < 00,
(7.5.16)
for ¢ € L?(0,27). It plays a critical role in the study of boundary integral
equation reformulations of Laplace’s equation in the plane. Using results
from the theory of functions of a complex variable, one can show that

am

Ap(t) = aotho(t) + > —thm(t) (7.5.17)

m|>0 |m|

where ¢ = Zf:::_oo AW, In turn, this implies that

A H*(2m) 115 H*'(27), s>0 (7.5.18)
and
Al =1.

The definition of A as an integral operator in (7.5.16) requires that the
function ¢ be a function to which integration can be applied. However,
the formula (7.5.17) permits us to extend the domain for A to any Sobolev
space H*(2m) with s < 0. This is important in that one important approach
to the numerical analysis of the equation Ay = f requires A to be regarded
as an operator from H~'/2(27) to H/?(2r).

We will return to the study and application of A in Chapter 13; and it
is discussed at length in [18, Chap. 7] and [206].
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7.5.5  Spherical polynomials and spherical harmonics

The Fourier series can be regarded as an expansion of functions defined on
the unit circle in the plane. For functions defined on the unit sphere U in
R3, the analogue of the Fourier series is the Laplace expansion, and it uses
spherical harmonics as the generalizations of the trigonometric functions.
We begin by first considering spherical polynomials, and then we introduce
the spherical harmonics and Laplace expansion. Following the tradition in
the literature on the topic, we use (z,v, 2) for a generic point in R? in this
subsection.

Definition 7.5.8 Consider an arbitrary polynomial in (x,y,z) of degree
N, say
p(z,y,2) = Z aijrr'yl 2", (7.5.19)
i\j,k>0
i+j+k<N
and restrict (z,y,z) to lie on the unit sphere U. The resulting function is
called a spherical polynomial of degree < N. Denote by Sy the set of all
such spherical polynomials of degree < N.

Spherical polynomials are the analogues of the trigonometric polynomi-
als, which can be obtained by replacing (x,y) in

Z awxiyj

4,j>0

i+j<N
with (cos@,sinf). Note that a polynomial p(z,y, z) may reduce to an ex-
pression of lower degree. For example, p(z,vy, 2) = 2% + y? + 22 reduces to
1 when (z,y,2) € U.

An alternative way of obtaining polynomials on U is to begin with ho-

mogeneous harmonic polynomials.

Definition 7.5.9 Let p = p(x,y,z) be a polynomial of degree n which
satisfies Laplace’s equation,

_p  0°p  p
Ap(x,y,z):w o2 @207

(z,y,2) € R,
and further, let p be homogeneous of degree n.:

pta,ty,tz) = t"p(x,y,z), —oo <t< oo, (z,y,2) € R

Restrict all such polynomials to U. Such functions are called spherical har-
monics of degree n.

As examples of spherical harmonics, we have the following.
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1. n=0: p(x,y,z) =1,
2. n=1 p(x,y,2) =z,v, z,
3. n=2: p(x,y,2) =2y, vz, yz, o2 +y? — 222, 2% + 22 — 2%,

where in all cases, we use (z,y,z) = (cos¢siné,sin¢sinb, cosf). Non-
trivial linear combinations of spherical harmonics of a given degree are
again spherical harmonics of that same degree. For example,

p(r,y,2) =x+y+z

is also a spherical harmonic of degree 1. The number of linearly independent
spherical harmonics of degree n is 2n + 1; and thus the above sets are
maximal independent sets for each of the given degrees n =0, 1, 2.
Define Sy to be the smallest vector space to contain all of the spherical
harmonics of degree n < N. Alternatively, Sy is the set of all finite linear
combinations of spherical harmonics of all possible degrees n < N. Then it
can be shown that R
Sy =Sy (7.5.20)

and
dimSy = (N +1)% (7.5.21)

Below, we introduce a basis for Sy. See MacRobert [161, Chap. 7] for a
proof of these results.

There are well-known formulas for spherical harmonics, and we will make
use of some of them in working with spherical polynomials. The subject of
spherical harmonics is quite large, and we can only touch on a few small
parts of it. For further study, see the classical book [161] by T. MacRobert.
The spherical harmonics of degree n are the analogues of the trigonometric
functions cosnf and sinnf, which are restrictions to the unit circle of the
homogeneous harmonic polynomials

r" cos(nf), " sin(nd)

written in polar coordinates form.
The standard basis for spherical harmonics of degree n is

St(z,y,2) = cnLn(cosh),
S2M(x,y,2) = Cp.m L™ (cos 0) cos(ma), (7.5.22)
S2mt (g y, 2) = cpm LT (cos ) sin(mep), m=1,...,n,

with (z,y,2) = (cos¢sinb,singsinb, cosf). In this formula, L, (t) is a
Legendre polynomial of degree n,

1 dr

L) = gu v am

[(t* —1)"] (7.5.23)
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and L7 (t) is an associated Legendre function,

LM(t) = (-1)™(1 — t%mﬂi—an(t), 1<m<n. (7.5.24)

The constants in (7.5.22) are given by

[2n+1 2n+ 1 (n—m)!
Cn = y  Cnom = VTR E
4m ’ 2 (n+m)!

We will occasionally denote the Legendre polynomial L,, by LY, to simplify
referring to these Legendre functions.
The standard inner product on L2(U) is given by

(f.9) = /U Q) 9(Q) dSq.

Using this definition, we can verify that the functions of (7.5.22) satisfy
(Sﬁv Sé’) = 5n,q5k,p
forn,g=0,1,... and 1 <k <2n+1,1 < p < 2q+ 1. The set of functions
{S¥|1<k<2n+1,0<n <N}

is an orthonormal basis for Sy. To avoid some double summations, we will
sometimes write this basis for Sy as

(Uy,..., gy} (7.5.25)

with dy = (N + 1)? the dimension of the subspace.
The set {SF |1 <k <2n+1, 0 <n < oo} of spherical harmonics is an
orthonormal basis for L?(U), and it leads to the expansion formula

oo 2n+1

9(@Q) =Y (9.5 85Q), geL*U). (7.5.26)

n=0 k=1

This is called the Laplace expansion of the function g, and it is the gener-
alization to L?(U) of the Fourier series on the unit circle in the plane. The
function g € L?(U) if and only if

oo 2n+1

lgl2: =" [(9.5%)]" < 0. (7.5.27)

n=0 k=1

In analogy with the use of the Fourier series to define the Sobolev spaces
H*(27), we can characterize the Sobolev spaces H*(U) by using the Laplace
expansion.
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Of particular interest is the truncation of the series (7.5.26) to terms of
degree at most N, to obtain

N 2n+1
Png(Q Z Z (9,5%) S%(Q). (7.5.28)
n=0 k=1

This defines the orthogonal projection of L?(U) onto Sy; and of course,
Png — g as N — oo. Since it is an orthogonal projection on L?(U), we
have || Py|| = 1 as an operator from L?(U) in L*(U). However, we can also
regard Sy as a subset of C'(5); and then regarding Py as a projection from

C(S) to Sy, we have
8
| Pn|| = (\/;+6N> VN (7.5.29)

with 6y — 0 as N — oo. A proof of this formula is quite involved, and
we refer the reader to Gronwall [100] and Ragozin [191]. In a later chapter,
we use the projection Py to define a Galerkin method for solving integral
equations defined on U, with Sy as the approximating subspace.

Best approximations
Given g € C(U), define

pn(g) = inf [lg—pl - (7.5.30)
PESN

This is called the minimaz error for the approximation of g by spherical
polynomials of degree < V. Using the Stone-Weierstrafl theorem, Theorem
3.1.2, it can be shown that py(g) — 0 as N — oco. In the error analysis of
numerical methods that use spherical polynomials, it is important to have
bounds on the rate at which pn(g) converges to zero. An initial partial
result was given by Gronwall [100]; and a much more complete theory was
given many years later by Ragozin [190], a special case of which we give
here. We first introduce some notation.

For a given positive integer k, let 0%¢g denote an arbitrary k'™ order
derivative of g on U, formed with respect to local surface coordinates on
U. (One should consider a set of local patch coordinate systems over U, as
in Definition 7.2.13, and Sobolev spaces based on these patches. But what
is intended is clear and the present notation is simpler.) Let v be a real
number, 0 < v < 1. Define C*7(U) to be the set of all functions g € C(U)
for which all of its derivatives *g € C(U), with each of these derivatives
satisfying a Holder condition with exponent ~:

|05 g(P) — 0"g(Q)| < Hiep(9) P —Q|", P,QEeU.

Here |P — Q| denotes the usual distance between the two points P and Q.
The Holder constant Hy ~(g) is to be uniform over all £*® order derivatives
of g.
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Theorem 7.5.10 Let g € C*Y(U). Then there is a sequence of spherical
polynomials {pn} for which ||g —pn| . = pn(g) and

ceHry (g

The constant ci is dependent on only k.

For the case k = 0, see Gronwall [100] for a proof; and for the general case,
a proof can be found in Ragozin [190, Theorem 3.3]. A different approach
to the problem is given by Rustamov [201], and it leads to more general
results, involving norms in addition to the uniform norm.

This theorem leads immediately to results on the rate of convergence of
the Laplace series expansion of a function g € C*7(U), given in (7.5.26).
Using the norm of L?(U), and using the definition of the orthogonal pro-
jection Pyg being the best approximation in the inner product norm, we
have, for N > 1,

4rey (g
g — Prgll < llg — ol < dr g~ pal, < Tkl (75.59)

We can also consider the uniform convergence of the Laplace series. Write

19— Pnglloo = lg — v — Pn(9 — pn)ll o
<(@+IPND g —prlls
< e N~ RH7=1/2) (7.5.33)

with the last step using (7.5.29). In particular, if g € CO7(U), v € (1/2,1],
we have uniform convergence of Pyg to g on U. From (7.5.31), the constant
c is a multiple of Hj. ,(g).

No way is known to interpolate with spherical polynomials in a man-
ner that generalizes trigonometric interpolation. For a more complete dis-
cussion of this and other problems in working with spherical polynomial
approximations, see [18, Section 5.5].

Sobolev spaces on the unit sphere

The function spaces L?(U) and C(U) are the most widely used function
spaces over U. Nevertheless, we need to also introduce the Sobolev spaces
H"(U). There are several equivalent ways to define H"(U). The standard
way is to proceed as in Definition 7.2.13, using local coordinate systems
based on a local set of patches covering U and then using Sobolev spaces
based on these patches.

Another approach, used less often but possibly more intuitive, is based
on the Laplace expansion of a function g defined on the unit sphere U.
Recalling the Laplace expansion (7.5.26), define the Sobolev space H"(U)
to be the set of functions whose Laplace expansion satisfies

o 2n+1 1/2

lgllr = | S_@n+ 12 S (9,857 < e (7.5.34)

n=0 k=1
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This definition can be used for any real number r > 0. For r a positive inte-
ger, the norm ||g||«,» can be shown to be equivalent to a standard Sobolev
norm based on a set of local patch coordinate systems for U.

Exercise 7.5.1 Prove Proposition 7.5.5.

Exercise 7.5.2 Prove that the space T defined in (7.5.4) is dense in H*(2m) for
—00 < 5 < 0.

Exercise 7.5.3 Let ¢ be a continuous periodic function with period 27w. Write
Simpson’s rule as

Jj=1 Jj=1

I(¢) :/0 ﬂ@(ﬂf) dw“% {4Z¢(12j1)+22¢($2j) = Sar(¥),

where h = 2w /(2k) = w/k. Show that if p € H(27), s > 1/2, then
() = Sar(p)l < ck™ el

Exercise 7.5.4 For ¢t > 0, demonstrate that elements of H *(27) are indeed
bounded linear functionals on H'(27) when using (7.5.6) to define the linear
functional.

7.6 Integration by parts formulas

We comment on the validity of integration by parts formulas. Assume €
is a Lipschitz domain in R? with boundary T'. Denote v = (v1,...,vq)7
the unit outward normal vector on I', which is defined almost everywhere
giving that I' is Lipschitz continuous. It is a well-known classical result that

/uzivdx:/uvl/ids—/uvmdx VU»UECI(§)~
Q r Q

This is often called Gauss’s formula or the divergence theorem; and for
planar regions €2, it is also called Green’s formula. This formula can be
extended to functions from certain Sobolev spaces so that the smoothness
of the functions is exactly enough for the integrals to be well-defined in the
sense of Lebesgue.

Proposition 7.6.1 Assume Q C R? is a Lipschitz domain with boundary
I'. Then

/umivdx:/uvvids—/uvzidx Yu,v € HY(Q). (7.6.1)
Q r Q
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Proof. Since C'(Q) is dense in H'(2), we have sequences {uy},{vn} C
C1(Q), such that

|, — wl|gr(0) — 0 and [Jv, —v|[g1) — 0 asn — oo.

Since u,,v, € C'(Q), we have

/(un)zvn dr = / Uy, Vp Vs dS — / Up (Up) e, d. (7.6.2)
Q r Q

We take the limit as n — oo in (7.6.2). Let us bound

/uzivdx—/(un)xivndx
Q

S/Q\(u _zmi v\dx—F/QKUn)m

< lu = unllmr@llvllzz@) + llunllmr @)llv — vnll2@)-

v — v, |dx

Since the sequences {u, } and {v,} are convergent in H'(Q), the quantities
l|tn|l 71 () are uniformly bounded. Hence,

/ Uy, v dT — / (Up)z,vndx — 0 asn — oo.
Q Q
Similarly,
/ UV, dr — / Up (Up) g, dz — 0 as n — oo.
Q Q

With regard to the boundary integral terms, we need to use the continuity
of the trace operator from H'(f2) to L?(T"). From this, we see that

|wn —ull2ry < cllun — ullgr) — 0 asn — oo,

and similarly,
lvn = vllL2@ry — 0 asn — oo.

Then use the argument technique above,
/uvvids — / UpVp Vids — 0 as n — oo.
r r

Taking the limit n — oo in (7.6.2) we obtain (7.6.1). O

The above proof technique is called a “density argument”. Roughly
speaking, a classical integral relation can often be extended to functions
from certain Sobolev spaces, as long as all the expressions in the integral
relation make sense. The formula (7.6.1) suffices in studying linear second-
order boundary value problems. For analyzing nonlinear problems, it is
beneficial to extend the formula (7.6.1) even further. Indeed we have

/uzivdx:/uvuids—/uvzidx VueWhP(Q), ve WhH (Q),
Q r Q
(7.6.3)
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where p € (1,00), and p* € (1,00) is the conjugate exponent defined
through the relation 1/p+ 1/p* = 1.

Various other useful formulas can be derived from (7.6.1). One such for-
mula is

/Auvdmz/%vds—/Vu~Vvdx Vue H*(Q), ve HY(Q).
Q r v Q

(7.6.4)
Here,
d
0%u
A Au = —
u— Au 2 52
i=1 g
is the Laplacian operator,
Vi = (ttays - 1z,)”
is the gradient of u, and
% =Vu-v

is the outward normal derivative.
Another useful formula derived from (7.6.2) is

/(divu)vdmz/uyvds—/u~V1}d$ Vue HY(Q)? ve HY(Q).
Q r Q

(7.6.5)

T

Here w = (uq,...,uq)" is a vector-valued function,

- ou;
divu = Z !
i—1 dz;

is the divergence of u, and u,, = u - v is the normal component of w on I'.

Exercise 7.6.1 Use the density argument to prove the formula (7.6.3).
Exercise 7.6.2 Prove the formulas (7.6.4) and (7.6.5) by using (7.6.1).

Exercise 7.6.3 In the study of some thin plate deformation problems, the fol-
lowing integration by parts formula is useful: For any v € H?(Q) and any
w € H*(Q),

/ (2 0120 12w — 0110 O22w — O20v 81111)) dx = / (—87—7—1) Oyw + Oprv (97—10) ds,
Q I

where € is a two-dimensional Lipschitz domain, (v1,v2)7 is the unit outward
normal vector on 9%, (71, 72)” = (—u2,11) is the unit tangential vector along T,
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and
2 2
OLv = E vi0iv, Orv = E 7100,
i—1 i=1

2 2
31,7—’{): E 1/1-7]-8,-]-1;, 87—7—1): E 7-1-7]-81-]-@.

i,j=1 ,j=1

These derivatives as well as the normal and tangential vectors are defined a.e. on
the boundary of the Lipschitz domain.
Prove the above integration by parts formula.

Suggestion for Further Reading.

ApaMS [1] and LIONS AND MAGENES [158] provides a comprehensive
treatment of basic aspects of Sobolev spaces, including proofs of various
results. Many references on modern PDEs contain an introduction to the
theory of Sobolev spaces, e.g., EVANS [78], MCOWEN [168], WLOKA [233].
For a detailed study of Sobolev spaces over non-smooth domains (domains
with corners or edges), see GRISVARD [98].

Sobolev spaces of any real order (i.e., W*P(Q) with s € R) can be studied
in the framework of interpolation spaces. Several methods are possible to
develop a theory of interpolation spaces; see TRIEBEL [225]. A relatively
easily accessible reference on the topic is BERGH AND LOFSTROM [34].



8

Weak Formulations of Elliptic
Boundary Value Problems

In this chapter, we consider weak formulations of some elliptic boundary
value problems and study the well-posedness of the variational problems.
We begin with a derivation of a weak formulation of the homogeneous
Dirichlet boundary value problem for the Poisson equation. In the abstract
form, a weak formulation can be viewed as an operator equation. In the sec-
ond section, we provide some general results on existence and uniqueness for
linear operator equations. In the third section, we present and discuss the
well-known Lax-Milgram Lemma, which is applied, in the section following,
to the study of well-posedness of variational formulations for various linear
elliptic boundary value problems. We also apply the Lax-Milgram Lemma
in studying a boundary value problem in linearized elasticity; this is done in
Section 8.5. The framework in the Lax-Milgram Lemma is suitable for the
development of the Galerkin method for numerically solving linear elliptic
boundary value problems. In Section 8.6, we provide a brief discussion of
two different weak formulations: the mixed formulation and the dual for-
mulation. For the development of Petrov-Galerkin method, where the trial
function space and the test function space are different, we discuss a gen-
eralization of Lax-Milgram Lemma in Section 8.7. Most of the chapter is
concerned with boundary value problems with linear differential operators.
In the last section, we analyze a nonlinear elliptic boundary value problem.

Recall that we use Q to denote an open bounded set in R?, and we
assume the boundary I' = 0 is Lipschitz continuous. Occasionally, we
need to further assume ) to be connected, and we state this assumption
explicitly when it is needed.

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis 327
Framework, Texts in Applied Mathematics 39, DOI: 10.1007/978-1-4419-0458-4_8,
© Springer Science + Business Media, LLC 2009
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8.1 A model boundary value problem

To begin, we use the following model boundary value problem as an illus-
trative example:

u=20 on I (8.1.1)

{ —Au=f in,

The differential equation in (8.1.1) is called the Poisson equation. The
Poisson equation can be used to describe many physical processes, e.g.,
steady state heat conduction, electrostatics, deformation of a thin elastic
membrane (see [192]). We introduce a weak solution of the problem and
discuss its relation to a classical solution of the problem.

A classical solution of the problem (8.1.1) is a smooth function u €
C%(Q) N C(Q2) which satisfies the differential equation (8.1.1); and the
boundary condition (8.1.1)2 pointwise. Necessarily we have to assume f €
C(), but this condition, or even the stronger condition f € C(Q), does
not guarantee the existence of a classical solution of the problem (see [98]).
One purpose of the introduction of the weak formulation is to remove the
high smoothness requirement on the solution and as a result it is easier to
have the existence of a (weak) solution.

To derive the weak formulation corresponding to (8.1.1), we temporarily
assume it has a classical solution v € C?(2) N C(R2). We multiply the
differential equation (8.1.1); by an arbitrary function v € C§°(Q2) (so-called
smooth test functions), and integrate the relation on 2,

—/Auvdmz/fvdx.
Q Q

An integration by parts for the integral on the left side yields (recall that
v=0onT)

/QVu-Vvdx:/vadx. (8.1.2)

This relation was proved under the assumptions v € C?(2) N C(Q) and
v € C§°(Q). However, for all the terms in the relation (8.1.2) to make
sense, we only need to require u,v € H'(Q), assuming f € L?(Q2). Recalling
the homogeneous Dirichlet boundary condition (8.1.1)2, we thus seek a
solution u € H}(Q) satisfying the relation (8.1.2) for any v € C§°(1Q).
Since C§°(€) is dense in H}(Q), the relation (8.1.2) is then valid for any
v € HE(Q). Therefore, we settle down with the following weak formulation
of the boundary value problem (8.1.1):

u € Hy(Q), /Vu~Vvdx:/fvdx Yo € Hi(Q). (8.1.3)
Q Q

Actually, we can even weaken the assumption f € L?(Q2). It is sufficient
to assume f € H1(Q) = (HF(2))’, as long as we interpret the integral
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Jo fvdz as the duality pairing (f,v) between H~'(Q) and Hg(2). We
adopt the convention of using [, fvda for (f,v) when f € H™'(Q) and
v e HHQ).

We have shown that if u is a classical solution of (8.1.1), then it is also
a solution of the weak formulation (8.1.3). Conversely, suppose u is a weak
solution with the additional regularity v € C2(Q) N C(Q), and f € C(Q).
Then for any v € C§°(2) C H}(Q), from (8.1.3) we obtain

/Q(—Au—f)vdx ~0.

Then we must have —Au = f in Q, i.e., the differential equation (8.1.1);
is satisfied. Also u satisfies the homogeneous Dirichlet boundary condition
pointwisely.

Thus we have shown that the boundary value problem (8.1.1) and the
variational problem (8.1.3) are formally equivalent. In case the weak so-
lution u does not have the regularity v € C%(Q) N C(Q), we will say u
formally solves the boundary value problem (8.1.1).

We let V = H}(Q), a(-,-) : V x V — R the bilinear form defined by

a(u,v) = / Vu-Vvdr foru,veV,
Q
and £ : V — R the linear functional defined by

Z(v)z/fvdm forveV.
Q

Then the weak formulation of the problem (8.1.1) is to find w € V such
that
a(u,v) =L(v) YveV. (8.1.4)

We define a differential operator A associated with the boundary value
problem (8.1.1) by

A:HF(Q) — HHQ), (Au,v) =a(u,v) Yu,v € HH Q).

Here, (-,-) denotes the duality pairing between H~1(Q) and Hg(£2). Then
the problem (8.1.4) can be viewed as a linear operator equation

Au=( in H Q).

A formulation of the type (8.1.1) in the form of a partial differential
equation and a set of boundary conditions is referred to as a classical for-
mulation of a boundary value problem, whereas a formulation of the type
(8.1.4) is known as a weak formulation. One advantage of weak formula-
tions over classical formulations is that questions related to existence and
uniqueness of solutions can be answered more satisfactorily. Another ad-
vantage is that weak formulations naturally lead to the development of
Galerkin type numerical methods (see Section 9.1).
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8.2 Some general results on existence and
uniqueness

We first present some general ideas and results on existence and uniqueness
for a linear operator equation of the form

ueV, Lu=f (8.2.1)

where L : D(L) C V — W,V and W are Hilbert spaces, and f € W. Notice
that the solvability of the equation is equivalent to the property R(L) = W,
whereas the uniqueness of a solution is equivalent to the property N(L) =
{0}

A very basic existence result is the following theorem.

Theorem 8.2.1 Let V and W be Hilbert spaces, L : D(L) CV — W a
linear operator. Then R(L) = W if and only if R(L) is closed and R(L)* =

{0}

Proof. If R(L) = W, then obviously R(L) is closed and R(L)+ = {0}.
Now assume R(L) is closed and R(L)* = {0}, but R(L) # W. Then
R(L) is a closed subspace of W. Let w € W\R(L). By Theorem 3.3.7, the
compact set {w} and the closed convex set R(L) can be strictly separated
by a closed hyperplane, i.e., there exists a w* € W’ such that (w*,w) > 0
and (w*,Lv) < 0 for all v € D(L). Since L is a linear operator, D(L)
is a subspace of V. Hence, (w*,Lv) = 0 for all v € D(L). Therefore,
0 # w* € R(L)*. This is a contradiction. O

Let us see under what conditions R(L) is closed. We first introduce an
important generalization of the notion of continuity.

Definition 8.2.2 Let V and W be Banach spaces. An operator T : D(T') C
V — W is said to be a closed operator if for any sequence {v,} C D(T),
v — v and T(v,) — w imply v € D(T) and w =T (v).

We notice that a continuous operator is closed. The next example shows
that a closed operator is not necessarily continuous.

Example 8.2.3 Let us consider a linear differential operator, Lv = —Auw.
This operator is not continuous from L2(Q2) to L?(f2). Nevertheless, L is a
closed operator on L?(Q). To see this, let {v,,} be a sequence converging
to v in L?(Q) such that the sequence {—Auw,} converges to w in L?(£2). In
the relation

/(—Avn)qﬁdmz—/vnAqbdx V¢ e C5°(Q)
Q

Q



8.2 Some general results on existence and uniqueness 331

we take the limit n — oo to obtain
/ wodr = —/ vAgdr V¢ e C5o(Q).
Q Q
Therefore w = —Av € L?(f2), and the operator L is closed. O

Theorem 8.2.4 Let V and W be Hilbert spaces, L : D(L) C V. — W a
linear closed operator. Assume for some constant ¢ > 0, the following a
priori estimate holds:

|Lv|lw > cllv||lv Vv e D(L), (8.2.2)

which is usually called a stability estimate. Also assume R(L)* = {0}.
Then for each f € W, the equation (8.2.1) has a unique solution.

Proof. Let us verify that R(L) is closed. Let {f,} be a sequence in R(L),
converging to f. Then there is a sequence {v,} C D(L) with f,, = Lv,. By
(8.2.2),

[vn — vmll < el fa = fmll-

Thus {v,} is a Cauchy sequence in V. Since V is a Hilbert space, the
sequence {v, } converges: v, — v € V. Now L is assumed to be closed, we
conclude that v € D(L) and f = Lv € R(L). So we can invoke Theorem
8.2.1 to obtain the existence of a solution. The uniqueness of the solution
follows from the stability estimate (8.2.2). O

Noticing that a continuous operator is closed, we can replace the closed-
ness of the operator by the continuity of the operator in Theorem 8.2.4.

Example 8.2.5 Let V be a Hilbert space, L € L(V, V') be strongly mono-
tone, i.e., for some constant ¢ > 0,

(Lv,v) > c|jv||?, VveV.
Then (8.2.2) holds because from the monotonicity,
IZvllve llollv > ellvlly,

which implies
[ Lollv: = cllv]lv.

Also R(L)* = {0}, since from v 1 R(L) we have
cllvully < (Lv,v) =0,

and hence v = 0. Therefore from Theorem 8.2.4, under the stated assump-
tions, for any f € V', there is a unique solution u € V to the equation
Lu=finV’. O
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Example 8.2.6 As a concrete example, we consider the weak formulation
of the model elliptic boundary value problem (8.1.1). Here, Q C R? is an
open bounded set with a Lipschitz boundary 9, V = HE(Q) with the
norm ||v|ly = |[v|g1 (), and V! = H71(Q). Given f € H'(Q), consider the
problem

{ —Au=f in{, (8.2.3)

u=20 on 0.
We define the operator L : V — V' by

(Lu,v>=/Vu~Vvdx, u,v € V.
Q

Then L is linear, continuous, and strongly monotone; indeed, we have
IL]| =1
and
(Lv,v) = |||} YveV.
Thus from Example 8.2.5, for any f € H (), there is a unique u € Hg (2)
such that
/ Vu-Vode = (f,v) YveV,
Q

i.e., the boundary value problem (8.2.3) has a unique weak solution. O

It is possible to extend the existence results presented in Theorems 8.2.1
and 8.2.4 to linear operator equations on Banach spaces. Let V and W
be Banach spaces, with duals V/ and W'. Let L : D(L) C V — W be a
densely defined linear operator, i.e., L is a linear operator and D(L) is a
dense subspace of V. Because D(L) is dense in V, one can define the dual
operator L* : D(L*) C W' — V' by

(L*w*,v) = (w*, Lv) YveD(L), w" eW.
We then define
N(L)* ={v* eV | (v*,v) =0 Vv e N(L)},
NIt ={we W | (w",w) =0 Yw* € N(L*)}.

The most important theorem on dual operators in Banach spaces is the
following closed range theorem of Banach (see e.g., [250, p. 210]).

Theorem 8.2.7 Assume V and W are Banach spaces, L : D(L) C V —
W is a densely defined linear closed operator. Then the following four state-
ments are equivalent.

L) is closed in W.

) =N(L*)*.

*) is closed in V'.

(L) = N(L)*.
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In particular, this theorem implies the abstract Fredholm alternative
result: If R(L) is closed, then R(L) = N(L*)*, i.e., the equation Lu = f
has a solution w € D(L) if and only if (w*, f) = 0 for any w* € W' with
L*w* = 0. The closedness of R(L) follows from the stability estimate

[Lv]| = ¢llvll Vv e D(L),

as we have seen in the proof of Theorem 8.2.4.
Now we consider the issue of uniqueness of a solution to a nonlinear
operator equation. We have the following general result.

Theorem 8.2.8 Assume V and W are Banach spaces, T : D(T) C V —
W. Then for any w € W, there exists at most one solution u € V' of the
equation T'(u) = w, if one of the following conditions is satisfied.

(a) Stability: for some constant ¢ > 0,

[T (u) =T )| z cllu—v| Vu,veDT).
(b) Contractivity of T —I:
(T (u) —u) = (T(v) =)l < lu=v] Vu,v€D(T), u#uv.

Proof. (a) Assume both u; and ug are solutions. Then T'(u1) = T'(uz) = w.
Apply the stability condition,

cllur — gl < || T(ur) — T(u2)]| = 0.

Therefore, u; = us.
(b) Suppose there are two solutions u; # ug. Then from the contractivity
condition, we have

ur = 2|l > [[(T'(u1) — ur) = (T'(uz) — uz)l| = [[ur — uz|.

This is a contradiction. O

We remark that the result of Theorem 8.2.8 certainly holds in the special
case of Hilbert spaces V and W, and when T'=L : D(L) C V — W is
a linear operator. In the case of a linear operator, the stability condition
reduces to the estimate (8.2.2).

Exercise 8.2.1 Consider a linear system on R%: Ax = b, where A € R**? and
b € R?. Recall the well-known result that for such a linear system, existence and
uniqueness are equivalent. Apply Theorem 8.2.8 to find sufficient conditions on A
which guarantee the unique solvability of the linear system for any given b € R%.
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8.3 The Lax-Milgram Lemma

The Lax-Milgram Lemma is employed frequently in the study of linear
elliptic boundary value problems of the form (8.1.4). For a real Banach
space V', let us first explore the relation between a linear operator A : V' —
V' and a bilinear form a : V x V — R related by

(Au,v) = a(u,v) Yu,veV. (8.3.1)

The bilinear form a(-, -) is continuous if and only if there exists M > 0 such
that
la(u, v)] < M [ul[ o]l Vu,veV.

Theorem 8.3.1 There exists a one-to-one correspondence between linear
continuous operators A : V. — V' and continuous bilinear forms a : V X
V — R, given by the formula (8.3.1).

Proof. If A € L(V,V'), then a : V x V — R defined in (8.3.1) is bilinear
and bounded:

la(u, )| < [[Aul[ o]l < A ull ol Vu,veV.

Conversely, let a(+, ) be given as a continuous bilinear form on V. For any
fixed u € V, the map v — a(u,v) defines a linear continuous operator on
V. Thus, there is an element Au € V' such that (8.3.1) holds. From the
bilinearity of a(-,-), we obtain the linearity of A. From the boundedness of
a(-,-), we obtain the boundedness of A. O

With a linear operator A and a bilinear form a related through (8.3.1),
many properties of the linear operator A can be defined through those of
the bilinear form a, or vice versa. Some examples are (assuming V is a real
Hilbert space):

e ¢ is bounded (a(u,v) < M |Ju]| [|v]| Vu,v € V) if and only if A is
bounded (|| Av|| < M |jv|| Vv € V).

e q is positive (a(v,v) > 0Vv € V) if and only if A is positive ((Av, v) >
0VveV).

e a is strictly positive (a(v,v) > 0 V0 # v € V) if and only if A is
strictly positive ((Av,v) >0V0#v e V).

e a is strongly positive or V-elliptic (a(v,v) > a|[v||* Vv € V, for some
constant o > 0) if and only if A is strongly positive ((Av,v) > « ||v]|?
Yo eV).

e ¢ is symmetric (a(u,v) = a(v,u) Yu,v € V) if and only if A is
symmetric ((Au,v) = (Av,u) Yu,v € V).
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We now recall the following minimization principle from Chapter 3.

Theorem 8.3.2 Assume K is a nonempty, closed, convex subset of the
Hilbert space V, £ € V'. Let

1
() =3 ol — ), veV,

Then there exists a unique u € K such that

The minimizer u is uniquely characterized by the inequality
ve K, (u,v—u)>Lllv—u) VYvekK.
If additionally, K is a subspace of V', then u is equivalently defined by
ue K, (u,v)=1~L(v) YveK.

Let us apply this result to get the Lax-Milgram Lemma in the case the
bilinear form is symmetric.

Theorem 8.3.3 Assume K is a nonempty, closed, convex subset of the
Hilbert space V', a(-,-) : V. x V — R is bilinear, symmetric, bounded and
V-elliptic, and £ € V'. Let

E(v) = %a(v,v) —L(v), veV

Then there exists a unique u € K such that

E(u) = Ulg}f{E(v), (8.3.2)

which is also the unique solution of the variational inequality
ve K, a(u,v—u)>Ll(v—u) YveK, (8.3.3)

or
ue K, a(u,v)=4»L>v) YveK (8.3.4)

in the special case where K is a subspace.

Proof. By the assumptions,
(U,U)a = a(uv U)a u,v €V
defines an inner product on V with the induced norm

[0]la = Va(v, v)
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which is equivalent to the original norm:

alll < flvlla < coflvf| VoeV

for some constants 0 < ¢; < ¢p < 0o. Also notice that £ is continuous with
respect to the original norm if and only if it is continuous with respect to
the norm || - ||,. Now

1
E(v) = 5 [o]2 — ¢(v)
and we can apply the results of Theorem 8.3.2. O

In case the bilinear form a(-,-) is not symmetric, there is no longer an
associated minimization problem, yet we can still discuss the solvability
of the variational equation (8.3.4) (the next theorem) or the variational
inequality (8.3.3) (see Chapter 11).

Theorem 8.3.4 (LAX-MILGRAM LEMMA) Assume V is a Hilbert space,
a(-,-) is a bounded, V -elliptic bilinear form on V, £ € V'. Then there is a
unique solution of the problem

uweV, a(u,v)=»Lv) VveV (8.3.5)
Before proving the result, let us consider the simple real linear equation
reR, ax=={(
Its weak formulation is
reR, azxy=»ly VyeR.

We observe that the real linear equation has a solution if and only if 0 < a <
oo (we multiply the equation by (—1) to make a positive, if necessary) and
|¢| < o0, i.e., if and only if the bilinear form a(z,y) = ax y is continuous and
R-elliptic, and the linear form £(y) = £y is bounded. Thus the assumptions
made in Theorem 8.3.4 are quite natural.

Several different proofs are possible for this important result. Here we
present two of them.
Proof. [#1] For any 6 > 0, the problem (8.3.5) is equivalent to

(u,v) = (u,v) — 0 a(u,v) — L(v)] Vv eV,
i.e., the fixed-point problem
u= Pp(u),
where Py(u) € V is defined through the relation

(Pyp(u),v) = (u,v) — @ a(u,v) —£(v)], veV.
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We will apply the Banach fixed-point theorem with a proper choice of 6.
Let A :V — V'’ be the linear operator associated with the bilinear form
a(-,-); see (8.3.1). Then A is bounded and strongly positive:

Av|| < M ||v]| and (Av,v) > « || VoeV.
[

Denote J : V! — V the isometric dual mapping from the Riesz represen-
tation theorem. Then

a(u,v) = (Au,v) = (JAu,v) Yu,v eV,
and
|7 Aull = Al VueV.
For any v € V, by Theorem 8.3.3, the problem

(w,v) = (u,v) — O a(u,v) — L(v)] YveV

has a unique solution w = Py(u). Let us show that for § € (0,2 a/M?), the
operator Py is a contraction. Indeed let uq, ug € V', and denote wy = Py(uq),
wg = Py(uz). Then

(w1 — w2, v) = (u1 = uz,v) = Oalur — ug,v) = (I — 0 TA)(u1 — uz2),v),
ie,w —we = (I —0JA)(u; —uz). We then have

lwr — w2 |* = [lur —ua|?* = 26 (T A(ur — uz),ur — uz)
+ 0% T A(ur — u)||?
= |luy — ug|* = 20 a(ur — uz, uy — uz) + 6% A(ur — uz)||?
<(1—20a+602°M?)||uy — ua*

Since 6 € (0,2 a/M?), we have
1-20a+60*M* <1

and the mapping Py is a contraction. By the Banach fixed-point theorem,
Py has a unique fixed-point u € V', which is the solution of the problem
(8.3.5).

[#2] The uniqueness of a solution follows from the V-ellipticity of the
bilinear form. We prove the existence by applying Theorem 8.2.1. We will
use the linear operator L = JA : V — V constructed in the first proof.
We recall that R(L) = V if and only if R(L) is closed and R(L)* = {0}.

To show R(L) is closed, we let {u,} C R(L) be a sequence converging
to w. Then u,, = JAw,, for some w,, € V. We have

[un — umll = | T Alwn — wm)|| = [A(wn — wm)[| = a[[w, — wi|.
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Hence {w,,} is a Cauchy sequence and so has a limit w € V. Then
[un — T Aw|| = [T A(wn — w)|| = [[A(wn —w)|| < M [wn —w]| — 0.

Hence, u = JAw € R(L) and R(L) is closed.
Now suppose u € R(L)*. Then for any v € V,

0= (JAv,u) = a(v,u).
Taking v = u above, we have a(u,u) = 0. By the V-ellipticity of a(-,-), we

conclude u = 0. O

Example 8.3.5 Applying the Lax-Milgram Lemma, we conclude that the
boundary value problem (8.2.3) has a unique weak solution v € H}(Q). O

Exercise 8.3.1 Deduce the Lax-Milgram Lemma from Theorem 5.1.4.

8.4 Weak formulations of linear elliptic boundary
value problems

In this section, we formulate and analyze weak formulations of some lin-
ear elliptic boundary value problems. To present the ideas clearly, we will
frequently refer to boundary value problems associated with the Poisson
equation

—Au=f
and the Helmholtz equation
—Au+tu=f

for examples.

8.4.1 Problems with homogeneous Dirichlet boundary
conditions

So far, we have studied the model elliptic boundary value problem corre-
sponding to the Poisson equation with the homogeneous Dirichlet boundary
condition

—Au=f inQ, (8.4.1)
u=0 1inT, (8.4.2)

where f € L?(Q) is given. The weak formulation of the problem is

ueV, a(u,v)=4Lv) YveT. (8.4.3)
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Here
V = Hj(Q),

a(u,v)z/Vu-Vvdx for u,v €'V,
Q
é(v)z/fvdm forveV.
Q

The problem (8.4.3) has a unique solution v € V by the Lax-Milgram
Lemma.

Dirichlet boundary conditions are also called essential boundary condi-
tions since they are explicitly required by the weak formulations.

8.4.2  Problems with non-homogeneous Dirichlet boundary
conditions

Suppose that instead of (8.4.2) the boundary condition is
u=g¢g onl. (8.4.4)

To derive a weak formulation, we proceed similarly as in Section 8.1. We
first assume the boundary value problem given by (8.4.1) and (8.4.4) has
a classical solution u € C?(Q2) N C (). Multiplying the equation (8.4.1)
by a test function v with certain smoothness which validates the following
calculations, and integrating over {2, we have

/ (—Auw)vdz = / fodz.
Q Q
Integrate by parts,

—/a—uvds+/Vu~Vvdx:/fvdx.
r Ov Q Q

We now assume v = 0 on I' so that the boundary integral term vanishes;
the boundary integral term would otherwise be difficult to deal with under
the expected regularity condition u € H'(Q) on the weak solution. Thus
we arrive at the relation

/Vu~Vvdx:/fvdx
Q Q

if v is smooth and v = 0 on I'. For each term in the above relation to make
sense, we assume f € L%(Q), and let uw € HY(Q) and v € H}(Q). Recall
that the solution u should satisfy the boundary condition u = g on I'. We
observe that it is necessary to assume g € H'/?(T'), i.e., g is the trace on
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I of an H'(Q) function. Finally, we obtain the weak formulation for the
boundary value problem of (8.4.1) and (8.4.4):

ue H (Q), u=gonT, /Vu-Vvdx:/fvdx Yo € Hi(Q).
Q Q

(8.4.5)
For the weak formulation (8.4.5), though, we cannot apply Lax-Milgram
Lemma directly since the trial function v and the test function v do not lie
in the same space. There is a standard way to get rid of this problem. Since
g € H'Y2(T) and v(H'(Q)) = H?(T') (recall that v is the trace operator),
we have the existence of a function G € H() such that yG = g. We
remark that finding the function G in practice may be nontrivial. Thus,
with
u=w+ G,

the problem may be transformed into one of seeking w such that
w € Hy(9), / Vw-Vodr = / (fv—VG-Vv)dx Yve Hi(Q). (8.4.6)
Q Q

The classical form of the boundary value problem for w is

—Aw = f+AG in Q,

w=0 onl.

Applying the Lax-Milgram Lemma, we have a unique solution w € Hg (£2)
of the problem (8.4.6). Then we set u = w + G to get a solution u of the
problem (8.4.5). Notice that the choice of the function G is not unique, so
the uniqueness of the solution u of the problem (8.4.5) does not follow from
the above argument. Nevertheless we can show the uniqueness of u by a
standard approach. Assume both u; and us are solutions of the problem
(8.4.5). Then the difference u; — us satisfies

up —ug € HY(Q), /V(u1—U2)~Vvdx:O Yo € Hy(Q).
Q
Taking v = u; — us, we obtain

/ |V (ur — u2)|2dx =0.
Q

Thus, V(u1 — uz) = 0 a.e. in €, and hence u; — uz is a constant in each
connected component of €2. Using the boundary condition uy —us = 0 a.e.
on I', we see that u; = us a.e. in .

Since non-homogeneous Dirichlet boundary conditions can be rendered
homogeneous in the way described above, for convenience only problems
with homogeneous Dirichlet conditions will be considered later.
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8.4.83 Problems with Neumann boundary conditions

Consider next the Neumann problem of determining u which satisfies

{ —Au+u=f in Q,

ou/ov =g onT. (8.4.7)

Here f and g are given functions in  and on T', respectively, and 9/dv
denotes the normal derivative on I". Again we first derive a weak formu-
lation. Assume u € C2?(2) N CY(Q) is a classical solution of the problem
(8.4.7). Multiplying (8.4.7)1 by an arbitrary test function v with certain
smoothness for the following calculations to make sense, integrating over
Q) and performing an integration by parts, we obtain

/(Vu~Vv—|—uv)dx:/fvdx—i—/%vds.
Q Q r v

Then, substitution of the Neumann boundary condition (8.4.7)2 in the
boundary integral term leads to the relation

/(Vu-VU—Fuv)dx:/fvdx+/gvds.
Q Q r

Assume f € L*(Q), g € L*(T). For each term in the above relation to make
sense, it is natural to choose the space H*(f2) for both the trial function u
and the test function v. Thus, the weak formulation of the boundary value
problem (8.4.7) is

u € H(Q), /(Vu~Vv+uv) dx:/fvdx—i—/gvds Vo e HY(Q).
Q Q r

(8.4.8)
This problem has the form (8.4.3), where V = H'(Q2), a(-,-) and £(-) are
defined by

a(u,v) = / (Vu - Vo 4+ uwv) dz,
Q

Z(U):/vadx—k/rgvds.

Applying the Lax-Milgram Lemma, we can show that the weak formulation
(8.4.8) has a unique solution u € H(1).

Above we have shown that a classical solution u € C2?(2) N C*(Q) of the
boundary value problem (8.4.7) is also the solution u € H'(Q) of the weak
formulation (8.4.8). Conversely, reversing the above arguments, it is readily
seen that a weak solution of the problem (8.4.8) with sufficient smoothness
is also the classical solution of the problem (8.4.7).

Neumann boundary conditions are also called natural boundary condi-
tions since they are naturally incorporated in the weak formulations of the
boundary value problems, as can be seen from (8.4.8).
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It is more delicate to study the pure Neumann problem for the Poisson
equation
—Au=f in Q,
{ ou/ov=g onT, (8.4.9)
where f € L?*(Q) and g € L?(I") are given. Formally, the corresponding
weak formulation is

uec HY(Q), /VwVvdx:/fvdx—l—/gvds Yo e HY(Q). (8.4.10)
Q Q r

A necessary condition for (8.4.10) to have a solution is

[ rar+ [gas=o (8.4.11)

which is derived from (8.4.10) by taking the test function v = 1. If (8.4.11)
is not valid, the problem (8.4.9) does not have a solution. When the problem
has a solution u, any function of the form u+-c¢, ¢ € R, is a solution. Assume
Q) C R? is a Lipschitz domain, i.e.  is open, bounded, connected, and its
boundary is Lipschitz continuous. Let us show that the condition (8.4.11)
is also a sufficient condition for the problem (8.4.10) to have a solution.
Indeed, the problem (8.4.10) is most conveniently studied in the quotient
space V = H'(Q)/R (see Exercise 1.2.19 for the definition of a quotient
space), where each element [v] € V is an equivalence class [v] = {v + «a |
a € R}, and any v € [v] C HY(Q) is called a representative element of [v].
The following result is a special case of Theorem 7.3.17.

Lemma 8.4.1 Assume Q C R? is a Lipschitz domain. Then over the quo-
tient space V.= H1(Q)/R, the quotient norm

= inf — inf
IEllv = jn vl = inf o+l

is equivalent to the H'(Q) semi-norm |v|y for any v € [v].

It is now easy to see that the formula
a([ul, [v]) = / Vu-Vodz, u€lul], ve v
Q

defines a bilinear form on V', which is continuous and V-elliptic. Because
of the condition (8.4.11),

Z([v]):/ﬂfvdx—i-/rgvds

is a well-defined linear continuous form on V. Hence, we can apply the
Lax-Milgram Lemma to conclude that the problem

[l eV, a(lul,[v) =) V[]eV
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has a unique solution [u]. It is easy to see that any u € [u] is a solution of
(8.4.10).

Another approach to studying the Neumann boundary value problem
(8.4.9) is to add a side condition, such as

/ uwdzr = 0.
Q
Then we introduce the space

V= {v e H'(Q) ’ /dex - 0}. (8.4.12)

An application of Theorem 7.3.12 shows that over the space V, |-|1 is a norm
equivalent to the norm || - [|;. The bilinear form a(u,v) = [, Vu - Vvdz is
both continuous and V-elliptic. So there is a unique solution to the problem

ueV, /Vu~Vvdx:/fvdx—|—/gvds YveV. (8.4.13)
Q Q r

The unique solution w € V' of (8.4.13) can be obtained as the limit of a
sequence of weak solutions of regularized boundary value problems. See
Exercise 8.4.7.

8.4.4  Problems with mized boundary conditions

It is also possible to specify different kind of boundary conditions on dif-
ferent portions of the boundary. One such example is

—Au+u=f in Q,
u=0 on I'p, (8.4.14)
u/dv =g on I'y,

where I'p and 'y form a non-overlapping decomposition of the boundary:
I'=TpUl'n, I'p is relatively closed, I' i is relatively open, and I'p NI’y =
(). Assume (Q is connected. The appropriate space in which to pose this
problem in weak form is now

V=H (Q)={veH (Q)|v=0o0nTp}.
Then the weak problem is again of the form (8.4.7) with

a(u,v) :/(Vu-Vv—i—uv) dx,
Q

E(v):/gfvdx—i-/FNgvds.

Under suitable assumptions, say f € L?(Q2) and g € L?(T'y), we can again
apply the Lax-Milgram Lemma to conclude that the weak problem has a
unique solution.
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8.4.5 A general linear second-order elliptic boundary value
problem

The issue of existence and uniqueness of solutions to the problems just
discussed may be treated in the more general framework of arbitrary linear
elliptic PDEs of second order. Let Q C R? be a Lipschitz domain. Let the
boundary I' = I'p UT'y with 'p NT'y = 0, I'p and I'y being relatively
closed and open subsets of I'. Consider the boundary value problem

— Zd B(am&u) + Z?:l b;0;u + cu = f in €,

i,5=19Yj
u=0 on I'p, (8.4.15)
d
Zi,j:l aijaiu vi=4g on FN.
Here v = (v1,...,v4)7 is the unit outward normal on I'y.

The given functions a;;, b;, ¢, f, and g are assumed to satisfy the following
conditions:

Qij, b;,c € L (Q), (8416)
there exists a constant @ > 0 such that
d
D ai&& > 01EP VE= (&) €RY, ae in Q; (8.4.17)
ij=1
e L), (8.4.18)
g € L*(Tx). (8.4.19)

The weak formulation of the problem (8.4.15) is obtained again in the
usual way by multiplying the differential equation in (8.4.15) by an arbi-
trary test function v which vanishes on I'p, integrating over €2, performing
an integration by parts, and applying the specified boundary conditions.
As a result, we get the weak formulation (8.4.3) with

V =H} (),

d d
a(u,v) = / Z ai;0;ud;v + Z bi(O;u) v+ cuv| de, (8.4.20)
Q

ij=1 i=1

E(v):/ﬂfvdx—k/FNgvds.

We can again apply Lax-Milgram Lemma to study the well-posedness of
the boundary value problem. The space V' = H[\ (Q) is a Hilbert space,
with the standard H!-norm. The assumptions (8.4.16)(8.4.19) ensure that
the bilinear form is bounded on V, and the linear form is bounded on V.
What remains to be established is the V-ellipticity of the bilinear form.

Some sufficient conditions for the V-ellipticity of the bilinear form of the
left hand side of (8.4.20) are discussed in Exercise 8.4.3.
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Exercise 8.4.1 The boundary value problem

—Au+cu=f in €,
u = constant  on I,

ou /
—ds= [ gds
r Ov r

is called an Adler problem. Derive a weak formulation, and show that the weak
formulation and the boundary value problem are formally equivalent. Assume
c>0, f € L*Q) and g € L*(I"). Prove that the weak formulation has a unique
solution.

Exercise 8.4.2 A boundary condition can involve both the unknown function
and its normal derivative; such a boundary condition is called the third boundary
condition or Robin boundary condition for second-order differential equations.
Consider the boundary value problem

—Au=f in Q,
du
v

Derive a weak formulation of the Robin boundary value problem for the Poisson
equation. Find conditions on the given data for the existence and uniqueness of
a solution to the weak formulation; prove your assertion.

+au=g onl.

Exercise 8.4.3 Assume Q C R? is a Lipschitz domain. Show that the bilinear
form defined in (8.4.20) is V-elliptic with V = H (), if (8.4.16)~(8.4.19) hold
and one of the following three conditions is satisfied, with b = (b1, ..., bq)” and
0 the ellipticity constant in (8.4.17):

¢>co >0, |b| <Bae. inQ, and B? < 40 co,

or
1
b-v>0ae. only, andc—adivbzco>0a.e. in Q,

or
meas(I'p) > 0, b =10, and ir&fc > —0/¢,

where ¢ is the best constant in the Poincaré inequality
2 ~ 2 1
/’U da:Sc/ |Vo|"de Vv € Hp, ().
Q Q

This best constant can be computed by solving a linear elliptic eigenvalue prob-
lem: ¢ = 1/A1, with A1 > 0 the smallest eigenvalue of the eigenvalue problem

—Au=Au in €,
u=20 on I'p,
0

8—1::0 on FN

A special and important case is that corresponding to b = 0; in this case the
bilinear form is symmetric, and V-ellipticity is assured if

c>co > 0.



346 8. Weak Formulations of Elliptic Boundary Value Problems

Exercise 8.4.4 It is not always necessary to assume 2 to be connected. Let
Q C R? be open, bounded with a Lipschitz boundary, and let us consider the
boundary value problem 8.4.15 with I'p = T" and I'v = @ (i.e. a pure Dirichlet
boundary value problem). Keep the assumptions (8.4.16)—(8.4.18). Show that
the boundary value problem has a unique solution if one of the following three
conditions is satisfied:

c>co>0, |b| <Bae. inQ, and B? < 40 co,

or .
c— §divb2 co > 0 a.e. in €,
or
b=0and igfc > —f/c

where ¢ is the best constant in the Poincaré inequality

/vzdazgé/ |Vo|?de Yo € Hy(Q).
Q Q

This best constant can be computed by solving a linear elliptic eigenvalue prob-
lem: ¢ = 1/A1, with A1 > 0 the smallest eigenvalue of the eigenvalue problem

—Au=Au in Q,
u=20 on I'.

Exercise 8.4.5 Let Q C R? be a Lipschitz domain, f € L*(Q), b1,--- ,bs € R,
co € L*=(Q), and ¢p > 0 a.e. in Q. Consider the boundary value problem

—Au—i—blﬂ—i—---—i—bda—u—i—cou:f in Q,
ox1 O0xq

u=0 onl.

Give a weak formulation, study its solution existence and uniqueness, and explore
the availability of an equivalent minimization problem.

Exercise 8.4.6 Assume Q is a Lipschitz domain in R%. Recall the definition
(7.3.2) of the norm gl z1/2(ry. Show that ||g[|g1/2¢r) = [[ulla1(e) where u €
H'(Q) satisfies

yu=gonT, /(Vu-VU—i—uv)dx:O Yo e Hy(Q).
Q

In other words, u is a weak solution of the boundary value problem

—Au+u=0 in €,
u=g¢g onl.

Hint: By the definition, there exists a sequence {u,} C H'(Q) with u, =g on T
such that

lunllzr@) = llgllgr/2@ry asn— oo
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Show that there is a subsequence {u,,s} and an element u € H*(£2) such that
Upr — u in HY(Q), w, — uin L*(T).
Then deduce that u € H'(Q) satisfies u = g on T', and
lull 1) = mf{[|v]l () | v € HY(Q), v =g}
Finally, notice that for fixed v € H (), the real variable function ||u + t““iﬂ(ﬂ)

has its minimum at ¢t = 0.

Exercise 8.4.7 In this exercise, we discuss how to apply the so-called Tikhonov
regularization method to approximate the solution u of the problem (8.4.13). For
€ > 0, consider the problem
—Aue +eu:. = f in Q,
Oue
ov

where f € L?(Q) and g € L*(T") are given functions satisfying (8.4.11). The weak
formulation is

ue € HY(Q), /(Vug-VU—i—EuEv)dx:/fvdx—k/gvds Yo e HY(Q).
Q Q r
(8.4.21)

=g onl,

Carry out the following steps.

(a) For any € > 0, show (8.4.21) has a unique solution.

(b) Show that [, ue(x)dz = 0.

(c) Take v = u. in (8.4.21) and apply the Poincaré-Wirtinger inequality (Exercise
7.3.6) to show that [|uc|| g1 (q) is uniformly bounded with respect to € > 0. Thus,
there is a subsequence, still denoted by {uc}, and some u € H*(Q) such that
ue — u in H'(Q) as € — 0.

(d) Recall the definition of the space V in (8.4.12). Show that the weak limit u
from (c) satisfies (8.4.13). Since (8.4.13) admits a unique solution, the limit u
does not depend on the subsequence chosen in (c). Hence, the entire family {u.}
converges weakly to u in H'(Q) as e — 0.

(e) Show that [[[Vuel[l 2 — [[IVulll 2(q) as € — 0, and conclude the strong

convergence ue — u in H'(Q) as € — 0.

Exercise 8.4.8 Let  C R? be a Lipschitz domain with boundary T' = T'pUT'y,
I'p relatively closed, 'y relatively open, I'p NT'x = @, and meas(I'p) > 0. Let
A e L= ()¢ be symmetric and uniformly positive definite, i.e.,

Ax)T = A(z) ae x e,
eTA(z) € > col€)? ae xzeQ, VEeR?

with some constant c¢o > 0, and let ¢ € L*(€2) be such that c¢(xz) > 0 a.e. x € Q.
Given f € L?(Q) and g € L*(I'y), consider the boundary value problem

—div (AVu) 4+ cu=f inQ,
u=0 onlp,
(AVu) -v=g onlDn.
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(a) Derive the weak formulation and show the existence of a unique weak solution
u € Hi, (D).
(b) Define the energy functional

1
E(v) :/ [5 (\A1/2Vfu‘2 + c\y|2> — fv} dz —/ gvds, vE H%D(Q).
Q 'y
Compute the derivative E'(v).
(c) Show that u € Hp, () is the solution of the weak formulation if and only if
E'(u) =0, and if and only if v minimizes E(-) over the space Hr ().

Exercise 8.4.9 The biharmonic equation

ANu=f inQ
arises in fluid mechanics as well as thin elastic plate problems. Let us consider
the biharmonic equation together with the homogeneous Dirichlet boundary con-
ditions

u=—=0 onl.

v
Note that the differential equation is of fourth-order, so boundary conditions in-
volving the unknown function and first-order derivatives are treated as Dirichlet
(or essential) boundary conditions, whereas Neumann (or natural) boundary con-
ditions refer to those involving second and third order derivatives of the unknown
function. Give a weak formulation of the homogeneous Dirichlet boundary value
problem for the biharmonic equation and explore its unique solvability.

8.5 A boundary value problem of linearized
elasticity

We study a boundary value problem of linearized elasticity in this section.
Consider the deformation of an elastic body occupying a domain Q C R%;
d < 3 in applications. The boundary I' of the domain is assumed Lipschitz
continuous so that the unit outward normal v exists almost everywhere
on I'. We divide the boundary I' into two complementary parts I'p and
'y, where I'p is relatively closed, I'y is relatively open, I'p NTxy = 0
and meas(I'p) > 0. The body is subject to the action of a body force of
the density f and the surface traction of density g on I'y. We assume
the body is fixed along I'p. As a result of the applications of the external
forces, the body experiences some deformation and reaches an equilibrium
state. A material point €  in the undeformed body will be moved to
the location « + w after the deformation. The quantity u = u(x) is the
displacement of the point . The displacement u : @ C RY — R? is a
vector-valued function, d = 2 for planar problems and d = 3 for three
dimensional problems.

Besides the displacement, another important mechanical quantity is the
stress tensor. Consider a surface within the body. Interaction between the
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material on the two sides of the surface can be described in terms of forces
exerted across the surface. A stress is the force per unit area exerted by
the part of the body on one side of the surface on the part of the body
on the other side. The state of the stress at any point in the body can be
described by the stress tensor o. The stress tensor take on values in S¢, the
space of second order symmetric tensors on R?. We may simply view S¢ as
the space of symmetric matrices of order d. The canonical inner product
and corresponding norm on S are

o:T=0y7 |o|=(c:0)"? Vo, Tes

In discussing mechanical problems, we adopt the summation convention
over a repeated index, i.e., if an index appears twice in an expression, a
summation is implied with respect to that index. Thus, 0;;7;; stands for
Z?,j:l TijTij-

Mathematical relations in a mechanical problem can be split into two
kinds, material-independent ones, and material-dependent ones called con-
stitutive laws. To describe these relations, we need the notion of a strain
tensor. Strain is used to describe changes in size and shape of the body
caused by the action of stress. The strain tensor € quantifies the strain
of the body undergoing the deformation. Like the stress tensor, the strain
tensor takes on values in S%. A reader with little background on elasticity
may simply view u as a d-dimensional vector-valued function, and e and
o as d X d symmetric matrix-valued functions.

The material-independent relations include the strain-displacement rela-
tion, the equation of equilibrium, and boundary conditions. The equation
of equilibrium takes the form

—dive =f in Q. (8.5.1)

Here div o is a d-dimensional vector-valued function with the components
(note the summation over the index j)

(leO’)l = 045,55 1 S ) S d.

We assume the deformation is small (i.e., both the displacement and its
gradient are small in size), and use the linearized strain tensor

e(u) = % [Vu+ (Vu)'] in Q. (8.5.2)

The specified boundary conditions take the form

u=0 onlIp, (8.5.3)

ov=g only. (8.5.
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Here ov represents the action of the stress tensor o along the direction of
the unit outward normal v. It can be viewed as a matrix-vector multipli-
cation, and the result is a d-dimensional vector-valued function whose "
component is o;;v;.

The above relations are supplemented by a constitutive relation, which
describes the mechanical response of the material to the external forces. The
simplest constitutive relation is provided by that of linearized elasticity,

o =Ce(u). (8.5.5)

The elasticity tensor C is of fourth order, and can be viewed as a linear
mapping from the space S? to itself. With respect to the Cartesian coordi-
nate system, the tensor C has the components Cjji1, 1 < 4,5, k,1 < d. The
expression Ce stands for a second-order tensor whose (4, )" component is
Cijkiert- In component form, the constitutive relation (8.5.5) is rewritten
as

oij = Cijmer(u), 1<1i,7<d.

We assume the elasticity tensor C is bounded,

Cijkg € L™ (), (8.5.6)
symmetric,
Cijrt = Cjirt = Chaij, (8.5.7)
and pointwise stable,
e:Ce>ale> Vees? (8.5.8)

with a constant a > 0.

If the components Cj;z; of the elasticity tensor do not depend on x € €,
the material is said to be homogeneous. Otherwise it is nonhomogeneous.
For a fixed « € Q, if the tensor C(x) is invariant with respect to rotations
of the coordinate system, the material is said to be isotropic at the point
x. Otherwise, the material is anisotropic at the point x € Q2. For example,
wood is anisotropic at any point since it possesses different properties along
and across its fibers (such material is called orthotropic).

In the special case of an isotropic, homogeneous linearly elastic material,
we have

Cijkt = X0i;0k + 1 (0i 051 + 010,1), (8.5.9)

where A\, 1 > 0 are called Lamé moduli; then the constitutive relation is
simplified to
o=\Ntre)I+2pe. (8.5.10)

Here we use I to denote the unit tensor of the second order (think of it as
the identity matrix of order d), and tre is the trace of the tensor (matrix)
€. In component form,

oij = A(erk) 6ij + 2 peij. (8.5.11)
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Inverting (8.5.11) we get

1+v v
—F i (k) 0ij (8.5.12)

Eij = E

where the constants F and v are defined by the relations

E_ (3N +2p) A

Atp T 20w

Young’s modulus E measures the stiffness in the tension (axial) direction,
and Poisson’s ratio v measures the lateral contraction. Another quantity
used often is the bulk modulus K, defined by

K= E _ 3N+ 2u.
3(1-2v) 3

These quantities are used in the engineering literature more often than the
Lamé coefficients A and p. Some experimental tests (see, e.g. [177]) lead
to restrictions A > 0, u > 0 for the Lamé coefficients and it follows that
K>0,E>00<v<1/2

We now introduce a useful integration by parts formula. For any symmet-
ric tensor o and any vector field v, both being continuously differentiable
over {2,

/divo--vdx:/o-u-vds—/o-:s('v)dx. (8.5.13)
Q r Q

The classical formulation of the boundary value problem for the lin-
earized elasticity consists of the equations (8.5.1)—(8.5.5). We now derive
the corresponding weak formulation with regard to the unknown variable
u. Suppose the linearized elasticity problem has a smooth solution u. By
(8.5.2) and (8.5.5), o is also smooth. Combining the equations (8.5.1) and
(8.5.2), we see that the differential equation is of second order for u. We
multiply the equation (8.5.1) by an arbitrary smooth test function v that
vanishes on I'p, and integrate over ),

—/divo--vdm:/f~'vdx.
Q Q

Apply the formula (8.5.13) to the left hand side,

_/F(o-y).vds-i-/ﬂo-:s(v)dx:/ﬂf-vdx.

Upon the use of the boundary conditions, the boundary integral term can

be written as
—/(0'1/)~vds:—/ g-vds.
r I'n
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/QO':z—:(v)dx:/gfmdx%-/rlvg-vds.

Recalling the constitutive law (8.5.5), we have thus derived the following
relation for any smooth function v that vanishes on I'p:

/Q[Cs(u)]:e(v)dx:/gfwdx—&-/FNg-vds.

fFell?@), gell*(Ty)" (8.5.14)

and introduce the function space

Therefore,

Assume

V={ve [H'(Q)]¢ |v =0 a.e. on Ip}.

Then the weak formulation for the displacement variable is
ueV, / [Ce(u)] : e(v)dx = / f-'vdx+/ gvds YveV. (85.15)
Q 9] I'n

We can apply the Lax-Milgram Lemma to conclude the existence and
uniqueness of the problem (8.5.15).

Theorem 8.5.1 Assume (8.5.6)(8.5.8), (8.5.14) and meas (I'p) > 0. Then
there is a unique solution to the problem (8.5.15), and the problem (8.5.15)
is equivalent to the minimization problem

ueV, E(u)=if{EW)|veV}, (8.5.16)
where the energy functional is defined by

E(w) = % /Q [Ce(v)] : e(v) dx — /Q fvde — /FN g-vds. (8.5.17)

A proof of this result is left as Exercise 8.5.3. In verifying the V-ellipticity
of the bilinear form

a(u,v) = /Q[Cs(u)] :e(v) du,

we need to apply Korn’s inequality: There exists a constant ¢ > 0 depending
only on 2 such that

ol < [ letw)Pde Vo eV,

Exercise 8.5.1 Prove the integration by part formula (8.5.13).
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Exercise 8.5.2 In the case of an isotropic, homogeneous linearly elastic material
(8.5.10), show that the classical formulation of the equilibrium equation written
in terms of the displacement is

—pnAu — A+ p)Vdive = f  in Q.
Give a derivation of the weak formulation of the problem: Find w € V such that
a(u,v) =4L(v) Yv e,
where
V= {v e [H' ()" |v=0on FD},

a(u,v) = /Q [Adivudive +2pe(u) : e(v)] de,

6(1;):/0f-'vdoc—|—/F g-vds.

Prove that the weak formulation has a unique solution.
Exercise 8.5.3 Apply the Lax-Milgram Lemma to prove Theorem 8.5.1.

Exercise 8.5.4 This exercise follows [92]. In solving the Navier-Stokes equa-
tions for incompressible viscous flows by some operator splitting schemes, such
as Peaceman-Rachford scheme, at each time step, one obtains a subproblem of
the following type: Find u € H'(Q)?, u = g, on I'g such that

a(u,v) =L0(v) Vo€ H%D(Q)d. (8.5.18)

Here, Q is a Lipschitz domain in R?, 9Q = I'o UT'; with g relatively closed, T'y
relatively open, and ToNT'1 = (. The function g, € H*(Q)? is given. The bilinear
form is

a(u,v):a/ u~'vdoc+u/Vu:Vvdac+/(V~V)u~vdx,
Q Q Q
where a and p are given positive constants, V€ H'(Q)*NL>(Q)* (V € H*(Q)*
for d < 4) is a given function satisfying
divV =0inQ, V-v>0onTlj.
The linear form is

U(v) = f-vd:r—i—/ g, -vds,
Q ry

where f € L2(Q)? and g, € L*(T'1)¢ are given functions. Denote the bilinear
form

b(v,w):/(V~V)v~'wd:t, v,we H' ()%
Q

Show the following:
(a) b(-,-) is continuous over H'(Q)% x H*(Q)<.
(b) b(v,v) > 0 for any v € Hp, ()%
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Hint: The space CR2(Q) = {v € C*°(Q) | v = 0 in a neighborhood of T'o} is
dense in Hf, (9).
(¢) The problem (8.5.18) has a unique solution.
(d) Derive the classical formulation of the problem (8.5.18).

Note: The problem (8.5.18) is a linear advection-diffusion problem. The as-
sumption “V -v > 0 on I'1” reflects the fact that the Neumann boundary condi-
tion is specified on a downstream part I'y of the flow region boundary.

8.6 Mixed and dual formulations

This section is intended as a brief introduction to two more weak formula-
tions for boundary value problems, namely the mixed formulation and the
dual formulation. We use the model problem

—Au=f 1inQ, (8.6.1)
u=0 onl (8.6.2)

for a description of the new weak formulations. Assume f € L?*(Q). The
weak formulation discussed in previous sections is

u € HY(Q), / Vu~Vvdx:/ fodr Yve HHQ). (8.6.3)
Q Q
This weak formulation is called the primal formulation since the unknown

variable is u. Here the bilinear form is symmetric, so the weak formulation
(8.6.3) is equivalent to the minimization problem

€ H(Q), E(u)= inf E 8.6.4
ue HYQ), E(= inf B (3.6.4)
with )
Ew) = —/ \Vv|2dx—/fvdx. (8.6.5)
2 Ja Q

In the context of a heat conduction problem, u is the temperature and
Vu has a physical meaning related to the heat flux. In many situations, the
heat flux is a more important quantity than the temperature variable. It
is then desirable to develop equivalent weak formulations of the boundary
value problem (8.6.1)—(8.6.2) that involves p = Vu as an unknown. For
this purpose, let ¢ = Vv. Then noticing that

1 1
5/ |Vol*de = sup / (Q'VU—E\QF)d%
Q geL2(Q)¢Jo

we can replace the minimization problem (8.6.4) by

inf sup L(v,q), 8.6.6
L s L0 (5.6.6)
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where

1
L(v,q) = / (q Vo -3 lq|* — fv) da (8.6.7)
Q
is a Lagrange function. We now consider a new problem

sup inf L(v,q), 8.6.8
qeL2(Q)d vEHF(Q) ) ( )

obtained by interchanging inf and sup in (8.6.6). We have

1

——/\qux if g€ Q.
2 Q

_s ifqg 0y

inf L(v,q) =
veEH] () ( q)

where
sz{qeLQ(Q)d‘ /q~Vvdx:/fvdev€Hé(Q)}.
Q Q

The constraint in @y is the weak form of the relation —divg = f. Thus
the problem (8.6.8) is equivalent to

1
sup (-- / q|2dx> (8.6.9)
qeQy 2 Q
or
inf = 2dx
5 Q\ql

Problem (8.6.9) is called a dual formulation of the model problem (8.6.1)—
(8.6.2), whereas problem (8.6.4) is called the primal formulation of the
model problem.

Relation between a primal formulation and its associated dual formula-
tion can be studied within the theory of saddle point problems. A general
presentation of the theory is found in [76, Chap. VI]. Here we quote the
main result.

Definition 8.6.1 Let A and B be two sets and L : A x B — R. Then a
pair (u,p) € A x B is said to be a saddle point of L if

L(u,q) < L(u,p) < L(v,p) V(v,q) € Ax B. (8.6.10)

This definition generalizes the concept of a saddle point of a real-valued
function of two real variables. Recall that (1,2) is a saddle point of the
function

y=(z; —1)* = (12— 2)% z1,20 €R.

The problem (8.6.10) of finding a saddle point of the functional L is called a
saddle point problem. The next result follows immediately from Definition
8.6.1.
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Proposition 8.6.2 A pair (u,p) € Ax B is a saddle point of L : Ax B —
R if and only if

inf L(v,q) = mi L(v,q), 8.6.11
max inf L(v,q) min sup (v,q) ( )

and the common value equals L(u,p).

Note that with a saddle point (u, p), the maximum in (8.6.11) is attained
at ¢ = p, and the minimum is attained at v = u.

Regarding existence and uniqueness of a saddle point, we have the fol-
lowing general result.

Theorem 8.6.3 Assume

(a) V and Q are reflexive Banach spaces;

(b) A CV is non-empty, closed and convez;

(¢) B C Q is non-empty, closed and convex;

(d) Vg € B, v L(v,q) is convex and l.s.c. on A;
(e) Vv e A, ¢ — L(v,q) is concave and u.s.c. on B;
(f) ACV is bounded, or g9 € B such that

L(v,q0) — o0 as ||v]] — o0, v € A;
(g) B C Q is bounded, or vy € A such that
L(”qu) — —00 as ||Q|| — 00, g € B.

Then L has a saddle point (u,p) € Ax B. Moreover, if the convexity in (d)
is strengthened to strict convexity, then the first component u is unique.
Similarly, if the concavity in (e) is strengthened to strict concavity, then
the second component p is unique.

The same conclusions hold when (f) is replaced by
()Y ACV is bounded, or

lim sup L(v,q) = oo
vl =00 geB
veEA

or when (g) is replaced by
(g) B C Q is bounded, or
lim inf L(v,q) = —cc.
[lg||—o0 vEA ( q)
qeB
In the statement of Theorem 8.6.3, we use the notions of concavity and
upper semi-continuity. A function f is said to be concave if (—f) is convex,
and f is u.s.c. (upper semi-continuous) if (—f) is Ls.c.
Corresponding to the saddle point problem (8.6.10), define two function-
als:

E(v):supL(v,q), ’UGA,
qeB

E“(q) =Ulg£‘L(v,q), q € B.
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We call
Ulglqu(v) (8.6.12)
the primal problem, and
sup E(q) (8.6.13)
qeB

the dual problem. Combining Theorem 8.6.3 and Proposition 8.6.2 we see
that under the assumptions listed in Theorem 8.6.3, the primal problem
(8.6.12) has a solution u € A, the dual problem (8.6.13) has a solution
p € B, and
inf F(v) = sup E(q) = L(u,p). (8.6.14)
vEA qEB
Back to the model problem (8.6.1)—(8.6.2), we have the primal formula-
tion (8.6.4), the dual formulation (8.6.9), the Lagrange functional L(v, q)
given by (8.6.7), A=V = H}(Q), and B = Q = L?(Q)%. It is easy to see
that the assumptions (a)—(e) and (g) in Theorem 8.6.3 are satisfied. We
can verify (f)’ as follows:

sup  L(v,q) > L(v,Vv) = /Q (% Vo] — fv) dx

geL? ()¢

which tends to 0o as [|v]| g1 (q) — oo. Note that for any v € V, the mapping
q — L(v,q) is strictly concave. Also, the primal formulation (8.6.4) has a
unique solution. We thus conclude that the Lagrange functional L(v, q) of
(8.6.7) has a unique saddle point (u,p) € H}(Q) x L?(Q)%:

L(u,q) < L(u,p) < L(v,p) Vqe L*(N)% Vve H}(Q),  (8.6.15)

and

1 1
E(u)= inf FE(v)= sup (——/ q2dx>:——/p2dx.
(u) ey (v) o |73 Q\ | 5 Q| |

It is left as an exercise to show that the inequalities (8.6.15) are equivalent
to (u,p) € H} () x L%(Q)? satisfying

/p qu—/ -Vudr =0 Vqe L2(Q)Y, (8.6.16)

/ -Vvdr = — /fvdx Vo€ Hy(Q).  (8.6.17)

Upon an integration by parts, another weak formulation is obtained: Find
(u,p) € L*(Q) x H(div; ) such that

/p~qu+/ (divg)udz =0 Vq € H(div; ), (8.6.18)
Q Q

/(divp)vdxz—/ fodz Yve L*(Q). (8.6.19)
Q Q
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Here
H(div;Q) = {q € L*(V)* | divg € L*(Q)}; (8.6.20)

it is a Hilbert space with the inner product

(P, @ (aivio) = (P, @) 20 + (divp, divg) L2 ().

Formulations (8.6.16)—(8.6.17) and (8.6.18)—(8.6.19) are examples of mized
formulations and they fall in the following abstract framework:

Let V and @ be two Hilbert spaces. Assume a(u,v) is a continuous
bilinear form on V' x V', and b(v, q) is a continuous bilinear form on V' x Q.
Given f € V' and g € Q’, find u € V and p € Q such that

a(u,v) +b(v,p) = (f,v)vixv Vv eV, (8.6.21)
b(u,q) = (9, 0)a'xq@ Vq€Q. (8.6.22)

In addition to the need of bringing in quantities of physical importance
into play in a weak formulation (e.g. p = Vu for the model problem) in
the hope of achieving more accurate numerical approximations for them,
we frequently arrive at mixed formulation of the type (8.6.21)—(8.6.22) in
dealing with constraints such as the incompressibility in fluids or in certain
solids (see Exercise 8.6.4). Finite element approximations based on mixed
formulations are called mized finite element methods, and they have been
extensively analyzed and applied in solving mechanical problems. In Chap-
ter 10, we only discuss the finite element method based on the primal weak
formulation. The interested reader can consult [43] for a detailed discus-
sion of the mixed formulation (8.6.21)—(8.6.22) and mixed finite element
methods.

Exercise 8.6.1 Show the equivalence between (8.6.15) and (8.6.16)—(8.6.17).
Exercise 8.6.2 Show that (8.6.16) and (8.6.17) are the weak formulation of the
equations

p=Vu, —divp=/f.

Exercise 8.6.3 Show that the weak formulation (8.6.18)—(8.6.19) is equivalent
to the saddle point problem for

Lwa) = [ |-+ dvayo - 1ol o
on L*(Q) x H(div; Q).

Exercise 8.6.4 As an example of a mixed formulation for the treatment of a
constraint, we consider the following boundary value problem of the Stokes equa-
tions for an incompressible Newtonian fluid with viscosity p > 0: Given a force
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density f, find a velocity u and a pressure p such that

—pAu+Vp=f inQ,
divu =0 in Q,

u=0 onl.

To uniquely determine p, we impose the condition

/pd:rzO.
Q

Assume f € L*(Q)%. Let

V= HY Q)" Q:{qeLQ(Q) ] /qua::()}.

Show that a mixed weak formulation of the boundary value problem is: Find
w=(u1,...,uq)” €V and p € Q such that

d
“Z Vui~Vv,-dw—/pdivvda:: frvde YveV,
— /o Q Q

/ gdivudr =0 VgqgeQ.
Q

Introduce the Lagrange functional
Lw.q) = [ lne(®): e(@) ~ qdivo— £ -v]de,
Q
where €(v) is the linearized strain tensor defined in (8.5.2). Show that (u,p) €

V x @ satisfies the weak formulation if and only if it is a saddle point of L(v, q)
over V x Q.

8.7 Generalized Lax-Milgram Lemma

The following result extends Lax-Milgram Lemma, and is due to Necas
[176].

Theorem 8.7.1 Let U and V' be real Hilbert spaces, a : U x V — R be a
bilinear form, and € € V'. Assume there are constants M > 0 and a > 0
such that

la(u,v) < M ullullvly VueU, veV,  (87.1)

a(u,v)

u > ollully YueU, (8.7.2)
ozvev lvllv

sup a(u,v) >0 VYveV, v#Q0. (8.7.3)
uelU
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Then there exists a unique solution u of the problem
uel, a(u,v)=1"Lv) YveW (8.7.4)

Moreover,

W”V’
< . .
lullo < =2 (8.7.5)

Proof. The proof is similar to the second proof of Lax-Milgram Lemma,
and we apply Theorem 8.2.1.
Again, let A: U — V be the linear continuous operator defined by the
relation
a(u,v) = (Au,v)y YueU, veV.

Using the condition (8.7.1), we have
|Au|ly < M ||ully VueU.
Then the problem (8.7.4) can be rewritten as
wel, Au=J, (8.7.6)

where J : V! — V is the Riesz isometric operator.

From the condition (8.7.2) and the definition of A4, it follows immediately
that A is injective, i.e., Au = 0 for some v € U implies u = 0.

To show that the range R(A) is closed, let {u,} C U be a sequence such
that {Au,} converges in V, the limit being denoted by w € V. Using the
condition (8.7.2), we have

1 A —
lum — wally < & sup Alm — tn)r0)v
QO 0£veV [vllv

< — | Aup — Aug|v.

Q|

Hence, {u,} is a Cauchy sequence in U, and hence have a limit u € U.
Moreover by the continuity condition (8.7.1), Au, — Au = w in V. Thus,
the range R(A) is closed.

Now if v € R(A)*, then

(Au,v)y = a(u,v) =0 YueUl.

Applying the condition (8.7.3), we conclude v = 0. So R(A)+ = {0}.
Therefore, the equation (8.7.6) and hence also the problem (8.7.4) has a
unique solution.

The estimate (8.7.5) follows easily from another application of the con-
dition (8.7.2). 0

Exercise 8.7.1 Show that Theorem 8.7.1 is a generalization of the Lax-Milgram
Lemma.
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Exercise 8.7.2 As an application of Theorem 8.7.1, we consider the model
boundary value problem
—Au=f inQ,

u=0 onl.

The “standard” weak formulation of the problem is

u € H&(Q), Vu-Voudr = (f, v)H_l(Q)XHé(Q) Yo e Hy(Q).
Q

This formulation makes sense as long as f € H *(Q) (e.g. if f € L*(Q)). Per-
forming an integration by part on the bilinear form, we are led to a new weak
formulation:

UELQ(Q), —/(;’(LA’UdJJ: <f7v>(H2(Q))’><H2(Q) Yo EH2(Q)QH5(Q)

(8.7.7)
This formulation makes sense even when f ¢ H ™ '(Q) as long as f € [H*(Q)].
One example is for d < 3, the point load

f(m) = 605(:17 — :12())

for some co € R and xo € Q. In this case, we interpret (f,v)y2q))xn2(0) a8
cov(xo), that is well-defined since H*(Q) is embedded in C(Q) when d < 3.

Assume f € (H?*(Q)) and Q C R? is smooth or convex. Apply Theorem 8.7.1
to show that there is a unique “weaker” solution u € L*(Q) to the problem
(8.7.7). In verifying the condition (8.7.2), apply the estimate (7.3.11).

8.8 A nonlinear problem

A number of physical applications lead to partial differential equations of
the type (see [246])

—div [a(|Vu]) Vu] = f.
In this section, we consider one such nonlinear equation. Specifically, we
study the boundary value problem

div [(1 + \vu\Q)p/Hvu] —f inQ, (8.8.1)
u=0 onl, (8.8.2)

where p € (1,00). We use p* to denote the conjugate exponent defined
through the relation

+ *
p p
When p = 2, (8.8.1)—(8.8.2) reduces to a linear problem: the homogeneous
Dirichlet boundary value problem for the Poisson equation, which was stud-
ied in Section 8.1.
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Let us first formally derive a weak formulation for the problem (8.8.1)—
(8.8.2). For this, we assume the problem has a solution, sufficiently smooth
so that all the following calculations leading to the weak formulation are
meaningful. Multiplying the equation (8.8.1) with an arbitrary test function
v € C5°(Q) and integrating the relation over (2, we have

—/ div [(1—&— \Vu\Q)p/%qu] vdx:/fvdx.
Q Q

Then perform an integration by parts to obtain
/(1+|Vu|2)p/2_1Vu-Vvdx=/ fudz. (8.8.3)
Q Q

Let us introduce the space
vV =W,"() (8.8.4)

and define the norm
1/p
o]y = (/ |W\de) . (8.8.5)
Q

It can be verified that || - ||y defined in (8.8.5) is a norm over the space V,
which is equivalent to the standard norm || - |ly1.-() (see Exercise 8.8.1).
Since p € (1,00), the space V is a reflexive Banach space. The dual space
of V' is

V=W (Q)

and we assume throughout this section that
fev.

Notice that the dual space V is pretty large, e.g. LP" (Q) C V.

It can be shown that the left side of (8.8.3) makes sense as long as
u,v € V (see Exercise 8.8.2). Additionally, the right side of (8.8.3) is well
defined for f € V’ and v € V when we interpret the right side of (8.8.3) as
the duality pair between V* and V.

Now we are ready to introduce the weak formulation for the boundary
value problem (8.8.1)—(8.8.2):

weV, aluju,v)=~Lv) YveV. (8.8.6)
Here

a(w;u,v) = / (14 |[Vw|*)P/?~'Vu - Vo dz, (8.8.7)
Q

() = /Q Fudz. (8.8.8)
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Related to the weak formulation (8.8.6), we introduce a minimization prob-
lem

uweV, E(u)= 12‘f/ E(v), (8.8.9)

where the “energy functional” E(-) is

) :%/§2(1+\VU|2)p/2dx—/vadx. (8.8.10)

We first explore some properties of the energy functional.

Lemma 8.8.1 The energy functional E(-) is coercive, i.e.,
E(v) — oo as [|v|y — oo.

Proof. It is easy to see that
Lo
E(v) = p ol = Lf v lloflv-
Since p > 1, we have E(v) — oo as ||v]y — oo. O

Lemma 8.8.2 The energy functional E(-) is continuous.

Proof. For u,v € V, consider the difference

1
B(v) - E(u) = —/ (4 V0P’ = (14 [9uP)??] dx—/f(v—u)dac.
PJa Q
Introduce the real variable function
_ 1 _N21P/2
g(t) = 5 1+ [Vu+tV(o—u)?]”", 0<t<1.

‘We have )
o()=9(0) = [ o)
with
gt =1+ |Vu+tVw—u)2]”* " [Vu+tV(w-u)]- V(v -u).
So
o) =1 < [ [0+ [V 90 =) 900 - )

< [1+(Vul + [Vo))2] "2 1V (0 - w)).
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Therefore,
|E(v) — E(u)| < / [1+ (Vul + [Vo))2] PV |V (0 — w)| da

Q
/f(v—u)dx
Q
—1 —1
< (Ll + ol + 1 v ) o = ulv,

+

from which, continuity of E(-) follows. O

Lemma 8.8.3 The energy functional E(-) is strictly convez.

Proof. This follows immediately from the strict convexity of the real-valued
function & — % (1 + |€%)P/? (see Exercise 5.3.13). O

Lemma 8.8.4 The energy functional E(-) is Gateaux differentiable and

w0 = [

(1+|Vu|2)p/2_1Vu-Vvdx—/ fvdx, wu,veV. (88.11)
Q Q

Proof. Similar to the proof of Lemma 8.8.2, we write

[E(u+tv) — E(u)]

& | =

1
:// (1+\Vu+Tth|2)p/271(Vu+Tth)-Vvdex—/fvdx
QJo Q

for u,v € V and t # 0. Let 0 < |¢t| < 1. Then

1
/ (1+ |Vu+ 7t Vo[ )P2" Y (Vu+ 7t Vo) - Vodr
0

< [1+ (1Vul + [Vo))2] "2 w0,

The right hand side is in L'(2) by the Holder inequality. So applying the
Lebesgue Dominated Convergence Theorem 1.2.26, we know that E(-) is
Gateaux differentiable and we have the formula (8.8.11). O

We can now state the main result concerning the existence and unique-
ness for the weak formulation (8.8.6) and the minimization problem (8.8.9).

Theorem 8.8.5 Assume f € V' and p € (1,00). Then the weak formula-
tion (8.8.6) and the minimization problem (8.8.9) are equivalent, and both
admit a unique solution.
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Proof. Since V is reflexive, E : V — R is coercive, continuous and strictly
convex, by Theorem 3.3.12, we conclude the minimization problem (8.8.9)
has a unique minimizer u € V. By Theorem 5.3.19, we know that the weak
formulation (8.8.6) and the minimization problem (8.8.9) are equivalent. [J

Exercise 8.8.1 Use Theorem 7.3.13 to show that (8.8.5) defines a norm over
the space V, which is equivalent to the standard norm || - [ly1.p (-

Exercise 8.8.2 Apply Holder’s inequality (Lemma 1.5.3) to show that the left
side of (8.8.3) makes sense for u,v € WP(Q).

Exercise 8.8.3 Forp > 2, show that the functional E(-) is Fréchet differentiable,
and the formula (8.8.11) holds.

Exercise 8.8.4 For p € (1,00), consider the Neumann boundary value problem
—div [(1 + |vu\2)P/2*1vu] fbu=f inQ,

(1+ \Vu|2)p/271% =g onl.

14

Make suitable assumptions on the data b, f, and g, and prove a result similar to
Theorem 8.8.5.

Suggestion for Further Reading.

Many books can be consulted on detailed treatment of PDEs, for both
steady and evolution equations, e.g., EVANS [78], LIONS AND MAGENES
[158], MCOWEN [168], WLOKA [233].



9
The Galerkin Method and Its Variants

In this chapter, we briefly discuss some numerical methods for solving
boundary value problems. These are the Galerkin method and its vari-
ants: the Petrov-Galerkin method and the generalized Galerkin method.
In Section 9.4, we rephrase the conjugate gradient method, discussed in
Section 5.6, for solving variational equations.

9.1 The Galerkin method

The Galerkin method provides a general framework for approximation of
operator equations, which includes the finite element method as a special
case. In this section, we discuss the Galerkin method for a linear operator
equation in a form directly applicable to the study of the finite element
method.

Let V be a Hilbert space, a(-,-) : V x V — R be a bilinear form, and
£ € V'. We consider the problem

ueV, a(u,v)=4Lv) Yvel (9.1.1)

Throughout this section, we assume a(-, -) is bounded,

la(u,v)| < M |Jullv|v]v Yu,veV, (9.1.2)

and V-elliptic,
a(v,v) > collvl|y YveV (9.1.3)
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368 9. The Galerkin Method and Its Variants

for some positive constants M and ¢p. Then according to the Lax-Milgram
Lemma (Theorem 8.3.4), the variational problem (9.1.1) has a unique so-
lution.

In general, it is impossible to find the exact solution of the problem
(9.1.1) because the space V is infinite dimensional. A natural approach to
constructing an approximate solution is to solve a finite dimensional analog
of the problem (9.1.1). Thus, let Vi C V be an N-dimensional subspace.
We project the problem (9.1.1) onto Vi,

uy € Vv, a(un,v) =L(v) Yove V. (9.1.4)

Under the assumptions that the bilinear form a(-,-) is bounded and V-
elliptic, and £ € V', we can again apply the Lax-Milgram Lemma and
conclude that the problem (9.1.4) has a unique solution uy.

We can express the problem (9.1.4) in the form of a linear system. Indeed,
let {¢;}}¥, be a basis of the finite dimensional space V. We write

N
un =Y &¢;
j=1

and take v € Vy in (9.1.4) to be each of the basis functions ¢;. It is readily
seen that (9.1.4) is equivalent to a linear system

A€ =b. (9.1.5)

Here, & = (¢;) € RY is the unknown vector, A = (a(¢;,¢;)) € RV*V is
called the stiffness matrir, b = (£(¢;)) € RY is the load vector. So the
solution of the problem (9.1.4) can be found by solving a linear system.

The approximate solution uy is, in general, different from the exact so-
lution u. To increase the accuracy, it is natural to seek the approximate
solution uy in a larger subspace V. Thus, for a sequence of subspaces
VN, C VN, C --- C V, we compute a corresponding sequence of approx-
imate solutions uy, € Vn,, ¢ = 1,2,.... This solution procedure is called
the Galerkin method.

In the special case where additionally, the bilinear form a(-, -) is symmet-
ric,

a(u,v) = a(v,u) YVu,veV,

the original problem (9.1.1) is equivalent to a minimization problem

ueV, E(u)= ig‘f/E(v), (9.1.6)

where the energy functional

E(v) = %a(v, v) — €(v). (9.1.7)
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With a finite dimensional subspace Viy C V chosen, it is equally natural to
develop a numerical method by minimizing the energy functional over the
finite dimensional space Vy:

uny € Vv, E(un)= inf E(v). (9.1.8)

veEVN

It is easy to verify that the two approximate problems (9.1.4) and (9.1.8)
are equivalent. The method based on minimizing the energy functional over
finite dimensional subspaces is called the Ritz method. From the above dis-
cussion, we see that the Galerkin method is more general than the Ritz
method, and when both methods are applicable, they are equivalent. Usu-
ally, the Galerkin method is also called the Ritz-Galerkin method.

Example 9.1.1 We examine a concrete example of the Galerkin method.
Consider the boundary value problem

_u// _ f in (071)’
{um>=uuy:u (9.1.9)

The weak formulation of the problem is

1 1
uev, / u'v'dx:/ fvdr YvevV,
0 0

where V = H{(0,1). Applying the Lax-Milgram Lemma, we see that the
weak problem has a unique solution. To develop a Galerkin method, we
need to choose a finite-dimensional subspace of V. Notice that a function
in V must vanish at both = 0 and x = 1. Thus a natural choice is

Vi =span{z'(l—z)|i=1,...,N}.

We write

N .
un(a) = 3o (1 - )

the coefficients {¢; }évzl are determined by the Galerkin equations

1 1
/ uyv'dr = / fvdx Vv eVy.
0 0

Taking v to be each of the basis functions xi(l —x), 1 <i <N, we derive
a linear system for the coefficients:

A€ =b.



370 9. The Galerkin Method and Its Variants

N | Cond (A)
8.92E+4-02
2.42E4-04
6.56E+05
1.79E4-07
4.95E+08
1.39E+10
3.93E+11
10 | 1.14E+413

TABLE 9.1. Condition numbers for the matrix in Example 9.1.1

O[O O] U =] W

Here &€ = (&1, ...,&n)T is the vector of unknowns, b € RY is a vector whose
it" component is fol f(x)2*(1 — z) dz. The coefficient matrix is A, whose

(i,7)-th entry is

(+D)G+D  (@+2)({+2)
i+j+1 i+j+3
DG+ +E+2) G+

1+j+2 '

/ (@9 (1 — )] |2 (1 — @) de =
0

The coefficient matrix is rather ill-conditioned, indicating that it is diffi-
cult to solve the above Galerkin system numerically. Table 9.1 shows how
rapidly the condition number of the matrix (measured in 2-norm) increases
with the order N. We conclude that the seemingly natural choice of the
basis functions {z’(1 — z)} is not suitable in using the Galerkin method to
solve the problem (9.1.9). O

Example 9.1.2 Let us consider the problem (9.1.9) again. This time, the
finite-dimensional subspace is chosen to be

Vn = span {sin(irz) |i=1,...,N}.

The basis functions are orthogonal with respect to the inner product defined
by the bilinear form:

1 1 9
ijm
/ (sin jmz) (sinimz) dz = ij7r2/ cos jmz cosins de = 2o 8ij-
0 0
Writing

N
un(z) = Z &sinjrx,
j=1
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we see that the coefficients {¢;}}_, are determined by the linear system

N 1 1
ij / (sin jrz) (sininz) dv = / f(x) sinimxdr, i=1,...,N.
0 0

Jj=1

This is a diagonal system and we easily find the solution:

2 1
gi:W/ f(x) sinimede, i=1,...,N.
= 0

It is worth noticing that the Galerkin solution can be written in the form
of a kernel approximation:

1
un () :/ ft) Kn(z,t)dt, (9.1.10)
0
where the kernel function
2 sin jra sin jmt
KN(x,t):p;j—z~ -

From the above two examples, we see that in applying the Galerkin
method it is very important to choose appropriate basis functions for finite-
dimensional subspaces. Before the invention of computers, the Galerkin
method was applied mainly with the use of global polynomials or global
trigonometric polynomials. For the simple model problem (9.1.9) we see
that the simpll choice of the polynomial basis functions {z?(1—x)} leads to
a severely ill-conditioned linear system. For the same model problem, the
trigonometric polynomial basis functions {sin(iwz)} is ideal in the sense
that it leads to a diagonal linear system so that its conditioning is best
possible. We need to be aware, though, that trigonometric polynomial basis
functions can lead to severely ill-conditioned linear systems in different but
equally simple model problems. The idea of the finite element method (see
Chapter 10) is to use basis functions with small supports so that, among
various advantages of the method, the conditioning of the resulting linear
system can be moderately maintained (see Table 10.1 and Exercise 10.3.7
for an estimate on the growth of the condition number of stiffness matrices
as the mesh is refined).

Now we consider the important issue of convergence and error estimation
for the Galerkin method. A key result is the following Céa’s inequality.

Proposition 9.1.3 Assume V is a Hilbert space, V C V is a subspace,
a(-,-) is a bounded, V-elliptic bilinear form on V, and £ € V'. Let u €
V' be the solution of the problem (9.1.1), and uy € Vi be the Galerkin
approzimation defined in (9.1.4). Then there is a constant ¢ such that

lu —unllv <c inf |u—v|v. (9.1.11)
veEVN
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Proof. Subtracting (9.1.4) from (9.1.1) with v € Viy, we obtain an error
relation
alu—un,v) =0 VveVy. (9.1.12)

Using the V-ellipticity of a(-,-), the error relation and the boundedness of
a(-,-), we have, for any v € Vi,

collu —unl¥ < alu —un, u—ux)
=a(u—un,u—v)
<M lu—un|vllv— ol

Thus
[u—unllv <cllu—vlv,

where we may take ¢ = M/cp. Since v is arbitrary in Vy, we have the
inequality (9.1.11). O

The inequality (9.1.11) is known as Céa’s lemma in the literature. Such
an inequality was first proved by Céa [47] for the case when the bilinear
form is symmetric and was extended to the non-symmetric case in [37].
The inequality (9.1.11) states that to estimate the error of the Galerkin
solution, it suffices to estimate the approximation error inf,cv, ||u — v||.

In the special case where a(-,) is also symmetric, we may assign a geo-
metrical interpretation of the error relation (9.1.12). Indeed, in this special
case, the bilinear form a(-, ) defines an inner product over the space V' and
its induced norm |[v||, = y/a(v,v), called the energy norm, is equivalent
to the norm ||v||y. With respect to this new inner product, the Galerkin
solution error u — uy is orthogonal to the subspace Vi, or in other words,
the Galerkin solution uy is the orthogonal projection of the exact solution
u to the subspace V. Also in this special case, Céa’s inequality (9.1.11)
can be replaced by

[u—unlla= inf [ju—v]q,
veEVN

i.e., measured in the energy norm, uy is the optimal approximation of u
from the subspace Vy.

Céa’s inequality is a basis for convergence analysis and error estimations.
As a simple consequence, we have the next convergence result.

Corollary 9.1.4 We make the assumptions stated in Proposition 9.1.3.
Assume Vi C Vo C -+ is a sequence of finite dimensional subspaces of V
with the property

Uv=Ww (9.1.13)

Then the Galerkin method converges:
lu—upllvy — 0 as n — oo, (9.1.14)

where u,, € V,, is the Galerkin solution defined by (9.1.4).
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Proof. By the density assumption (9.1.13), we can find a sequence v,, € V,,,
n > 1, such that
lu—wvpllv =0 asn— oo.

Applying Céa’s inequality (9.1.11), we have
[u—unllv < cllu—wvallv.

Therefore, we have the convergence statement (9.1.14). O

Note that the assumptions made on the subspace sequence {V,,},>1 re-
quires V' to be a separable Hilbert space. This is not a restriction in appli-
cations for solving boundary value problems, since Sobolev spaces H*(£2)
and their subspaces are separable.

When the finite dimensional space Viy is constructed from piecewise (im-
ages of) polynomials, the Galerkin method leads to a finite element method,
which will be discussed in some detail in the chapter following. We will see
in the context of the finite element method that Céa’s inequality also serves
as a basis for error estimates.

Exercise 9.1.1 Show that the discrete problems (9.1.4) and (9.1.8) are equiva-
lent.

Exercise 9.1.2 Show that if the bilinear form a(-,-) is symmetric, then the stiff-
ness matrix A is symmetric; if a(-,-) is V-elliptic, then A is positive definite.

Exercise 9.1.3 From Exercise 2.3.9, we know the solution of the problem (9.1.9)
is:

u(z) = /0 F(t) K(x,t) dt, (9.1.15)

where
K(z,t) = min(z,t) (1 — max(z,t)) .

Show that the kernel function has the Fourier expansion

2 & sin j7x sin jmt
K(l', t) — _2 ‘72 .
™ Z J
Jj=1
Thus, the Galerkin solution (9.1.10) can be viewed as being obtained from (9.1.15)
by truncating the Fourier series of the kernel function.

Exercise 9.1.4 The Galerkin method is not just a general framework for devel-
oping numerical schemes; it can be used to provide another proof of the existence
of a solution to a problem like (9.1.1). We make the assumptions stated in Corol-
lary 9.1.4. Fill details of the following steps.

(a) Prove the unique solvability of the finite-dimensional linear system (9.1.4) by
showing zero is the only solution of the system corresponding to ¢ = 0.

(b) Show that the sequence {un }n>1 is bounded, and thus it has a subsequence
{tn, }i>1 converging weakly to some element u € V.
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(c) For any fixed positive integer N and v € Vi, show that a(u,v) = ¢(v).
(d) Use the condition (9.1.13) to show that (9.1.1) is valid.
(e) Show the entire sequence {un }n>1 converges strongly to u.

9.2 The Petrov-Galerkin method

The Petrov-Galerkin method for a linear boundary value problem can be
developed based on the framework of the generalized Lax-Milgram Lemma
presented in Section 8.7. Let U and V be two real Hilbert spaces, a :
U x V — R be a bilinear form, and ¢ € V’. The problem to be solved is

uel, a(u,v)=~Lv) YveV. (9.2.1)

From the generalized Lax-Milgram Lemma, we know that the problem
(9.2.1) has a unique solution v € U, if the following conditions are satisfied:
there exist constants M > 0 and a > 0 such that

la(u,v)| < M |lul|lu||v]ly YueU, vev, (9.2.2)
A0) 5 e Vueu, (9.2.3)
ozvev [vlv
sup a(u,v) >0 Yo eV, v#£0. (9.2.4)
uelU

Now let Uy C U and Vy C V be finite dimensional subspaces of U and
V with dim(Uy) = dim(Vy ) = N. Then a Petrov-Galerkin method to solve
the problem (9.2.1) is given by

unN € UN7 a(uN,vN) = é(’UN) Von € V. (9.2.5)

Well-posedness and error analysis for the method (9.2.5) are discussed
in the next result (see [29]).

Theorem 9.2.1 We keep the above assumptions on the spaces U, V, Uy
and Vi, and on the forms a(-,-) and ((-). Assume further that there exists
a constant ay > 0, such that

sup a(un,vn)

ZO[N”’U,NHU Vuy € Un. (926)
otovevy  llowllv

Then the discrete problem (9.2.5) has a unique solution uy, and we have
the error estimate

M .
lu —un|lo < (1 + —) inf |Ju—wnl|uv. (9.2.7)
ay ) wneUN
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Proof. The assumption (9.2.6) implies that the only solution of the homo-
geneous of the problem (9.2.5) is uy = 0. Hence, the problem (9.2.5) has
a unique solution uy. Subtracting (9.2.5) from (9.2.1) with v = vy € Vi,
we obtain the error relation

alu —un,vny) =0 Yoy € Vy. (9.2.8)
Now for any wy € Vi, we write
lu—unllv < flu—wnlv+ luv —wnllv. (9.2.9)

Using the condition (9.2.6), we have

a(uy —wN,vN)
an|luy —wnllv < sup ——————
0£uNEVN lun|lv

Using the error relation (9.2.8), we then obtain

alu —wN,UN
ay|luy —wn|lv < sup Q
ozovevy  llowllv

The right hand side can be bounded by M ||u — wy||y. Therefore,
M
Jun —wnllv £ — [lu—wnllv-
an

This inequality and (9.2.9) imply the estimate (9.2.7). O

Remark 9.2.2 The error bound (9.2.7) is improved to

M
[u—unlv < o ol lu —wn v (9.2.10)
in [236]. In the case of the Galerkin method, U = V and Uy = Vi the
error bound (9.2.10) reduces to Céa’s inequality (9.1.11); recall from the
proof of Proposition 9.1.3 that the constant ¢ in the inequality (9.1.11) is
M /apn in the notation adopted here. An essential ingredient in the proof
of (9.2.10) in [236] is the following result concerning a projection operator:

Let H be a Hilbert space, and P : H — H a linear operator
satisfying 0 # P2 = P # I. Then

Pl = I = Pllam.

This result is applied to the linear operator Py : U — U defined by Pyu =
UN - O
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As in Corollary 9.1.4, we have a convergence result based on the estimate
(9.2.7).

Corollary 9.2.3 We make the assumptions stated in Theorem 9.2.1. Fur-
thermore, we assume that there is a constant cg > 0 such that

QN 2040 V N. (9211)

Assume the sequence of subspaces Uy, C Un, C --- C U has the property

Uuow =0 (9.2.12)
i>1

Then the Petrov-Galerkin method (9.2.5) converges:
lu —un,|]lo — 0 asi— oo.

We remark that to achieve convergence of the method, we can allow an
to approach 0 under certain rule, as long as

max{1, ay'} wz\i{ré%N lu —wnl|lov — 0

as is seen from the bound (9.2.7). Nevertheless, the condition (9.2.11) is
crucial in obtaining optimal order error estimates. This condition is usually
written as

sup aluy, oy) > wpllunllv Yuny € Uy, VN, (9.2.13)

0#vN EVN HUN”V
or equivalently,

. a(un,vn)
lnf _—
0£un EUN 0oy vy ||Un|lullon]v

>ag VN. (9.2.14)

In the literature, this condition is called the inf-sup condition or Babuska-
Brezzi condition. This condition states that the two finite dimensional
spaces must be compatible in order to yield convergent numerical solutions.
The condition is most important in the context of the study of mixed finite
element methods ([43]).

9.3 Generalized Galerkin method

In the Galerkin method discussed in Section 9.1, the finite dimensional
space Vi is assumed to be a subspace of V. The resulting numerical method
is called an internal approximation method. For certain problems, we will
need to relax this assumption and to allow the variational “crime” Vy ¢
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V. This, for instance, is the case for non-conforming method. There are
situations where considerations of other variational “crimes” are needed.
Two such situations are where a general curved domain is approximated
by a polyhedral/polygonal domain and where numerical quadratures are
used to compute the integrals defining the bilinear form and the linear
form. These considerations lead to the following framework of a generalized
Galerkin method for the approximate solution of the problem (9.1.1):

unN € VN, aN(uN,vN) = fN(’UN) Yoy € V. (931)

Here, V is a finite dimensional space, but it is no longer assumed to be
a subspace of V; the bilinear form an(-,-) and the linear form ¢xy(-) are
suitable approximations of a(-,-) and #(-).

We have the following result related to the approximation method (9.3.1).

Theorem 9.3.1 Assume a discretization dependent norm || - ||n, the ap-
prozimation bilinear form an(-,-) and the linear form £y (-) are defined on
the space

V+WVy={w|w=v+un, vEV, vy € Vy}.

Assume there exist constants M, ag, co > 0, independent of N, such that
|(1N(’IU,’I)N)| <M ||’LUHN||’UNHN VweV +Vy, Yoy € VN,
an(vn,vN) > aollon ||y Vo € Va,

Un(vn)| < collonllnv Von € V.

Then the problem (9.3.1) has a unique solution uy € Vi, and we have the
error estimate

M .
lu—un|lnv < [14+— inf |lu—wn|n
(7)) wn€EVN

b1 gy law(won) = En(on)] (9.3.2)

Q0 vy eV lonlln

Proof. The unique solvability of the problem (9.3.1) follows from an appli-
cation of the Lax-Milgram Lemma. Let us derive the error estimate (9.3.2).
For any wy € Vi, we write

lu—unllv < lu—wn|lv + lun — unlln.
Using the assumptions on the approximate bilinear form and the definition
of the approximate solution uy, we have
apllwn —un|y
<an(wy —un,wy —un)
=an(wy —u,wny —un) + ay(u,wy —uy) — {y(wy — up)

<M |lwy — ul|§l[wy —unl|n + |an(u, wy —un) — N (wN — un)|.
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Thus

lan (u,wy —un) — n(wy — un)]

|wn —un|lv

aollwy —un||n < M |Jlwy — ul|ny +

We replace wy — uy by vy and take the supremum of the second term of
the right hand side with respect to vy € Viy to obtain (9.3.2). O

The estimate (9.3.2) is a Strang type estimate for the effect of the varia-
tional “crimes” on the numerical solution. We notice that in the bound of
the estimate (9.3.2), the first term is on the approximation property of the
solution u by functions from the finite dimensional space Vi, whereas the
second term describes the extent to which the exact solution u satisfies the
approximate problem.

Exercise 9.3.1 Show that in the case of a conforming method (i.e., Vy C V.
an(+,-) = a(-,-) and £n(-) = £(-)), the error estimate (9.3.2) reduces to an in-
equality of the form (9.1.11).

9.4 Conjugate gradient method: variational
formulation

In Section 5.6, we discussed the conjugate gradient method for a linear
operator equation. In this section, we present a form of the method for
variational equations. For this purpose, let V be a real Hilbert space with
inner product (-, -) and norm ||-||, and let a(-,-) : VxV — R be a continuous,
symmetric, V-elliptic bilinear form. Recall that the continuity assumption
implies the existence of a constant M > 0 such that

la(u, v)] < M [ull |0l Yu,v eV, (9.4.1)
the symmetry assumption is
a(u,v) =a(v,u) Yu,veV, (9.4.2)

and the V-ellipticity assumption implies the existence of a constant v > 0
such that
a(v,v) > aljv)|*> YveV. (9.4.3)

Given £ € V’| the variational problem is
ueV, a(u,v)=4Lv) Yvel (9.4.4)

Under the stated assumptions, by the Lax-Milgram Lemma, the problem
(9.4.4) has a unique solution v € V.
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We turn to the conjugate gradient method for solving the variational
problem (9.4.4). For this, we first rewrite it as an operator equation of the
form Au = f. Introduce an operator A : V' — V and an element f € V
defined by

(Au,v) = a(u,v) Yu,v €V, (9.4.5)
(fiv)=L(v) YveV. (9.4.6)
The existence of A and f is ensured by the Riesz representation theorem;
see also the beginning of Section 8.3. From the assumptions on the bilinear
form a(-,-), we know that A is bounded, self-adjoint, and positive definite:
Al < M,
(Au,v) = (u, Av) Yu,v eV,
(Av,v) > a|v||* VoveV.
Also, ||f]] = ||€|| between the V-norm of f and V'-norm of ¢. With A and
f given by (9.4.5) and (9.4.6), the problem (9.4.4) is equivalent to the

operator equation
Au = f. (9.4.7)

Now the conjugate gradient method presented in Section 5.6 can be stated
for the problem (9.4.4) as follows.
Algorithm 1. Conjugate gradient method for the linear prob-
lem (9.4.4):
Initialization.
Choose an initial guess ug € V.

Compute the initial residual

ro €V, (ro,v) =4(v)—al(up,v) YveV.

Define the descent direction sg = 7g.

Iteration.
For k=0,1,---, compute the scalar
_ lrwll®
E= 7
a(sk, Sk)

define the new iterate
Uk4+1 = Uk + Qg Sk,
and compute its residual

ree1 €V, (Meg1,v) = L) — a(ugsr,v) Yo eV
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Then compute the scalar

50 L
el

and define the new descent direction
Skl = Tkt + BrSk-

Convergence of Algorithm 1 follows from Theorem 5.6.1. As one possible
stopping criterion, we may test the convergence condition ||r;4+1|| < € for a
given small threshold € > 0.

We now extend the conjugate gradient method for some nonlinear prob-
lems. Observe that under the stated assumptions on a(-, -) and ¢, the linear
problem (9.4.4) is equivalent to a minimization problem for a quadratic
functional:

ueV, E(u)= UlgéE(v),

where the “energy” functional
1
E(v) = 5 a(v,v) — £(v).
Note that the Gateaux derivative E' : V' — V' is given by
<El(u)v U> = CL(U, U) - é(”):

where (-, -) denotes the duality pairing between V' and V. Thus the residual
equations in Algorithm 1 can be put in a different form: for k = 0,1, - -,

€V, (ri,v) =—(E'(ug),v) YveV.

Based on this observation, we can introduce a conjugate gradient algo-
rithm for solving a general optimization problem

weV, Ju)= Ulg‘f/ J(v). (9.4.8)

We assume the functional J : V' — R is strictly convex and Gateaux differ-
entiable. Then from the theory in Section 3.3, we know that the problem
(9.4.8) has a unique solution. Motivated by Algorithm 1, we have the fol-
lowing conjugate gradient method for (9.4.8).

Algorithm 2. Conjugate gradient method for the optimization
problem (9.4.8):
Initialization.

Choose an initial guess ug € V.
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Compute the initial residual

ro €V, (ro,v) =—(J (ug),v) VYveV.

Define the descent direction sy = .
Iteration.

For k =0,1,---, define the new iterate
Uk+1 = Uk + O Sk,
where o € R is a solution of the one-dimensional problem

J(u + agsg) = iré% J(ug + asg),

and compute the residual
a1 €V, (rpy1,v) = —(J (ugs1),v) VYo e V.
Then compute the scalar

50 = Ireatl?
Trel?

and define the new descent direction
Skt1 = Tht1 + BiSk.

This algorithm converges if J € C*(V;R) is coercive and J’ is Lipschitz
continuous and strongly monotone on any bounded set in V' ([92]). The
assumption on J' means that for any R > 0, there are constants Mg, ag >
0, depending on R, such that for any u,v € V with |lul| < R and |[v|| < R,

17 () = J'(0)llv: < Mg[u—wvlv,
(J'(u) = J'(v),u —v) > arlu -}

Suggestion for Further Reading.

Based on any weak formulation, we can develop a particular Galerkin
type numerical method. Mixed formulations are the basis for mixed Galerkin
finite element methods. We refer the reader to [43] for an extensive treat-
ment of the mixed methods.

Many numerical methods exist for solving differential equations. In this
text, we do not touch upon some other popular methods, e.g., the collo-
cation method, the spectral method, the finite volume method, etc. and
various combinations of these methods such as the spectral collocation
method. The well-written book [189] can be consulted for discussions of
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many of the existing methods for numerical solution of partial differential
equations and for a rather comprehensive list of related references.

Some references on the conjugate gradient method, mainly for finite di-
mensional systems, are listed at the end of Chapter 5. Discussion of the
method for infinite dimensional variational problems, especially those aris-
ing in computational fluid dynamics, can be found in [92].
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Finite Element Analysis

The finite element method is the most popular numerical method for solving
elliptic boundary value problems. In this chapter, we introduce the concept
of the finite element method, the finite element interpolation theory and its
application in error estimates of finite element solutions of elliptic boundary
value problems. The boundary value problems considered in this chapter
are linear.

From the discussion in the previous chapter, we see that the Galerkin
method for a linear boundary value problem reduces to the solution of
a linear system. In solving the linear system, properties of the coefficient
matrix A play an essential role. For example, if the condition number of
A is too big, then from a practical perspective, it is impossible to find
directly an accurate solution of the system (see [15]). Another important
issue is the sparsity of the matrix A. The matrix A is said to be sparse,
if most of its entries are zero; otherwise the matrix is said to be dense.
Sparseness of the matrix can be utilized for two purposes. First, the stiffness
matrix is less costly to form (observing that the computation of each entry
of the matrix involves a domain integration and sometimes a boundary
integration as well). Second, if the coefficient matrix is sparse, then the
linear system can usually be solved more efficiently. To get a sparse stiffness
matrix with the Galerkin method, we use finite dimensional approximation
spaces such that it is possible to choose basis functions with small support.
This consideration gives rise to the idea of the finite element method, where
we use piecewise (images of) smooth functions (usually polynomials) for
approximations. Loosely speaking, the finite element method is a Galerkin
method with the use of piecewise (images of) polynomials.

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis 383
Framework, Texts in Applied Mathematics 39, DOI: 10.1007/978-1-4419-0458-4 10,
© Springer Science + Business Media, LLC 2009
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All the discussions made on the Galerkin method in Section 9.1 are valid
for the finite element method. In particular, we still have Céa’s inequality,
and the problem of estimating the finite element solution error is reduced
to one of estimating the approximation error

lu —unllv < cllu—Tpully,

where ITj,u is a finite element interpolant of u. We will study in some detail
affine families of finite elements and derive some order error estimates for
finite element interpolants.

In Section 10.1, we examine some examples of the finite element method
for solving one-dimensional boundary value problems. In Section 10.2, we
discuss construction of finite element functions on a polygonal domain,
with an emphasis on affine-equivalent families. In Section 10.3, we present
interpolation error estimation for affine-equivalent finite elements. And fi-
nally, in Section 10.4, we consider convergence and error estimates for finite
element solutions of elliptic boundary value problems.

10.1 One-dimensional examples

To have some idea of the finite element method, in this section we examine
some examples on solving one-dimensional boundary value problems. These
examples exhibit various aspects of the finite element method in the simple
context of one-dimensional problems.

10.1.1 Linear elements for a second-order problem

Let us consider a finite element method to solve the boundary value prob-
lem

{ —u" +u=f inQ=(0,1), (10.1.1)

u(0) =0, v/ (1) =,
where f € L?(0,1) and b € R are given. Let
V = Ho(0,1) = {v € H(0,1) | v(0) = 0},

a subspace of H1(0,1). The weak formulation of the problem is
1 1
uev, / (u/v/—i—uv)dx:/ fode+bo(l) VYvelV. (10.1.2)
0 0

Applying the Lax-Milgram Lemma, we see that the problem (10.1.2) has a
unique solution.

Let us develop a finite element method for the problem. For a natural
number N, we partition the set Q = [0, 1] into N parts:

Q=Ul), K,
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where K; = [x;_1,;], 1 <1 < N, are called the elements, and the z;, 0 <
1 < N, are called the nodes, 0 = zg < 1 < -+ < xxy = 1. In this example,
we have a Dirichlet condition at the node xy. Denote h; = xz; — x;_1, and
h = maxi<i<n h;. The value h is called the meshsize or mesh parameter.
We use continuous piecewise linear functions for the approximation, i.e.,
we choose

Vi ={vn €V |vp|k, € P1(K;), 1 <i<N}.

From the discussion in Chapter 7, we know that for a piecewisely smooth
function vy, v, € HY(Q) if and only if v, € C(Q). Thus a more transparent
yet equivalent definition of the finite element space is

Vi = {’Uh S C(ﬁ) | Uh‘Ki S ]P’l(Ki), 1<i<N, ’Uh(O) = 0}.

For the basis functions of the space V},, we introduce hat functions associ-
ated with the nodes x1,...,xny. Fori=1,... . N —1, let

(x —xi—1)/hs, rio1 <o <@,
di(z) = ¢ (@it1 — @)/ hiy1, @ <z <Ti41, (10.1.3)
0, otherwise,

and for i = N,

b () = { (x —axn-1)/hn, zn-1 <z <2, (10.1.4)

0, otherwise.

These functions are continuous and piecewise linear (see Figure 10.1). It is
easy to see they are linearly independent. The first order weak derivatives

of the basis functions are piecewise constants. Indeed, fori =1,..., N —1,
1/h;, T <x< x4
¢i(z) =< —1/hit1, x; <z < Tit1,
0, T < Tij1 OF T > Xiy1,
and for i = N,

1/hn, azn-1 <2 < zN,
¢3V<x>={ [love o s =
0, rT<ITN-_1.

Then the finite element space can be expressed as

Vi, =span{¢; | 1 <i < N},
i.e., any function in V}, is a linear combination of the hat functions {¢;}¥ ;.
The corresponding finite element method is

1 1
up € Vi, / (up, vy, + upvp) do = / fopdz +bop(l) Yop € Vp,
0 0
(10.1.5)
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FIGURE 10.1. Piecewise linear basis functions

which admits a unique solution by another application of the Lax-Milgram
Lemma. Write

N
up = Zuj(bj.
Jj=1

Note that u; = up(z;), 1 < j < N. We see that the finite element
method (10.1.5) is equivalent to the following linear system for the un-
knowns w1, ..., uN:

N 1 1

Jj=1

Let us find the coefficient matrix of the system (10.1.6) in the case of a
uniform partition, i.e., hy = --- = hy = h. The following formulas are
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useful for this purpose.

We see that in matrix/vector notation, in the case of a uniform partition,
the finite element system (10.1.6) can be written as

Au=0>b,
where
w=(ug,...,un)’
is the unknown vector,
2h 2 b1
3 h 6 h
h 1 2h+2 h 1
6 h 3 h 6 h
A= (10.1.7)
h 1 2h+2 h 1
6 h 3 h 6 h
h 1 h+1
6 h 3 h/ NxN

is the stiffness matrix, and

b= (/Olfqﬁldx,...,/olfqﬁjv1dx,/01f¢Ndx+b>

is the load vector. The matrix A is sparse, thanks to the small supports of
the basis functions. One distinguished feature of the finite element method
is that the basis functions are constructed in such a way that their supports
are as small as possible, so that the corresponding stiffness matrix is as

T
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sparse as possible. It can be shown that the condition number of the matrix
A of (10.1.7) is O(h™2) (see Exercise 10.3.7).
Let us examine another example. Instead of the model problem (10.1.1),

consider oo
U= mn = s L)y
{ u(0) = u(1) =0, (10.1.8)

where f € L?(0,1) is given. The weak formulation is

1 1
ueV, / u/v/dx:/ fvder VYvevV,
0 0

where V' = HZ (). Again, use the continuous piecewise linear functions
associated with the uniform partition of the interval [0, 1]. With the basis
functions (10.1.3) where h; = h;+1 = h = 1/N, the corresponding finite
element space
Vi, =span{¢; |1 <i< N —1}.

Instead of (10.1.6), the linear system for the finite element solution

N-1

un =) u;o;
j=1

1S now
N—1

1 1
uj/ ¢2¢§dx=/ foidz, 1<i<N-—1.
j=1 0 0
Its coefficient matrix is
2 -1

(10.1.9)

(N—1)x(N—1)
Using the result from Exercise 6.3.1, we find
_ 1+ cos(mh) _
A) = || A|l2]| A7 = ———% = h.
Conda(4) = A2l 4~ |2 = T e Tt = O(h™2)

For h close to 0, we have
4
Condy(A) = Ph*2 +0(1).

We list in Table 10.1 values of Condz(A) for three values of the number
of the elements N. Compared to Table 9.1, we observe that the condition
number of the matrix (10.1.9) grows with respect to its size much slower
than the matrix in Example 9.1.1.
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N | Condz(A)
10" | 3.99E+01
102 | 4.05E+03
10° | 4.05E+09

TABLE 10.1. Condition numbers for the matrix (10.1.9)

10.1.2  High order elements and the condensation technique

We still consider the finite element method for solving the boundary value
problem (10.1.1). This time we use piecewise quadratic functions. So the
finite element space is

Vi, = {vn, € V| un|k, is quadratic}.
Equivalently,

Vi, = {’Uh S C(ﬁ) | Up,

&, is quadratic, vj,(0) = 0}.

Let us introduce a basis for the space V;,. We denote the mid-points of the
subintervals by ;1,2 = (v;—1 +x;)/2, 1 <7 < N. Associated with each
node x;, 1 <i < N — 1, we define

2(x — wic1) (¢ — wi1)2) /1, T € w1, i),
¢i(x) = ¢ 2(xig1 — @) (Tip1y2 — @) /b7, x € [wi, 2], (10.1.10)
0, otherwise.

Associated with z, we define

2(x —an—1) (x —xN_12)/h%, @ € [zn_1,2N],
én(z) = .
0, otherwise.

(10.1.11)
We also need basis functions associated with the mid-points z;_1/5, 1 <
1 <N,

. (10.1.12)
0, otherwise.

Yi1/2(x) = { (v — o) (x —zim1)/hi, @ € [Tim1, 7],

We notice that a mid-point basis function is non-zero only in one element.
Now the finite element space can be represented as

Vi =span {¢;, Pi_1/2 | 1 <i < N},

and we write

N N
up = Z%‘(ﬁj + Zujfl/2wjfl/2~

j=1 j=1
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The finite element system

a(un, i) = €(¢:;), 1<i<N,
a(un, Yi—172) = L(i—1y2), 1<i<N

can be written as, in the matrix/vector notation,

M11u + Mlgil, = bl, (10113)
M21’U,+D221~L = b2. (10114)
Here, u = (Ul, . 'auN)Ta u = (u1/27 B 7uN71/2)T7 My = (a(¢]7¢2))N><N

is a tridiagonal matrix, Mz = (a(1j_1/2,¢:))Nxn is a matrix with two
diagonals, My = My, and Dy = (a(vj_1/2,%i—1/2))Nxn is a diagonal
matrix with positive diagonal elements. We can eliminate @ from the sys-
tem (10.1.13)—(10.1.14) easily (both theoretically and practically). From
(10.1.14), we have
u = D521(b2 — Mglu).

This relation is substituted into (10.1.13),

Mu = b, (10.1.15)

where M = My, —M12D521M21 is a tridiagonal matrix, b = by —M12D521b2.
It can be shown that M is positive definite.

As a result we see that for the finite element solution with quadratic
elements, we only need to solve a tridiagonal system of order N, just like
in the case of using linear elements in Subsection 10.1.1. The procedure
of eliminating @ from (10.1.13)—(10.1.14) to form a smaller size system
(10.1.15) is called condensation. The key for the success of the condensation
technique is that the supports of some basis functions are limited to a single
element.

This condensation technique is especially useful in using high order ele-
ments to solve higher dimensional problems.

Another choice of the basis functions is {¢; }1<;<n defined in (10.1.3) and
(10.1.4), together with {1;_1/2}1<i<n defined in (10.1.12). A consequence
of this choice is that the matrix M;; in (10.1.13) is the stiffness matrix of
the finite element method associated with the linear elements. This basis is
an example of hierarchical basis, i.e., when the local polynomial degree is
increased, the basis functions for the low degree finite element space form
a subset of the basis functions for the high degree finite element space.
The use of hierarchical basis is beneficial in applying the finite element
method when several finite element spaces are employed with increasing
local polynomial degrees.

10.1.3 Reference element technique

Here we introduce the reference element technique which plays an impor-
tant role for higher dimensional problems.
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Consider a clamped beam, initially occupying the region [0, 1], which
is subject to the action of a transversal force of density f. Denote u the
deflection of the beam. Then the boundary value problem is

(4) — in Q=1(0.1
W=7 mQ=(01) (10.1.16)
u(0) =u/(0) = u(l) =u/'(1) = 0.
The weak formulation of the problem is
1 1
uev, / u'v"dr = / fode YvevV, (10.1.17)
0 0

where V' = H2(0,1). If we use the conforming finite element method, i.e.,
choose the finite element space V}, to be a subspace of V, then any function
in Vj, must be C'' continuous. Suppose Vj, consists of piecewise polynomi-
als of degree less than or equal to p. The requirement that a finite element
function be C! is equivalent to the C'' continuity of the function across the
interior nodal points {z;}Y ', which places 2 (N — 1) constraints. Addi-
tionally, the Dirichlet boundary conditions impose 4 constraints. Hence,

dim (Vi) = (p+1)N—-2(N—-1)—4=(p—1)N —2.

Now it is evident that the polynomial degree p must be at least 2. However,
with p = 2, we cannot construct basis functions with small supports. Thus
we should choose p to be at least 3. For p = 3, our finite element space is
taken to be

Vi = {Uh S Cl(ﬁ) ‘ vh\Ki S ]Pg(Ki), 1
vp(x) = o) (z) =0at . =0,1}.

It is then possible to construct basis functions with small supports using in-
terpolation conditions of the function and its first derivative at the interior
nodes {x;}:* 7. More precisely, associated with each interior node z;, there
are two basis functions ¢; and v; satisfying the interpolation conditions

¢i(rj) = 6ij,  ¢i(x;) =0,
vi(z;) =0, Yi(z;) = 0y
A more plausible approach to constructing the basis functions is to use the

reference element technique. To this end, let us choose K = [0,1] as the
reference element. Then the mapping

Lj
Lj

Fi: K — K;, Fy(2) =21 + hid

is a bijection between K and K;. Over the reference element K, we con-
struct cubic functions ®¢, ®1, ¥y and ¥ satisfying the interpolation con-
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ditions
Po(0) =1, ®o(1) =0, P(0)=0, ®H(1)=0,
®,(0) =0, @ (1)=1, @1(0)=0, @|(1)=0,
Uu(0) =0, Tp(l) =0, \I/()(O) =1, \I/()(l) =0,
Ui(0)=0, Wwy(1)=0, W¥i(0)=0, ¥(l)=1
It is not difficult to find these functions
Oo(2) = (1+22) (1 — )2,
(%) = (3 —2%) 22,
Uo(#) =2 (1 - 1),
Uy (2) = —(1 — &) 22

These functions, defined on the reference element, are called shape func-
tions. With the shape functions, it is an easy matter to construct the basis
functions with the aid of the mapping functions {F;}~'. We have

O, (F Y (2), =eK,,
¢i(x) = ¢ Po(Fi(2), €Kiy,
0, otherwise,
and
hi W (F (2), z € K,
wl(l‘) = h'LJrl\IIO(Fl:_ll( )), S Ki+1;
0, otherwise.

Once the basis functions are available, it is a routine work to form the
finite element system. We emphasize that the computations of the stiffness
matrix and the load are done on the reference element. For example, by
definition,

1
@i-1, :/o (¢i1)”(@)//(150:/&(@1)"(¢i)”d$;

using the mapping function F; and the definition of the basis functions, we
have

ai,l,i :/ (CD())Hh (@1)"h h dl‘
K

:%/1%6(2:%—1)6(1—250)%
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For higher dimensional problems, the use of the reference element tech-
nique is essential for both theoretical error analysis and practical imple-
mentation of the finite element method. The computations of the stiffness
matrix and the load vector involve a large number of integrals which usually
cannot be computed analytically. With the reference element technique, all
the integrals are computed on a single region—the reference element, and
therefore numerical quadratures are needed on the reference element only.
Also, we will see how the reference element technique is used to derive error
estimates for the finite element interpolations.

Exercise 10.1.1 In Subsection 10.1.1, we computed the stiffness matrix for the
case of a uniform partition. Find the stiffness matrix when the partition is non-
uniform.

Exercise 10.1.2 Use the fact that the coefficient matrix of the system (10.1.13)
and (10.1.14) is symmetric, positive definite to show that the coefficient matrix
of the system (10.1.15) is symmetric, positive definite.

Exercise 10.1.3 Show that in solving (10.1.16) with a conforming finite ele-
ment method with piecewise polynomials of degree less than or equal to 2, it is
impossible to construct basis functions with a union of two neighboring elements
as support.

10.2 Basics of the finite element method

We have seen from the one-dimensional examples in the preceding section
that there are some typical steps in a finite element solution of a boundary
value problem. First we need a weak formulation of the boundary value
problem; this topic was discussed in Chapter 8. Then we need a partition (or
triangulation) of the domain into sub-domains called elements. Associated
with the partition, we define a finite element space. Further, we choose
basis functions for the finite element space. The basis functions should
have small supports so that the resulting stiffness matrix is sparse. With
the basis functions defined, the finite element system can be formed. The
reference element technique is used from time to time in this process.

In this section, we discuss basic aspects of finite elements. We restrict our
discussion to two-dimensional problems; most of the discussion can be ex-
tended to higher-dimensional problems straightforwardly. We will assume
the domain €2 is a polygon so that it can be partitioned into straight-sided
triangles and quadrilaterals. When ) is a general domain with a curved
boundary, it cannot be partitioned into straight-sided triangles and quadri-
laterals, and usually curved-sided elements need to be used. The reader is
referred to [52, 53] for some detailed discussion on the use of the finite
element method in this case. We will emphasize the use of the reference



394 10. Finite Element Analysis

element technique to estimate the error; for this reason, we need a partic-
ular structure on the finite elements, namely, we will consider only affine
families of finite elements. In general, bilinear functions are needed for a
bijective mapping between a four-sided reference element and a general
quadrilateral. So a further restriction is that we will mostly use triangu-
lar elements, for any triangle is affine equivalent to a fixed triangle—the
reference triangle.

First, we need a triangulation of the domain Q into subsets. Here we
consider triangular subsets. We say 7, = {K} is a triangulation, a mesh,
or a partition of the domain  into triangular elements if the following
properties hold:

1. ﬁ: UKG'T;,,K'

2. Each K is a triangle.

3. For distinct K1, Ko € Tj,, K1 N Ko = ().

4. For distinct K1, Ko € 75, K1 N K5 is empty, or a common vertex, or
a common side of Ky and Ks.

The second property is introduced just for convenience in the following
discussion; rectangular and general quadrilateral elements are also widely
[e]

used. In the third property, K denotes the interior of a set K. The fourth
property is called a regularity condition. Each K € 7}, is called an ele-
ment. For a triangulation of a three-dimensional domain into tetrahedral,
hexahedral or pentahedral elements, the regularity condition requires that
the intersection of two distinct elements is empty, or a common vertex, or
a common side, or a common face of the two elements. For an arbitrary
element K, we denote

hix = diam (K) = max{|le —y|| | z,y € K}

and
px = diameter of the largest sphere inscribed in K.

Since K is a triangular element, hx is the length of the longest side. The
quantity hx describes the size of K, while the ratio hx /pk is an indication
whether the element is flat. We denote h = maxger, hx for the meshsize
of the partition 7j,.

We will explain the ideas with the continuous linear elements, and then
move on to a general framework.

10.2.1 Continuous linear elements

Suppose the boundary value problem over €2 under consideration is of sec-
ond order. Then the Sobolev space H!(Q) or its subsets are used in the
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weak formulation. As an example, we consider solving the following Neu-
mann boundary value problem:

—Autu=f inQ, (10.2.1)
% =g onl, (10.2.2)

where f € L?(Q) and g € L?(T") are given. The weak formulation of the
boundary value problem is

u €V, /(Vu-Vv—i—uv)dx:/fvdx—i—/gvds Yo eV, (10.2.3)
Q Q r

where the space V = H'(2). We construct a linear element space Vj, of
continuous piecewise linear functions for V:

Vi=A{vy, eV |vpxk ePL VK € Tp}. (10.2.4)

Since the restriction of vj, on each element K is smooth, a necessary and
sufficient condition for v, € H*(Q) is v, € C(Q) (see Examples 7.2.7 and
7.2.8 in Chapter 7). So equivalently,

VhZ{UhEO(ﬁ) "Uh‘KEHDl VKE%} (10.2.5)
Let vy, be a piecewise linear function. Then v, € C(Q) if and only if
’Uh|K1 = Uh‘KQ on K1 N Ky, VK, Ky € T), with Ky N Ky # 0. (10.2.6)

For (10.2.6) to hold, it is natural to define vy |k by its values at the three
vertices of K, for any K € 7;. Thus, let us determine any function vy, € Vj,
by its values at all the vertices. Let {@;} ", C Q be the set of all the vertices
of the elements K € 7j,. Then a basis of the space V}, is {¢; }1<i<n, where
the basis function ¢; is associated with the vertex x;, i.e., it satisfies the
following conditions:

dh‘ € Vh, d)l(a}]) = 51‘]‘, 1 S Z,j S Nh. (1027)
We can then write
Vi = span{¢; }1<i<n, - (10.2.8)

For any element K € 7} containing x; as a vertex, ¢; is a linear function
on K, whereas if x; is not a vertex of K, then ¢;(x) =0 for € K. If we

write
Nh,

vp = Zvi@, (10.2.9)
i=1
then using the property (10.2.7) we obtain

v = vh(a}i), 1 S ) S Nh. (10210)
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We say the vertices {@;}1<i<n, are the nodes of the linear element space
V}, defined in (10.2.4) or (10.2.5). The finite element method for (10.2.3) is

up € Vi, /(Vuh-Vvh+uhvh)d$=/fvhdx—l—/gvhds Yoy € V.
Q Q r

(10.2.11)
Write the finite element solution as

Np,
Up = E uj¢j~
j=1

Then from (10.2.11), we have the following discrete system for the coeffi-
cients {Uj}lgjgNh:

Np,
;ug‘/g(v%-V¢i+¢j¢i)dxZ/Qf@dx—&-/ngSids, 1<i<N,.

(10.2.12)

We now discuss construction of the basis functions {¢; }1<;<n, . For this
purpose, it is convenient to use barycentric coordinates. Let K be a trian-
gle and denote its three vertices by a; = (a1, a2j)T, 1 < j < 3, numbered
counter-clockwise. We define the barycentric coordinates {\;(x)}1< <3, as-
sociated with the vertices {a;}1<;<3, to be the affine functions satisfying

)\j(ai) = (Sij, 1 < i,j < 3. (10213)

Then by the uniqueness of linear interpolation, we have

3
in(m) a; =x, (10.2.14)
3
> i(x) = 1. (10.2.15)
i=1

The equations (10.2.14) and (10.2.15) constitute a linear system for the
three unknowns {\;}2_,,

a1 a2 a3 A1 1
as1 22 (23 Ao = T9 . (10.2.16)
1 1 1 A3 1

Note that the determinant of the coefficient matrix A of this system is
twice the area of the triangle K. Since the triangle K is non-degenerate
(i.e., the interior of K is nonempty), the matrix A is non-singular and so the
system (10.2.16) uniquely determines the barycentric coordinates {\;}7_;.
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a a,

FIGURE 10.2. Interpretation of barycentric coordinates

By Cramer’s rule, we have the following formulas:

1 r1 a12 13

() = ——

1($) det A 3312 aiz ais ,
1 ailr T1 ai3

)\ =

2(x) det A ail 9612 ais )
1 aip a2 I

)\ =

3(x) det A ail aiz 9612

For x € K, let K7 be the triangle with the vertices @, a2, a3, and simi-
larly define two other triangles Ko and K3 as shown in Figure 10.2. Then
from the above formulas, we get the following geometric interpretation of
the barycentric coordinates:

area(K;) )
Aifx) = ——, 1<i<3, K.
() arca(K) 1<3, x€

Since {\;}3_; are affine functions and X;(a;) = §;;, the following relation
holds:

)\i(tlal + toas + (1 —t] — tg)ag) =1t10;1 +t25¢2—|—(1—t1—t2) di3, 1 <i < 3.

This formula is useful in computing the barycentric coordinates of points
on the plane. In particular, \; is a constant along any line parallel to the
side azasz, and on such a parallel line, the value of \; is proportional to
the signed scaled distance of the line containing azas (the sign is positive
for points on the same side as a1 of the line containing @azas, and negative
on the other side). See Figure 10.3, where a2 = (a1 + a2)/2 and a3 =
(a3 + a1)/2 are side mid-points.
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FIGURE 10.3. Value of barycentric coordinate A1

A basis function ¢; is non-zero on an element K € 7; if and only if
the associated node x; is a vertex of K. Without loss of generality, let
a; be the node associated with ¢;. Then on K, ¢;(x) = Ai(x). Thus,
with the barycentric coordinates, it is easy to compute the basis functions
{¢i}1<i<n, defined in (10.2.7). Also, note that over the element K, the
function vy, of (10.2.9) is given by the simple formula

3
vn =Y wva(ai) i (10.2.17)
i=1

Back to the finite element system (10.2.12), we notice that for general
functions f and g, the right hand sides can be computed only through
numerical integrations. As an example, consider the calculation of the in-
tergral fQ f ¢;dx, which is the summation of elemental level intergrals of
the form [ i | ¢idx where ¢; is non-zero on K. Rather than doing numerical
integration on each element, we introduce a change of variables so that all
the elemental level integrals are calculated over a fixed triangle K, called
a reference element. In this way, we only need numerical quadratures over
K in computing integrals of the form fQ f ¢;dx. The reference element for
triangular elements is usually taken to be either an equilateral or right
isosceles triangle, as shown in Figure 10.4.

For the equilateral triangular reference element with a; = (—1,0), @z =
(1,0), and as = (0,v/3), the barycentric coordinates are
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1/2
0,37) 0.1)

(-1,0) (1,0) (0,0) (1,0)

FIGURE 10.4. Reference triangular elements in R?

For the right isosceles triangular reference element with a; = (0,0), as =
(1,0), and a3 = (0,1), the barycentric coordinates are

M(E)=1—31 — 22, Xo(T) =21, A(T)=Za.

For definiteness, let us choose the right isosceles triangle reference element
in the following discussion. We construct an affine mapping F from K to
K such that a; = Fx(a;), 1 <i < 3. It is easy to verify that

xr = FK(Zi:) =a; + BK:i:, (10218)
where the matrix
By = ( @iz s dn ) . (10.2.19)
a22 — A21 @23 — 421

From now on, we will relate € K and & € K by the relation (10.2.18).
Moreover, we will relate a function v defined on K with a function © defined
on K by the relation

v(x) = o(x). (10.2.20)

An integral over an element K can be transformed to one over the reference
element K as follows:

/v(:c)dx:det(BK)/ o(Fi (2)) i, (10.2.21)
K K

which is then approximated by applying a numerical quadrature over the
fixed region K. The boundary integral term in (10.2.12) can be handled
similarly, and the calculations are done on the sides of the reference element
K.

Actually, the finite element space (10.2.8) can be constructed from a
single function space over K together with the mappings (10.2.18). We
use the symbol X for the set of functions ¢ € P;(K) that are determined
by their values at the three vertices ai, as, and as. Introduce the basis
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functions g{)l(fv) = 5\1(:%), 1 < i < 3, associated with the vertices. Any
v € X can be expressed as

@>

3
i=1

Now consider a general element K with the three vertices a1, a2, and as.
Then for any v, € Vi, vp|k € P1(K) can be written as

3 3
x) = th(ai) Ni(z) = th(ai) bi(&), e K.

In this way, the restriction of any function vy, € V}, on any element K can be
obtained from a corresponding function in X. Since numerical integrations
in constructing finite element systems are done on the reference element,
the finite element method is completely determined by the space X over the
reference element K and the mapping functions {Fk}keT,. Consequently,
it is actually not necessary to construct the basis functions {¢; }1<i<n, of
the finite element space V,.

Consider a mixed boundary value problem where we have a homogeneous
Dirichlet boundary condition on part of the boundary I'y (relatively closed)
and a Neumann boundary condition on the other part of the boundary I';
(relatively open), then the triangulation should be compatible with the
splitting 992 =T'; UT9, i.e., if an element K has one side on the boundary,
then that side must belong entirely to either I'; or I'y. The corresponding
linear element space is then constructed from the basis functions associated
with the interior nodes together with those boundary nodes located on I'y.
In other words, if {z;}1<i<n, o» Nn,o < Np, are all the nodes in  and on
T', then the linear element space to be used is

Vi, = span{qﬁi}lgz—g\/hﬁ (10.2.22)
instead of (10.2.8).

10.2.2  Affine-equivalent finite elements

Given finite element partitions of the polygon €, we now consider con-
struction of finite element spaces based on affine-equivalent finite elements.
We introduce a function space X over the reference element K, including
a description on how a function in X is determined, and then construct a
corresponding function space on a general element K by using the mapping
function (10.2.18). Although it is possible to choose any finite dimensional
function space as X, the overwhelming choice for X for practical use is a
polynomial space.

It is convenient to use the barycentric coordinates to represent polynomi-
als. For example, if X consists of functions from Py (K) that are determined
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by their values at the vertices {a;}?_,. Then for any © € X, we have the
representation

C)

3
= (@) Mi(@).
i=1
In this case, the vertices {a;}3_, are called the nodes, the function values
{6(a;)}2_, are called the parameters (used to determine the linear func-
tion).
A quadratic function has six coefficients and we need six interpolation
conditions to determine it. For this, we introduce the side mid-points,

1 . . . .
§(ai+aj)’ 1<i<j<3.

dij =
Then we introduce the space X5 of ]P’g(f( ) functions that are determined by
their values at the vertices {a;}?_; and the side mid-points {@;; }1<i<j<3-
For any © € X9, we have the representation formula

3
= d(@) Mi(@) 2N(@) - D)+ Y 4d(ai;) \i(@) A (@).

i=1 1<i<j<3

This formula is derived from the observations that

(1) for each i, 1 < i < 3, \j(2) (2 (@) — 1) is a quadratic function that
takes on the value 1 at a;, and the value 0 at the other vertices and the
side mid-points;

(2) for 1 < i < j <3, 4\(&) 5\](:%) is a quadratic function that takes on
the value 1 at a;;, and the value 0 at the other side mid-points and the
vertices. In this case, the vertices and the side mid-points are called the
nodes, the function values at the nodes are called the parameters (used to
determine the quadratic function).

For a positive integer k, let IP’k(K ) be the space of polynomials of degree
less than or equal to k& on K. Note that the dimension of the space is
dim Py (K) = (k+2)(k +1)/2. To uniquely determine a ¢ € Py(K), we can
use the values of v at the following nodal points:

3 3 .
Nk:{ztidi Zti:]., tie{%}
i=1 i=1

Note that this set contains (k + 2)(k 4+ 1)/2 points. The following result is
proved in [179].

L 1<i<3y. (10.2.24)
0<j<k

Proposition 10.2.1 A polynomial © € ]P’k(f() 1s uniquely determined by
its values at the points in the set Ny.
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We then introduce the space X} consisting of Py (K) functions deter-
mined by their values at the points of the set Nk. The cases k = 1 and
k = 2 have been introduced previously.

Above, the parameters are function values at the nodes. The correspond-
ing finite elements to be constructed later are called Lagrange finite ele-
ments. Lagrange finite elements are the natural choice in solving second-
order boundary value problems, where weak formulations only need the
use of weak derivatives of the first order, and hence only the continuity
of finite element functions across interelement boundaries is required. It
is also possible to use other types of parameters to determine polynomi-
als. For example, we may choose some parameters to be derivatives of the
function at some nodes; in this case, we will get Hermite finite elements.
We can construct Hermite finite elements which are globally continuously
differentiable; such Hermite finite elements can be used to solve fourth-
order boundary value problems, as was discussed in Subsection 10.1.3 in
the context of a one-dimensional problem. For some applications, it may be
advantageous to use average values of the function along the sides. Differ-
ent selections of the parameters lead to different basis functions, and thus
lead to different finite element system. Here we will focus on the discussion
of Lagrange finite elements. The discussion can be extended to the case
of higher degree polynomials and to domains of any (finite) dimension. A
reader interested in a more complete discussion of general finite elements
can consult the references [52, 53].

In general, let X be a finite dimensional space over K, with a dimension
dim X = I, such that any function 0 € X is uniquely determined by its
values at the I nodes &1, --- ,&; € K. Then we have the following formula

The functions {q@z}{:l form a basis for the space X with the property

¢i(Z;) = 045

We will then define function spaces over a general element. For the affine-
equivalent families of finite elements, there exists one or several reference
elements, K , such that each element K is the image of K under an invertible
affine mapping F : K — K of the form

The mapping F is a bijection between K and K, Tk is an invertible 2 x 2
matrix and bg is a translation vector.

For each element K, we establish a correspondence between functions
defined on K and K through the use of the affine mapping Fg. For any
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function v defined on K, ¢ denotes the corresponding function defined on
K through v = v o Fx. Conversely, for any function ¢ on K, we let v be
the function on K defined by v = v o Fi.~. Thus we have the relation

v(x) =d(&) Veek, &cK, with x = Fx(&).

We then define a finite dimensional function space Xg formally by the
formula
X =XoFy! (10.2.26)

where any function v € X corresponds to a function v € X with v =
0o Fi'. Tmplicit in the definition (10.2.26) is that functions in Xg are
determined in the same way as functions in X; e.g., if X consists of Py (K)
functions determined by their values at the three vertices of K , then X g
consists of P (K') functions determined by their values at the three vertices
of K. An immediate consequence of this definition is that if X contains
polynomials of certain degree, then X contains polynomials of the same
degree.

Using the nodal points &;, 1 <i < I, of K, we introduce the nodal points
xX 1 <i < I, of K defined by

= Fy(&), i=1,...,1. (10.2.27)

Recall that {¢;}_, are the basis functions of the space X associated with
the nodal points {#;}/_, with the property that

~

¢i(Z;) = 045

We define
oK =d; o Ftt, i=1,...,1I

Then the functions {¢X }/_, have the property that
of () = 8ij.

Hence, {¢X}/_, form a set of local basis functions on K.

We now present a result on the affine transformation (10.2.25), which
will be used in estimating finite element interpolation errors. The matrix
norm is the spectral norm, i.e., the operator matrix norm induced by the
FEuclidean vector norm.

Lemma 10.2.2 For the affine map Fx : K — K defined by (10.2.25), we
have the bounds

hi h

ITkll < = and ||TE'|| < —

p PK
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Proof. By definition of the matrix norm,
[T x|
]

Let us rewrite it in the equivalent form

|TKn=am{ @#o}.

1Tkl = p~" sup {| Txc2ll | 2] = o}

by taking 2 = pz/||2||. Now for any 2 with [|2]| = p, pick up any two
vectors & and g that lie on the largest sphere S of diameter p, which is
inscribed in K, such that 2 = & — ¢. Then

1Tl =5~ sup {|Twc(@ — )l | .5 € 5}

— 5~ sup { (T + br) — (T + i)l | &5 € S

<p~tsup{lle —yll | z,y € K}

< hx/p.
The second inequality follows from the first one by interchanging the roles
played by K and K. O

10.2.3  Finite element spaces
A global finite element function vy, is defined piecewise by the formula
’Uh‘K e Xxg VKeT,.

We then define a finite element space corresponding to the triangulation
Th:
X, = {’Uh ‘ Uh‘K c Xk VKE'T}L}

Note that the expression vy|x € Xk includes the way how vy |k is de-
termined. A natural question is whether X;, C H(2), in the context of
solving a linear second-order elliptic boundary value problem. Thus we need
to check if v, € H'(Q) holds for v, € X},. Since the restriction of v;, on
each element K is a smooth function, a necessary and sufficient condition
for vy, € HY(Q) is v, € C(Q) (see Examples 7.2.7 and 7.2.8 in Chapter 7,
also Exercise 10.2.4). Then X C H'(Q) if and only if X;, C C(Q). We re-
mark that the condition v, € C(Q) is guaranteed if vy, is continuous across
any interelement boundary, i.e., if the condition (10.2.6) is satisfied.

Assume X;, C C(Q) is valid. Then for a second-order boundary value
problem with Neumann boundary condition, V = H*() and we use V}, =
X, as the finite element space; for a second-order boundary value problem
with the homogeneous Dirichlet condition, V = Hg () and we choose the
finite element space to be

VhZ{UhEXh"UhZOOnF}.
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We observe that if X consists of polynomials, then a function from the
space X}, is a piecewise image of polynomials. In our special case of an affine
family of finite elements, F is an affine mapping, and so any function in
X}, is a piecewise polynomial. For more general mapping functions Fy
(e.g., bilinear mapping functions used for quadrilateral elements), v, |k is
in general not a polynomial.

Example 10.2.3 For a general triangle K € 7j,, let Xk consist of Py (K)
functions, determined by their values at the three vertices a;, 1 < j < 3.
Define the linear element space

XhZ{Uh | Uh‘K EXK, KE%}

We use the barycentric coordinates \j(x), 1 < j < 3, corresponding to the
three vertices a;, 1 < j < 3. Note that

Ni=NoFg!, 1<i<3.

On each element K, vp|x is a linear function and we have

3
wnlk = vn(@i) Ni, K €T (10.2.28)
i=1
The local finite eAlement function vy |k can be obtained from a linear func-
tion defined on K. For this, we let

3
(@) = wvnla:) Xi().
i=1

Then it is easily seen that vj,|x = 0o Fgl.

The piecewise linear function vy, defined by (10.2.28) is globally continu-
ous, or (10.2.6) is satisfied. To see this we only need to prove the continuity
of vy, across v = K1N K>, the common side of two adjacent elements K7 and
K. Let us denote v1 = vp |k, and vy = vp|k,, and consider the difference
w = v; — v2. On v, w is a linear function of one variable (the tangential
variable along 7), and vanishes at the two end points of v. Hence, w = 0,
i.e. v1 = vg along 7.

Summarizing, if we use the function values at the vertices to define the
functions on each element K, then X}, is an affine-equivalent finite element
space consisting of continuous piecewise linear functions. On each element,
we have the representation formula (10.2.28). O

In general, for a positive integer k, consider a function v, whose restric-
tion on any element K belongs to Py (K ). Let Fix be the mapping between
K and K. Then

3 3 3
thaleK<zt2dz> Viq,to,t3 € R with Ztizl.
i=1 i=1

i=1
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So corresponding to (10.2.24), define a set of nodal points on K by

3 3 .
Nk(K):{Ztiai Ztizl, tiE{%}
=1 =1

Then if vy | is determined by its values on the set Nj(/), the function
vy, € C(£2). The verification of this claim for £ = 2 is left as Exercise 10.2.4.
The claim for a higher value k can be proved similarly.

,1<i<3}p. (10.2.29)
0<j<k

Exercise 10.2.1 Over the reference triangle K , use the set of nodes N5 as in
(10.2.24) for cubic functions. Represent a cubic function in terms of its values at
the points in Ns.

Exercise 10.2.2 Discuss how to transform the integrals on the left hand side
of the finite element equation in (10.2.12) to integrals over the reference ele-
ment by using the barycentric coordinates {j\i}lgigg and the mapping functions
{Fr}reT,-

Exercise 10.2.3 Assume (Q is the union of some rectangles whose sides parallel
to the coordinate axes. We partition Q into rectangular elements with sides par-
allel to the coordinate axes. In this case, the reference element is a square K , say
the unit square. The polynomial space over K is usually taken to be

Qua(R) = {0(@) = Y aydia}: oy €R, & € K}

i<k j<l

for non-negative integers k and l. For k = [ = 1, we get the bilinear functions.

Define a set of nodes and parameters over Q1,1 (K ). Represent a bilinear function
in terms of the parameters.

Exercise 10.2.4 Let 7; = {K} be a finite element Qartition of Q into triangles.
Over the reference element K, we determine © € P2(K) by its values at the three
vertices and the three side mid-points; see (10.2.23). Show that the corresponding

finite element functions have the property vy, € C(Q2).

Exercise 10.2.5 Let 7;, = {K} be a finite element partition of Q. Consider
a function v : @ — R?%. Assume v|x € H'(K)? for any K € Tj,. Show that
v € H(div;Q) (see (8.6.20) for the definition of this space) if and only if the
following property holds: For any K1, K2 € 7, with v = K1 N K2 # (), denote
v1 = v|k, and v2 = v|k,, and let 1 and v be the unit outward normals on
with respect to K1 and Ko, then v -v1 +v2-v2 =0o0n 7.

10.3 Error estimates of finite element
interpolations

In this section, we present some estimates for the finite element interpola-
tion error, which will be used in the next section to bound the error of the
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finite element solution for a linear elliptic boundary value problem, through
the application of Céa’s inequality. The interpolation error estimates are
derived through the use of the reference element technique. In other words,
error estimates are first derived on the reference element, which are then
translated to a general finite element. The results discussed in this section
can be extended to the case of a general d-dimensional domain. Definitions
of triangulation and finite elements in d-dimensional case are similar to
those for the 2-dimensional case; see e.g. [52, 53].

10.3.1 Local interpolations

We first introduce an interpolation operator II for continuous functions
on K. Recall that {&;}._, are the nodal points whereas {¢;}._, are the

associated basis functions of the polynomial space X in the sense that
¢i(&;) = 0;; is valid. We define

I
0:CK)— X, o= i(&:)h. (10.3.1)

Evidently, 6 € X is uniquely determined by the interpolation conditions
o(&;) = o(a), i=1,...,1.
On any element K, we define similarly the interpolation operator I1x by

I
Mg : C(K) — Xg, Hgv=> v(@)sf. (10.3.2)

i=1

We see that IIgv € Xk is uniquely determined by the interpolation con-
ditions
Hrv(xf) =v(k), i=1,... I

The following result explores the relation between the two interpolation
operators. The result is of fundamental importance in error analysis of finite
element interpolation.

Theorem 10.3.1 For the two interpolation operators 1] I and Iy intro-
duced above, we have 11(0) = (Ilgv) o Fk, i.e., I = Mxv.

Proof. From the definition (10.3.2), we have

I
v=> (@ )e =3 0(@:)e!

i=1
Since ¢X o Fix = ¢;, we obtain

I

(xv)o Fx = 3 o(&)d; = o, H

i=1
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Example 10.3.2 For a generic triangular element K, again use ai, as

and a3 to denote its vertices. Then with linear elements, for a continuous
function v defined on K, its linear interpolant is

3
Mgv(x Zv x e K.
=1

For the function % = v o F defined on the reference element K , its linear
interpolant is

a>
@)

3
=> i(a;) \i(&), €K
i=1

Here, a; = Fr'(a;), 1 < i < 3, are the vertices of K. Since v(a;) = 0(a;)
by definition and X\;(x) =
16 = Tk holds.

By using the mid-points of the sides, we can give a similar discussion of
quadratic elements. O

<
A\i(&) for @ = Fi (&), obviously the relation

10.5.2  Interpolation error estimates on the reference element

We first derive interpolation error estimates over the reference element.

Theorem 10.3.3 Let k and m be nonnegative integers with k > 0, k+1 >
m, and Py(K) C X. Let 11 be the operators defined in (10.3.1). Then there
exists a constant ¢ such that

|0 —106],,, g < clil,y, z V0€HTH(K). (10.3.3)

Proof. Notice that k > 0 implies H*+!(K) — C(K), so © € H*(K) is
continuous and 119 is well-defined. From

1], Z &) il i < cllolleiiy < ellBllpr, &

we see that II is a bounded operator from H*'(K) to H™(K). By the
assumption on the space X, we have

o =9 YoePy(K). (10.3.4)
Using (10.3.4), we then have, for all € H*t1(K) and all p € P(K),
|6 —108|,,, g < |0 —T10],, = |6 =110 +p—TIp||,, x
<@ +p) =IO+ ), 1
<9+ Bll, g + 1T+ D),
<cllo+pllpr i
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Since p € Py(K) is arbitrary, we have

|’U—H’U| g <c inf [[0+pl,, &
PEP (K)
By an application of Corollary 7.3.18, we get the estimate (10.3.3). O

In Theorem 10.3.3, the assumption k£ > 0 is made to warrant the conti-
nuity of an H ’”1( ) function. In the d-dimensional case, this assumption
is replaced by k + 1 > d/2. The property (10.3.4) is called a polynomial
invariance property of the finite element interpolation operator.

10.3.3 Local interpolation error estimates

We now consider the finite element interpolation error over each element
K. As in Theorem 10.3.3, we assume k& > 0; this assumption ensures the
property H**1(K) — C(K), and so for v € H*(K), pointwise values

v(x) are meaningful. Let the projection operator Iy : H**1(K) — Xg C
H™(K) be defined by (10.3.2).

To translate the result of Theorem 10.3.3 from the reference element K
to the element K, we need to discuss the relations between Sobolev norms
over the reference element and a general element.

Theorem 10.3.4 Assume * = Tk@ + by is a bijection from K to K.
Then v € H™(K) if and only if b € H™(K). Furthermore, for some con-
stant ¢ independent of K and K, the estimates

0], & < clITw||™ det T |20, i (10.3.5)

and
[0, < || T ™ det T /210, & (10.3.6)

hold.

Proof. We only need to prove the inequality (10.3.5); the inequality (10.3.6)
follows from (10.3.5) by interchanging the roles played by & and &. Recall
the multi-index notation: for o = (a, a2),

glel N olel

© T 9p0ayr U 910 oxg®

By a change of variables, we have

o= 3 / 050(@))” di

|a]=
Z/ (@))]?| det Txc| " d.

lel=

=
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Since the mapping function is affine, for any multi-index o with |«| = m,

we have
050 =Y cap(Tk) g,
|B|=m

where each ¢ g(T i) is a product of m entries of the matrix T 5. Thus

Y lgoF @) < e Tx[*™ ) 10gv()?,

|a]=m |a]=m
and so
02 <c¢ Z / [0%0(2)) | T k||>™ (det Tg )~ da
=c \ITK||2m(det Tr)™" ol
from which the inequality (10.3.5) follows. O

We now combine the preceding theorems to obtain an estimate for the
interpolation error in the semi-norm |v — g v, k.

Theorem 10.3.5 Let k and m be nonnegative integers with k > 0, k+1 >
m, and Pr(K) C X. Let g be the operators defined in (10.3.2). Then there
is a constant ¢ depending only on K and 11 such that

k+1
Kol Vo e HFPHK). (10.3.7)
K

[v — I gv|m,x <c
Proof. From Theorem 10.3.1 we have & — 119 = (v —TIgv) o F. Conse-
quently, using (10.3.6) we obtain
[0 = g0l < | TEH™ det Tre| /2|0 — 110],,, ¢
Using the estimate (10.3.3), we have
0 = Tgvlm k. < c|TEH™ det T2 [0, 1 ¢ (10.3.8)
The inequality (10.3.5) with m =k + 1 is
0lpy1. i < eI Tkl" det Trc| ™ [0lgr -
So from (10.3.8), we obtain
[0 = Mgl < | TR ITr N 0l

The estimate (10.3.7) now follows from an application of Lemma 10.2.2. J

The error estimate (10.3.7) is proved through the use of the reference
element K. The proof method can be termed the reference element tech-
nique. We notice that in the proof we only use the polynomial invariance



10.3 Error estimates of finite element interpolations 411

property (10.3.4) of the finite element interpolation on the reference ele-
ment, and we do not need to use a corresponding polynomial invariance
property on the real finite element. This feature is important when we ana-
lyze finite element spaces which are not based on affine-equivalent elements.
For example, suppose the domain is partitioned into quadrilateral elements
{K | K € T;,}. Then a reference element can be taken to be the unit square
K= [0,1]2. For each element K, the mapping function F is bilinear, and
it maps each vertex of the reference element K to a corresponding vertex
of K. The first degree finite element space for approximating V = H!(£2)
is

Vi, ={vn € C(Q) | vn o Fx € Q11 (K), K € Tp,},

where

is the space of bilinear functions. We see that for vy, € V},, on each element
K, vp|k is not necessarily a polynomial (as a function of the variable @),
but rather the image of a polynomial on the reference element. Obviously,
we do not have the polynomial invariance property for the interpolation
operator IIx, nevertheless (10.3.4) is still valid. For such a finite element
space, the proof of Theorem 10.3.5 still goes through.

The error bound in (10.3.7) depends on two parameters hg and pg. It
will be convenient to use the parameter hx only in an interpolation error
bound. For this purpose we introduce the notion of a reqular family of finite
elements. For a triangulation 7j, we denote

h = max hi, (10.3.9)

often called the mesh parameter. The quantity h is a measure of how refined
the mesh is. The smaller h is, the finer the mesh.

Definition 10.3.6 A family {7} of finite element partitions is said to
be regular if

(a) there exists a constant o such that hi [pr < o for all elements K € Ty,
and for any h;

(b) the mesh parameter h approaches zero.

A necessary and sufficient condition for the fulfillment of the condition
(a) in Definition 10.3.6 is that the minimal angles of all the elements are
bounded below away from 0; a proof of this result is left as an exercise (see
Exercise 10.3.3).

In the case of a regular family of affine finite elements, we can deduce
the following error estimate from Theorem 10.3.5.
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Corollary 10.3.7 We keep the assumptions stated in Theorem 10.5.5.
Furthermore, assume {Tp}n is a reqular family of finite elements. Then
there is a constant ¢ such that for any Ty in the family,

[0 =TIV ic < chEFT"™ 01 Vo € H¥YYK), VK € T,. (10.3.10)

Example 10.3.8 Let K be a triangle in a regular family of affine finite
elements. We take the three vertices of K to be the nodal points. The local
function space X is P (K). Assume v € H?(K). Applying the estimate
(10.3.10) with k£ =1, we have

v — Ogv|lmx < chir ™o,k Vv € H*(K). (10.3.11)
This estimate holds for m = 0, 1. O

10.53.4  Global interpolation error estimates

We now estimate the finite element interpolation error of a continuous
function over the entire domain 2. For a function v € C(Q), we construct
its global interpolant IT,v in the finite element space X} by the formula

Hh’l)|K =Ilgv VK €T,

Let {@;} 1", C Q be the set of the nodes collected from the nodes of all the
elements K € 7;,. We have the representation formula

Np,

Mho =Y v(@:)ds (10.3.12)

i=1
for the global finite element interpolant. Here ¢;, ¢ = 1,..., Ny, are the
global basis functions that span Xj. The basis function ¢; is associated
with the node x;, i.e., ¢; is a piecewise polynomial of degree less than or
equal to k, and ¢;(z;) = d;;. If the node x; is a vertex ] of the element
K, then ¢;|x = (;SZK. If x; is not a node of K, then ¢;|x = 0. Thus the
functions ¢; are constructed from local basis functions ¢X.

In the context of the finite element approximation of a linear second-
order elliptic boundary value problem, there holds the Céa’s inequality (cf.
(9.1.11))

lu —unllre <c inf flu—oilie.

Then
v —unll1,0 < cllu —yull10,
and we need to find an estimate of the interpolation error ||u — ITpul|1 .

Theorem 10.3.9 Assume that all the conditions of Corollary 10.3.7 hold.
Then there exists a constant ¢ independent of h such that

v —Tav)lma < ch* ™ uli1a Vo€ HFFH(Q), m=0,1. (10.3.13)
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Proof. Since the finite element interpolant II;u is defined piecewisely by
IMju| g = Mku, we can apply Corollary 10.3.7 with m = 0 and 1 to find

> M= Tixeully,

KeTy,

2(k4+1—m)| |2
< Z chy |u‘k+l,K
KeTy,

S c hZ(k—‘rl—m

lu = Thull3,

)\U|i+1,9~

Taking the square root of the above relation, we obtain the error estimates
(10.3.13). O

We make a remark on finite element interpolation of possibly discon-
tinuous functions. The finite element interpolation error analysis discussed
above assumes the function to be interpolated is continuous, so that it is
meaningful to talk about its finite element interpolation (10.3.12). In the
case of a general Sobolev function v, not necessarily continuous, we can
define II,v by local L? projections in such a way that the interpolation
error estimates stated in Theorem 10.3.9 are still valid. For detail, see [54].
We will use the same symbol II;v to denote the “regular” finite element
interpolant (10.3.12) when v is continuous, and in case v is discontinuous,
II,v is defined through local L? projections. In either case, we have the
error estimates (10.3.13).

Exercise 10.3.1 Let {75} be a regular family of finite element partitions of a
polygon €2 into triangles. For each 7}, let

Qn = {Uh€L2(Q) |on|lxk ERVK € Tn},

and define a piecewise averaging operator Py, : L?(Q) — Q5 by
(Pao) :/ vz /meas(K) VK € T.
K

Use the reference element technique to prove the following error bound:
lv = Puvllpzo) < chlvlgio Yve H'(Q).

Moreover, show the following;:

SChQ‘U|H1(Q)‘U|H1(Q) Vu,veHl(Q).

/ u (v — Ppov)dx
Q

Exercise 10.3.2 Let {7}, be a regular family of partitions of the domain Q,
and let any element K be obtained from the reference element K through the
affine mapping (10.2.25). Let 1 < p < co. Show that there exists a constant ¢
independent of K and h such that

/@ Iolds < e (0 ol + 1l ) Yo € W)
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In particular, with p = 2,

/ lof2ds < e (R lol2n + haclol2 ) Vo € HY(K).
oK

Exercise 10.3.3 Show that a necessary and sufficient condition for requirement
(a) in Definition 10.3.6 is that the minimal angles of all the elements are bounded
below from 0.

Exercise 10.3.4 A family of triangulations {7} is said to be quasiuniform if
the family is regular, and there is a constant c¢o > 0 such that

min hx/ max hx >co V7.
KeT, KeTy,

(Hence, all the elements in 7}, are of comparable size.)

Suppose {75} is a family of quasiuniform triangulations of the domain Q C R?,
and {X} is a corresponding family of affine-equivalent finite elements. Denote
Ny = dim X3, and denote the nodes (of the basis functions) by z;, 1 < i < Np,.
Show that there are constants ci1,c2 > 0 independent of A such that

Np,

2 2 2 2
cilvlzz@ < h Z [vo(xi)]” < c2lvllz2) Vo€ Xh.
i—1

Exercise 10.3.5 The Bramble-Hilbert Lemma ([40]) states: Let Qo C R? be a
Lipschitz domain, and let £ : H**'(€Qy) — R be bounded and satisfy

|0(v1 4 v2)| < [€(v1)] + [€(v2)] Yv1,v2 € H* Qo).

Suppose £(v) =0 Vv € Pr(Qo). Then there exists a constant ¢, depending on g,
such that
[6()] < clvlkr,0, Vv e H(Qo).

(a) Prove the Bramble-Hilbert Lemma.
(b) Deduce Theorem 10.3.3 from the Bramble-Hilbert Lemma.

Exercise 10.3.6 Prove the following extension of the Bramble-Hilbert Lemma:
Let Qo C R? be a Lipschitz domain, and let a(-,-) : H**(Qo) x H*(Qo) — R
be a bounded functional such that

la(ur + uz, v)| < |a(ur,v)| + |a(uz,v)] Yui,ue € H(Qo), v e HT(Q),
la(u, v1 4 va2)| < |a(u, v1)] + |a(u,v2)| Yue H* ' (Q), vi,ve € HT(Q).

Assume

a(u,v) =0 Yue H(Qo), v ePi(Q),
a(u,v) =0 Yu e Pyp(Q), ve  H Q).

Then there exists a constant ¢, depending on )y, such that

la(u,v)| < clulkrraqvliiie, Yue H T (Q), ve HT (Q).
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Exercise 10.3.7 In this exercise, we employ the technique of the reference el-
ement to estimate the condition number of the stiffness matrix. The boundary
value problem considered is a symmetric elliptic second-order problem

ueV, a(u,v)=~Lv) YveV,

where V' C H'(Q) is a Hilbert space, a(-,-) : V x V — R is bilinear, symmetric,
continuous and V-elliptic, £ € V'. Let V;, C V be an affine family of finite elements
of piecewiese polynomials of degree less than or equal to r. The finite element
solution up € Vj, is defined by

up € Vi, a(uh,vh) = é(vh) Vop € V.

Let {¢:} be a basis of the space V3. If we express the finite element solution in
terms of the basis, up = Y, &¢i, then the unknown coefficients are determined
from a linear system
A£ = b7

where the stiffness matrix A has the entries a(¢;, ;). Then A is a symmetric
positive definite matrix. Let us find an upper bound for the spectral condition
number

Condaz(A) = [|Alf2]|A™" |2
We assume the finite element spaces {V},} are constructed based on a family of
quasiuniform triangulations {7 }.
(1) Show that there exist constants c1,c2 > 0, such that

cth®[nl* < flonlls < c2h®nl* Yon € Vi, vn =D midhs.

(2) Show that there exists a constant c3 > 0 such that
HVU;LH?) < Cgh_QHIIhHS Yun € V.

This result is an example of an inverse inequality for finite element functions.
(3) Show that Conda(A) = O(h™?).
Hint: Since A is symmetric, positive definite, || A2 = sup{(An,n)/|n|*}.

In the general d-dimensional case, it can be shown that these results are valid
with the h* terms in (1) being replaced by h%; in particular, we notice that the
result (3) does not depend on the dimension of the domain (2.

10.4 Convergence and error estimates

As an example, we consider the convergence and error estimates for finite
element approximations of a linear second-order elliptic problem over a
polygonal domain. The function space V is a subspace of H(f); e.g.,
V = H(Q) if the homogeneous Dirichlet condition is specified over the
whole boundary, whereas V = H'(Q2) if a Neumann condition is specified
over the boundary. Let the weak formulation of the problem be

ueV, a(u,v)=4Lv) YveT (10.4.1)
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We assume all the assumptions required by the Lax-Milgram Lemma; then
the problem (10.3.13) has a unique solution u. Let V3, C V be a finite
element space. Then the discrete problem

up € Vi, a(uh,vh) = é(’Uh) Yo, € Vj, (10.4.2)
also has a unique solution uy € V}, and there holds the Céa’s inequality

lu —uplly <c¢ inf |ju—vp|v. (10.4.3)
VR EVh
This inequality is a basis for convergence and error analysis.

Theorem 10.4.1 We keep the assumptions mentioned above. Let k > 0
be an integer, and let {V,} C V be affine-equivalent finite element spaces
of piecewise polynomials of degree less than or equal to k, corresponding
to a reqular family of triangulations of Q. Then the finite element method
converges:

lu —up|ly — 0 as h — 0.

Assumeu € H*T1(Q). Then there exists a constant ¢ such that the following
error estimate holds:

|1’Q < Chk‘u|k+1’g. (10.4.4)

lw — wup,
Proof. We take v, = ITu in Céa’s inequality (10.4.3),
lu—unll1.0 < cllu = Myull1 q.

Using the estimate (10.3.13) with m = 1, we obtain the error estimate
(10.4.4).

The convergence of the finite element solution under the basic solution
regularity u € V follows from the facts that smooth functions are dense
in the space V and for a smooth function, its finite element interpolants
converge (with a convergence order k). O

Example 10.4.2 Consider the problem
—Au=f inQ,

u=0 onl.

The corresponding variational formulation is: Find u € H}(Q2) such that

/Vu-Vvdxz/fvdm Yo € Hi(Q).
Q Q

This problem has a unique solution. Similarly, the discrete problem of find-
ing up € Vj such that

/ Vup, - Vopde = / fopdx Yo, €V
Q Q
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has a unique solution. Here V}, is a finite element subspace of HJ (£2), con-

sisting of piecewise polynomials of degree less than or equal to k, corre-

sponding to a regular triangulation of Q. If u € H**1(Q), then the error is
estimated by

E (]

lu = unllio < ch¥||ullksr0-

It is possible to derive error estimates for the finite element solutions in
other norms, such as the L?(Q) norm or L*(2) norm. In the following, we
show how to derive estimates for the L?(2) norm error |lu — up||o,0-

Theorem 10.4.3 (AUBIN-NITSCHE LEMMA) In the context of Theorem
10.4.1, we have

1
sup T Pg — Vrll1,Q |
geL2(Q) <||g|09 Uh EV s | )
(10.4.5)
where for each g € L*(Y), ¢, € V is the solution of the problem

a(v,pg) = (9,v)o,0 YvEV. (10.4.6)

Proof. First note that under the assumptions, (10.4.6) has a unique solu-
tion.
Next, denote e = u — uj, and recall the error relation

a(e,vp) =0 Yo, € V. (10.4.7)
Let ¢, € V be the solution of the problem (10.4.6) with g = e:
a(v,0e) = (e,v)00 VveW. (10.4.8)
Take v = e in (10.4.8) and use (10.4.7) to obtain
lell§ o = ale, ) = ale, pe —vn) Yvn € Vi

Then,
lelld.e < Mllellie inf [lve —vnl10-
v €V

If |lello,o = 0, then (10.4.5) is obvious. Otherwise, we rewrite the above
inequality as

T o2t e = o

Therefore, the relations (10.4.5) holds. O
The term

oy - vhnm)

sup —
geL?(Q (lg”OQ Uh EV
in (10.4.5) is usually small.
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Corollary 10.4.4 Suppose the solution ¢, € V of the problem (10.4.6)
has the regularity p, € H?(Y) and the following regularity bound holds:

lpgllz.0 < cllglloe Vg€ L) (10.4.9)
Then we have the following inequality from (10.4.5):
llu —unlloo < chllu—uplo- (10.4.10)

Proof. Since ¢, € H?(), we have

inf |log —vnllia < chlpglzo.-

VR EVh
The term |pg]2,0 is bounded by ¢|g]lo,o, by the regularity bound (10.4.9).
Hence,

1
sup | r—— inf [joy —vn 1,Q> <ch
geL?(Q) <|9||0,Q VR EVR I g I

and the inequality (10.4.10) holds. O

Combining (10.4.10) and (10.4.4), we conclude that under the assump-
tions stated in Theorem 10.4.1 and Corollary 10.4.4, we have the following
optimal order error estimate in L?(£2) norm:

||u — UhHQQ < Chk+1‘u|k+1vg. (10.4.11)

A crucial condition for the relation (10.4.10) is the solution regularity
bound (10.4.9), its validity depending not only on the smoothness of the
coeflicients, the right hand side, and the boundary condition functions of
the boundary value problem, but also on the smoothness of the domain, as
well as whether the type of the boundary condition changes. For example,
consider the boundary value problem of the Poisson equation in a domain
Q c R%

—Au=f inQ,
u=0 on 0.

If Q) is smooth, say 9Q € C*1 or 2 is convex, then (10.4.9) holds. However,
if Q is a non-convex polygon or if the boundary condition type changes at
a boundary point (e.g., from Dirichlet to Neumann), then the solution has
singularities and the solution regularity bound (10.4.9) does not hold. De-
tailed discussion of this topic can be found in [98]. Exercise 10.4.6 provides
several examples of singularities caused by the boundary corners or change
of boundary condition type.

We emphasize that in error estimation for finite element solutions, we
need to assume certain degree of solution regularity. When the solution ex-
hibits singularities, there are two popular approaches to recover the optimal
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convergence order corresponding to a smooth solution. One approach is by
means of singular elements, i.e., some singular functions are included in the
finite element space. The advantage of this approach is its efficiency, while
the weakness is that the form of the singular functions must be known a
priori. The second approach is by using mesh refinement around the sin-
gularities. This approach does not need the knowledge on the forms of the
singular functions, and is more popular in practical use.

Exercise 10.4.1 Let us use linear elements to solve the boundary value problem

{ —u’ = f in (0,1),
u(0) = u(1) =0,

where f € L?(0,1). Divide the domain Q = [0, 1] with the nodes 0 = z¢ < 1 <
-++ < zy = 1, and denote the elements K; = [z;—1,2;], 1 < ¢ < N. Then the
finite element space is

Vi, = {vn € Hy(0,1) | wp|r, € P1(K;), 1 <i< N}

Let up € Vi, denote the corresponding finite element solution of the boundary
value problem. Prove that up(z;) = u(z;), 0 < ¢ < N; in other words, the linear
finite element solution for the boundary value problem is infinitely accurate at
the nodes.

Hint: Show that the finite element interpolant of w is the finite element solution.

Exercise 10.4.2 Let Q = (0,1)? and f € L*(Q). For the following BVP

0%u 9*u . .
— (8_93% +2 8_:5%) +sin(ziz2)u = f in Q,

u=0 on 09,

develop a finite element method, and provide error bounds in H*(2)-norm and
L*(Q)-norm.

Exercise 10.4.3 In Exercise 8.5.2, we studied the weak formulation of an elas-
ticity problem for an isotropic, homogeneous linearly elastic material. Let d = 2
and assume (2 is a polygonal domain. Introduce a regular family of finite element
partitions 7;, = {K} in such a way that each K is a triangle and if K N T # 0,
then either KNI' C I'p or KNI' C Ty. Let Vi, C V be the corresponding finite el-
ement subspace of continuous piecewise linear functions. Give the formulation of
the finite element method and show that there is a unique finite element solution
up € Vi,
Assume u € (H?(Q2))?. Derive error estimates for u — uy and o — oy, where

o =Are(up) I +2pe(un)

is a discrete stress field.
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Exercise 10.4.4 Consider a finite element approximation of the nonlinear ellip-
tic boundary value problem studied in Section 8.8. Let us use all the notation
introduced there. Let V}, be a finite element space consisting of continuous, piece-
wise polynomials of certain degree such that the functions vanish on the boundary.
Then from Example 7.2.7, V;, C V. Show that the finite element method

up € Vi, a(uh;uh,vh) = €(vh) Yo € Vj,

has a unique solution. Also show that u is the unique minimizer of the energy
functional E(-) over the finite element space Vj.

Error estimate for the finite element solution defined above can be derived
following that in [52, Section 5.3], where finite element approximation of the
homogeneous Dirichlet problem for the nonlinear differential equation

—div (|Vul[""*Vu) = f

is considered. However, the error estimate is not of optimal order. The optimal
order error estimate for the linear element solution is derived in [32].

Exercise 10.4.5 Show that in R?, in terms of the polar coordinates
r1 =7rcosf, x2=rsinb,

the Laplacian operator takes the form

A7_+ i i8_2
T o2 or  r?2 062

10 (0N, 1
T oor or r2 902’

and in R3, in terms of the spherical coordinates

1
T

r1 =7rcosfsing, x2=rsinf sing, x3=71 cosae,

the Laplacian operator takes the form

ar2  ror  r?

A= o 29 L1 8—2+c0t¢£+8—2
sin? ¢ 062 d¢  0¢?

—iﬁ Tzﬁ +i La_z_kcot(ﬁi_ka_z
T2 or or r2 \ sin? ¢ 062 op 092 )

Exercise 10.4.6 Consider the domain Q@ = {(r,0) | 0 < r < 1,0 < 0 < w},
w < 27. Its boundary consists of two straight sides

and one circular curve

Ds={(n0) |r=1,0<0<w}
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Denote o = 7/w.
(a) Show that u = 7 sin(a#) is the solution of the boundary value problem

—Au=0 1in Q,
u=0 onl;UTl,,

u =sin(af) on I's.

Verify that v € H(Q), and when w > 7, u & H*(Q).
(b) Show that u = r* cos(af) is the solution of the boundary value problem

—Au=0 in Q,
Ou/Ov =0 on 'y UTs,

u = cos(af) on I,

where 9/dv is the outward normal derivative. Verify that v € H'(Q2), and when
w>m, ug HA(Q).
(¢) Show that u = r/2sin(af/2) is the solution of the boundary value problem

—Au=0 1in Q,
u=0 only,
Ou/Ov =0 on I'y,
u =sin(af/2) on I's.

Verify that u € H'(Q), and when w > 7/2, u & H?(Q2). Observe that due to the
boundary condition type change at the boundary point (0, 0), the strength of the
solution singularity doubles.

Suggestion for Further Reading.

Some standard references on mathematical analysis of the finite element
method include BABUSKA AND Aziz [29], BRAESS [39], BRENNER AND
ScotT [42], CIARLET [52, 53], JOHNSON [131], ODEN AND REDDY [183],
STRANG AND FIX [216].

Convergence of the finite element method may be achieved by progres-
sively refining the mesh, or by increasing the polynomial degree, or by doing
both simultaneously. Then we get the h-version, p-version, or h-p-version
of the finite element method. It is customary to use h as the parameter for
the meshsize and p as the parameter for the polynomial degree. Efficient
selection among the three versions of the method depends on the a priori
knowledge on the regularity of the exact solution of the problem. Roughly
speaking, over a region where the solution is smooth, high degree poly-
nomials with large size elements are more efficient, and in a region where
the solution has singularities, low order elements together with a locally
refined mesh should be used. Detailed discussion of the p-version finite el-
ement method can be found in SZABO AND BABUSKA [219]. Mathematical
theory of the p-version and h-p-version finite element methods with appli-
cations in solid and fluid mechanics can be found in SCHWAB [204]. The
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recent monograph SOLIN, SEGETH AND DOLEZEL [209] provides detailed
description of practical implementation of the h-p-version finite element
methods.

For the theory of mixed and hybrid finite element methods, see BREZZI
AND FORTIN [43], ROBERTS AND THOMAS [196].

For the numerical solution of Navier-Stokes equations by the finite ele-
ment method, see GIRAULT AND RAVIART [90].

Theory of the finite element method for solving parabolic problems can
be found in THOMEE [222].

Singularities of solutions to boundary value problems on non-smooth do-
mains are analyzed in detail in GRISVARD [98]. See also KozLov, MAZ’ YA
AND ROSSMANN [146]. To improve the convergence rate of the finite ele-
ment method when the solution exhibits singularities, one can employ the
so-called singular element method where the finite element space contains
the singular functions, or the mesh refinement method where the mesh is
locally refined around the singular region of the solution. One can find a
discussion of the singular element method in STRANG AND Fix [216], and
the mesh refinement method in SZABO AND BABUSKA [219].

Adaptive finite element methods based on a posteriori error estimates
have attracted much attention for nearly 30 years. Two comprehensive
references on this subject are AINSWORTH AND ODEN [2] and BABUSKA
AND STROUBOULIS [30].

Discontinuous Galerkin methods have been a very active research topic in
the past two decades. The methods use discontinuous approximations, and
thus have various advantages over the standard finite element method, such
as handling easily complicated geometry and different polynomial degrees
in different elements. A general reference on this topic is a volume edited by
COCKBURN, KARNIADAKIS, AND SHU [55]. A unified error analysis of the
methods for second-order elliptic problems is given in a paper by ARNOLD,
BrEzzl, COCKBURN, AND MARINI [8].

General discussions on solving linear systems can be found in ATKINSON
[15, Chap. 8], GOLUB AND VAN LOAN [95], STEWART [214]. A very efficient
way of solving finite element systems is through multi-grid methods, see
e.g., HACKBUSCH [104], XU [235].
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Elliptic Variational Inequalities and
Their Numerical Approximations

Variational inequalities form an important family of nonlinear problems.
Some of the more complex physical processes are described by variational
inequalities. We study some elliptic variational inequalities (EVIs) in this
chapter, presenting results on existence, uniqueness and stability of solu-
tions to the EVIs, and discussing their numerical approximations.

We start with an introduction of two sample elliptic variational inequal-
ities (EVIs) in Section 11.1. Many elliptic variational inequalities arising in
mechanics can be equivalently expressed as convex minimization problems;
a study of such variational inequalities is given in Section 11.2. Then in
Section 11.3, we consider a general family of EVIs that do not necessarily
relate to minimization problems. Numerical approximations of the EVIs
are the topics of Section 11.4. In the last section, we consider some contact
problems in elasticity that lead to EVIs.

11.1 From variational equations to variational
inequalities
As in previous chapters, we assume  C R? is a Lipschitz domain so that

the unit outward normal vector v exists a.e. on the boundary T.
Consider the model elliptic boundary value problem:

—Au=f inQ, (11.1.1)
u=0 onT, (11.1.2)
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where f € L?(Q) is given. Its weak formulation is
u € Hy(Q) / Vu-Vvdx:/ fvdr Yove€ HH(Q). (11.1.3)
Q Q

By the Lax-Milgram Lemma, the problem (11.1.3) has a unique solution.
Moreover, the problem (11.1.3) is equivalent to the minimization problem

ueV, E(u)= in‘f/E(v), (11.1.4)
ve

where V = H}(Q) and

Ew) = /Q (% |Vol? — fv) dx. (11.1.5)

We observe that a minimization problem of the form (11.1.4) is a linear
problem, owing to the properties that E(:) is a quadratic functional, and
the set V' over which the infimum is sought is a linear space. The prob-
lem (11.1.4) becomes nonlinear if the energy functional E(v) is no longer
quadratic (in particular, if E(v) contains a non-differentiable term), or the
energy functional is minimized over a general (convex) set instead of a
linear space, or both.

Let us examine two concrete examples.

Example 11.1.1 (OBSTACLE PROBLEM) In an obstacle problem, we want
to determine the equilibrium position of an elastic membrane which (1)
passes through a closed curve I', the boundary of a planar domain ; (2)
lies above an obstacle of height ; and (3) is subject to the action of a
vertical force of density 7f, here 7 is the elastic tension of the membrane,
and f is a given function.

Denote by u the vertical displacement component of the membrane. Since
the membrane is fixed along the boundary I', we have the boundary condi-
tion u = 0 on I'. To make the problem meaningful, we assume the obstacle
function satisfies the condition ¥ < 0 on I'. In the following, we assume
Y € HY(Q) and f € L*(). Then the set of admissible displacements is

K={ve H;(Q) |v>1ae inQ}.

The principle of minimal energy from mechanics asserts that the displace-
ment v is a minimizer of the (scaled) total energy:

uve K, E(u)= in}f{E(v), (11.1.6)

ve
where the energy functional is defined in (11.1.5). It is easy to show that
the solution is also characterized by the variational inequality (Exercise

11.1.1)

ue K, /Vu~V(v—u)d$2/f(v—u)dx Yo e K. (11.1.7)
Q Q
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It is possible to derive a classical form of pointwise relations for the
variational inequality (11.1.7). For this purpose, we assume additionally
that

feC), YeC(), uecC?*(Q)NoW). (11.1.8)
We take v = u+ ¢ in (11.1.7), with ¢ € C3°(2) and ¢ > 0 in Q, to obtain

/ (Vu-Voé — fo)de > 0.
Q
Perform an integration by parts,
/(—Au—f)¢dx >0 VoeCie(), $>0in .
Q

We see then that v must satisfy the differential inequality
—Au—f>0 1in Q.

Now suppose for some xg € Q, u(xg) > ¥ (xo). Then there exist a neighbor-
hood U(xg) C Q of &y and a number § > 0 such that u(x) > ¥ (x) + 6 for
x € U(xp). We use the symbol C5°(U(x)) to denote a subspace of C5°(£2)
in which each function has a support contained in U(z). In (11.1.7) we
choose v = u £ d¢ with any ¢ € C5°(U(m)) satistying [|¢|lcc < 1 and
perform an integration by parts to obtain the relation

i/Q(—Au—f)aﬁdxzo Vo € O (Uo)), [floc < 1.

Therefore,

/Q(—Au Néde=0 YéeCEU(m), ]l <1

and then

/Q(—Au —[ode =0 V¢ CU(xp)).

Hence, if u(xo) > 1(xo) and xo € 2, then
—Au—f=0 in U(xzo)

and in particular,
(—Au — f)(xo) =0.

Summarizing, under the additional regularity assumption (11.1.8), the fol-
lowing relations hold in :

u—1»>0, —Au—f>0, (uv—v)(—Au—f)=0. (11.1.9)
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Consequently, the domain €2 is decomposed into two parts. On one part,
denoted by €1y, we have

u>1® and —Au—f=0 in )y,

and the membrane has no contact with the obstacle. On the remaining
part, denoted by 29, we have

u=1 and —Au—f >0 in Qq,

and there is contact between the membrane and the obstacle. Notice that
the region of contact, {x € Q | u(x) = ¢(x)}, is an unknown a priori.
Because of this, the obstacle problem is a free-boundary problem.

A slight modification of the above argument shows that under the addi-
tional assumptions

feL*(Q), veC), uecH*(Q)NOCW), (11.1.10)
we have
u—1>0, —Au—f>0, (u—v)(—Au—f)=0 a.e. in Q. (11.1.11)

Next, let us show that if u € H?(Q) N H(Q) satisfies the pointwise
relations (11.1.9) a.e. in €, then w must be a solution of the variational
inequality (11.1.7). First we have

/(—AU—f)(v—w)dsz Yo e K.
Q

Since

/(—Au—fﬂu—w)dx:o,
Q

we obtain

/(—Au—f)(v—U)deO Vo e K.
Q

Integrating by parts, we get
/Vu-V(U—u)dxz/f(v—u)dx Vv e K.
Q Q

Thus, u is a solution of the variational inequality (11.1.7).
In this example, we obtain a variational inequality from minimizing a
quadratic energy functional over a convex set. O

Example 11.1.2 In the second example, we consider a problem of the
form (11.1.4) with V = H*(Q) and

E(v) :/Q B (Vo] +v*) — fv] dx +g/r lv] ds,
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where g > 0 and f € L2() are given. It is left as an exercise (Exercise
11.1.2) to show that the minimization problem

ueV, E(u)= 12‘f/ E(v) (11.1.12)

is equivalent to the variational inequality
uevV, /[Vu-V(v—u)—i—u(v—u)]dx—l—g/(|v|—\u|)ds
Q r
2/ flv—u)ds YveV. (11.1.13)
Q

A derivation similar to the one used in Example 11.1.1 shows that the
corresponding pointwise formulation is

—Aut+u=f inQ, (11.1.14)
ou ou

— < — = I. 11.1.1
5| <9 gy utglul=0 on ( 5)

Here the outward normal derivative 9/0v is defined a.e. on I', and the
boundary conditions (11.1.15) hold at those boundary points where the
outward normal vector is defined.

In this example, we obtain a variational inequality from minimizing a
non-differentiable energy functional over an entire space. O

Exercise 11.1.1 Show that u is a solution of the constraint minimization prob-
lem (11.1.6) if and only if it satisfies the variational inequality (11.1.7).

Exercise 11.1.2 Show that u is a solution of the minimization problem (11.1.12)
if and only if it satisfies the variational inequality (11.1.13).

Exercise 11.1.3 Derive the pointwise relations (11.1.14)—(11.1.15) for a smooth
solution of the problem (11.1.13). Also show that the boundary conditions (11.1.15)
can be expressed as

ou
<
31/‘_9
and
a—u’< = u=0
81/ g -
u_y — <o,
ov
ou



428 11. Elliptic Variational Inequalities and Their Numerical Approximations
11.2  Existence and uniqueness based on convex
minimization

Convex minimization is a rich source for many elliptic variational inequali-
ties. The discussion in this section relies on materials from Section 3.3 and
Section 5.3.

The following result extends Theorem 5.3.19.

Theorem 11.2.1 Let V' be a normed space and K C V' be a non-empty
convex subset. Assume f: K — R and j : K — R are convez, and f is
Gateauz differentiable. Then

we K, f(u)+ju) = inf [f(v)+j()] (11.2.1)
if and only if
ve K, (f'(u),v—u)+j)—7ju)>0 VovelkK. (11.2.2)

When K is a subspace and j(v) = 0, the inequality (11.2.2) reduces to an
equality:
we K, (f'(u),v)=0 VoveK. (11.2.3)

Proof. Assume u satisfies (11.2.1). Then for any v € K and any ¢ € (0,1),
we have v + ¢ (v —u) € K and hence

fu) +j(u) < flutt(o—u)+iutt(v—u)
< flutt(v—u)+ 1 =1)5u)+1j)

Then,

S

[flutt(v—u) = fu)]+jw) —j(u) =0 Vie(01)

Letting ¢t — 04 we obtain (11.2.2).
Conversely, assume u satisfies (11.2.2). Then since f is convex,

f) = fu) + (f'(u),v — ).
Thus, for any v € K,
f)+35) = fu) + (f'(w),v—u) +j(v)
> fu) +j(u).

When K is a subspace and j(v) = 0, (11.2.2) is reduced to (11.2.3); see
the proof of the same result for Theorem 5.3.19. (]

As a corollary of Theorem 3.3.12 and Theorem 11.2.1, we have the next
result.
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Theorem 11.2.2 Let V' be a Hilbert space, and let K C V be non-empty,
closed and convex. Assume a(-,-) : V xV — R is a continuous, symmetric,
V-elliptic bilinear form, £ € V', and j : K — R is convex and l.s.c. on K.
Define

1
B) = 5 a(v, ) + j(v) — (o).
Then the minimization problem

ueK, Eu)= vlg}f(E(v)

has a unique solution. Moreover, u € K is a solution of the minimization
problem if and only if

vwe K, alu,v—u)+jw)—ju)>Llv—u) VveK.

We now apply Theorem 11.2.2 to the variational inequalities in Examples
11.1.1 and 11.1.2.

Example 11.2.3 Continuing Example 11.1.1, we notice that the set
K={ve H}Q)|v>1ae in Q}

is non-empty, because the function max{0,} belongs to K. It is easy to
verify that the set K is closed and convex, the energy functional

B(v) = /Q (% Vo2 —fv) de,

is strictly convex, coercive, and continuous on K. Hence, by Theorem
11.2.2, the minimization problem (11.1.6),

ue K, E(u)= Ulg}f(E(v),

has a unique solution u € K. This also shows the equivalent variational
inequality

ue K, /Vu~V(v—u)dx2/f(v—u)dx Vve K
Q Q
has a unique solution u € K. (]

Example 11.2.4 Continuing Example 11.1.2, we similarly conclude that
the variational inequality (11.1.13)

ueV:Hl(Q),/

[Vu-V(v—u)—i—u(v—u)]dx—i—g/(|v|— |ul) ds
Q r

Z/Qf(v—u)ds YveV

has a unique solution. O
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Exercise 11.2.1 In this exercise, we consider an extension of Theorem 11.2.2
to the complex case. Let V' be a complex Hilbert space, K C V be non-empty,
closed and convex. Let a(-,-) : V x V — C be continuous, V-elliptic, linear with
respect to the first argument, and

a(v,u) = a(u,v) Yu,veV.
Let £ : V — R be linear and continuous, and j : K — R be convex and l.s.c. on

K. Denote 1
E(v) = 3 a(v,v) + j(v) — £(v).

Prove that the minimization problem

ue K, E(u)= inf E(v)

veEK

has a unique solution, and it is characterized by the variational inequality

ue K, Rea(u,v—u)+jw)—ju)>Llv—u) VveK.

11.3 Existence and uniqueness results for a family
of EVIs

The variational inequalities studied in Section 11.2 are associated with
minimization problems. In this section, we consider more general variational
inequalities that are not necessarily related to minimization problems. We
start with a result that extends Theorem 11.2.2.

Let V be a real Hilbert space with inner product (-,-) and norm | - ||.
We say an operator A : V — V is strongly monotone if for some constant
co > 0,

(A(u) — A(v),u —v) > col|lu —v||* Yu,veV. (11.3.1)

We say A is Lipschitz continuous if there exists a constant M > 0 such
that
|A(u) — A(v)|| < M |Ju—v| Yu,ve V. (11.3.2)
Let K be a set in the space V' and let j : K — R. We will use the same
symbol j for both the given functional and its following extension to V:

jlv) ifvekK,
+oo if v e V\K.

We say j: V — R =R U {=£o0} is proper if j(v) > —oc for all v € V, and
j(v) £ oco. We say j : V — R is lower semi-continuous (L.s.c.) if

v, —vinV = j(v) <liminf j(v,).

n—oo

Obviously, the extension j : V — R is Ls.c. if and only if K C V is closed
and j: K — R is Ls.c.
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Theorem 11.3.1 Let V be a real Hilbert space, K C V be non-empty,
closed and convex. Assume A :V — V is strongly monotone and Lipschitz
continuous, j : K — R is convex and l.s.c. Then for any f € V, the elliptic
variational inequality

ve K, (A(u),v—u)+jw)—ju)>(f,v—u) YoveK (11.3.3)

has a unique solution. Moreover, the solution u depends Lipschitz continu-
ously on f.

Proof. We first prove the solution uniqueness. Assume there are two solu-
tions u1,us € K. Then there hold

(A(u1),u2 —ur) + j(u2) — jur) > (f,u2 — u1),
(A(uz),ur —ug) +j(ur) — juz) > (f,u1 — u2).

Adding the two inequalities, we get
— (A(u1) — A(uz),u1 —uz) > 0.

By the strong monotonicity of A, we deduce that uy = us.
We then prove the existence. We convert the VI into an equivalent fixed-
point problem. For any 6 > 0, the problem (11.3.3) is equivalent to

ue K, (u,v—u)+0jw)—0ju)
> (u,v—u) —0 (A(u),v —u)+6(f,v—u) VvelkK.
(11.3.4)
Now for any u € K, consider the problem

weK, (wov—w)+6jwv)—_0jw)
> (u,v—w) —0 (Au),v —w)+0(f,v —w) VvekK.
(11.3.5)
This variational inequality is equivalent to the minimization problem

weK, FEw)= vlg’(E(v), (11.3.6)
where
E(v) = % [0 + 6 j(v) = (u,v) + 6 (A(u),v) = 8 (f,v).

By Lemma 11.3.5 below, there exist a continuous linear form ¢; on V and
a constant ¢; € R such that

j) > 4j(v)+¢c; YveV.

Applying Theorem 11.2.2; we see that the problem (11.3.6), and hence the
problem (11.3.5), has a unique solution w = Pyu. Obviously a fixed point
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of the mapping Py is a solution of the problem (11.3.4). We will see that

for sufficiently small 8 > 0, Py : K — K is a contraction and hence has a

unique fixed-point by the Banach fixed-point theorem (Theorem 5.1.3).
For any uq,us € K, let w1 = Pyuy and we = Pyus. Then we have

(w1, ws —wy) + 6 j(we) — 6 j(wy)

> (ur, w2 —wi) — 0 (A(ur), we —wi) + 6 (f, w2 — wi),
(wa, w1 —wa) + 6 j(wy) — 6 j(ws)

> (ug,wy; —wa) — 0 (A(uz), wy —ws) + 0 (f,w; —ws).

Adding the two inequalities and simplifying, we get
lwn = wal* < (u1 — uz — 0 (A(ur) — A(uz)), w1 —ws),

Hence
lwy —wa| < |luyr —ug — 0 (A(u1) — A(uz))]|.

Now

llur — up — 6 (A(ur) — A(uz))|?
= [Jur — ual|* — 26 (A(ur) — A(uz),ur — ug) + 0% [|A(ur) — A(us)|?
S (1 — 2609 + M292) ||U1 - U2H2.

Therefore,
le — ng < (1 — 2¢of + M292)1/2HU1 — U2H

and so for 6 € (0,2 co/M?), the mapping Py is a contraction on the closed
set K.

Finally, let f1, fo € V, and denote by w1, us the corresponding solutions
of the variational inequality (11.3.3). Then

(A(ur),ug —ur) +j(u2) — j(ur) > (f1,u2 —u),
(A(u2),u1 —u2) + j(u1) — j(u2) > (fo, w1 — u2).

Add the two inequalities,
(A(ur) = Aug),ur —uz) < (f1 — fo,ur — u2).

Then

M
lux = woll < 1 f1 = foll,

i.e. the solution u depends Lipschitz continuously on f. O
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Remark 11.3.2 From the proof, we see that the assumptions on the op-
erator A can be weakened to strong monotonicity and Lipschitz continuity
over the set K, i.e., we only need to require the two inequalities (11.3.1)
and (11.3.2) for any u,v € K. In related applications, these inequalities on
A are usually valid over the entire space V. Moreover, when they are valid
only on K, there is usually a natural extension of A on K to an operator
Ap on V such that A is strongly monotone and Lipschitz continuous over
the entire space V.

Remark 11.3.3 In Theorem 11.3.1, A is assumed to be Lipschitz continu-
ous. In fact, this condition can be weakened to a local Lipschitz continuity
condition for the solution existence and uniqueness of the variational in-
equality (11.3.3). See Exercise 11.3.1.

Remark 11.3.4 By the Riesz representation theorem, there is a bijection
between £ € V' and f € V through the equality £(v) = (f,v) Vv € V. So it
is equally well to express the right hand side of the inequality (11.3.3) by
£(v — u) for some £ € V.

In the proof of Theorem 11.3.9, we applied the following result.

Lemma 11.3.5 Let V be a normed space. Assume j : V. — R is proper,
convex and l.s.c. Then there exist a continuous linear functional £; € V'
and a constant c; € R such that

j)>tj(v)+¢; YveW.

Proof. Since j : V — R is proper, there exists vg € V with j(vo) € R.
Choose a real number ag < j(vg). Consider the set

J={(v,a) e VxR |j) <a}.

This set is called the epigraph of j in the literature on convex analysis.
From the convexity of j, it is easy to verify that J is closed in V x R.
Since j is Ls.c., it is readily seen that J is closed in V' x R. Thus the sets
{(vo,a0)} and J are disjoint, {(vo,ap)} is a convex compact set, and J is
a closed convex set. By Theorem 3.3.7, we can strictly separate the sets
{(vo,ap)} and J: There exists a non-zero continuous linear functional ¢ on
V and a € R such that

U vg) + aag < l(v)+aa Y (v,a) € J (11.3.7)
Taking v = v and a = j(vg) in (11.3.7), we obtain

a(j(vo) — ag) > 0.
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Thus « > 0. Divide the inequality (11.3.7) by « and let a = j(v) to obtain
( -1 ¢ 1 0
j(v) > o (U)+ao+a (vo).

Hence the result follows with ¢;(v) = —¢(v)/a and ¢; = ap + ¢(vo)/a. O

We now consider a special case of Theorem 11.3.1 by setting j(v) = 0.
Then the variational inequality (11.3.3) is reduced to

ue K, (Alu),v—u)>(f,v—u) VveK. (11.3.8)

In the literature, such a variational inequality is said to be of the first
kind. The obstacle problem, Example 11.1.1, is a representative example
of an EVI of the first kind. A variational inequality of the first kind is
characterized by the feature that it is posed over a convex subset. When
the set K is in fact a subspace of V', the variational inequality becomes a
variational equation.

As a corollary of Theorem 11.3.1, we have the following result for the
unique solvability of the variational inequality (11.3.8).

Theorem 11.3.6 Let V be a real Hilbert space, and K C V be non-empty,
closed and convex. Assume A :V — V is strongly monotone and Lipschitz
continuous. Then for any f € V, the variational inequality (11.3.8) has a
unique solution u € K, which depends Lipschitz continuously on f.

Theorem 11.3.6 is a generalization of the Lax-Milgram Lemma (Theorem
8.3.4) for the unique solvability of a linear elliptic boundary value problem;
proof of this statement is left as Exercise 11.3.2.

Theorem 11.3.1 can be stated in a form without the explicit use of the
set K. For this purpose, we use the extension of the functional j from K
to V. Then we can rewrite the variational inequality (11.3.12) as

ueV, (Aw),v—u)+jw) —ju)>(f,v—u) YveV (11.3.9)

Such a variational inequality is said to be of the second kind, that is featured
by the presence of a non-differentiable term in the formulation. Example
11.1.2 provides an example of an EVI of the second kind. Note that with-
out the presence of the nondifferentiable term j(-), the inequality (11.3.9)
reduces to an equation.

From Theorem 11.3.1, we obtain the following result.

Theorem 11.3.7 Let V' be a real Hilbert space. Assume A :'V — V is
strongly monotone and Lipschitz continuous, and j : V — R is a proper,
conver and l.s.c. functional on V. Then for any f € V, the EVI of the
second kind (11.3.9) has a unique solution.
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Now we introduce an interesting result for variational inequalities, called
Minty’s lemma ([174]). The result is useful in proving existence of solutions
for some variational inequalities ([144, Chapter III]). As we will see in
the next section, Minty’s lemma is also useful in proving convergence of
numerical solutions for variational inequalities. The next result is Minty’s
lemma for (11.3.3).

Lemma 11.3.8 (MINTY LEMMA) Assume the conditions stated in Theo-
rem 11.8.1; the Lipschitz continuity of A can be weakened to continuity on
finite dimensional spaces. Then u is a solution of the variational inequality

(11.3.3) if and only if
ve K, (AWw),v—u)+j)—ju)>(f,v—u) VveK. (11.3.10)
Proof. Let u satisfy (11.3.3). Using the monotonicity of A, we have
(A(v),v —u) > (A(u),v —u) VveK.

Hence, u satisfies (11.3.10).
Conversely, let (11.3.10) hold. For any v € K and t € (0,1), we have
u+t(v—u) € K. Replacing v by this element in (11.3.10), we have
t(A(u+tlv—u)),v —u)+ jlu+t(v—u)) —jlu) > tl(v—u). (11.3.11)
By the convexity of j,

Jluttv —u) <tj) + (1 —1)j(u).
Use this in (11.3.11), divide by ¢, and let ¢ — 0+ to obtain (11.3.3). O

In many applications, the operator A is linear and corresponds to a
bilinear form on V:

(A(u),v) = a(u,v), u,veV.

In this case, it is convenient to replace (f,v) by £(v) for £ € V', the space
of linear continuous functionals on V. As a direct consequence of Theorem
11.3.1, we have the next result.

Theorem 11.3.9 Let V be a real Hilbert space, and K C V be non-empty,
closed and convex. Assume a(-,-) : V xV — R is a continuous, V -elliptic
bilinear form, £ € V', and j : K — R is convex and l.s.c. Then each of the
following elliptic variational inequalities

ue K, a(u,v—u)+jw)—ju)>Llv—u) VveK, (11.3.12)
ve K, a(u,v—u)>Lllv—u) VYveK, (11.3.13)
ueV, alu,v—u)+jw)—ju) >Lv—u) YveV (11.3.14)

has a unique solution. Moreover, the solution u depends Lipschitz continu-
ously on £.
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Example 11.3.10 The obstacle problem (11.1.7) is clearly an elliptic vari-
ational inequality of the first kind. By Theorem 11.3.9, the obstacle problem
(11.1.7) has a unique solution. O

Example 11.3.11 Applying Theorem 11.3.9, we conclude that the varia-
tional inequality considered in Example 11.1.2 has a unique solution. [

We remark that in the case when the bilinear form is symmetric, the vari-
ational inequality (11.3.12) is equivalent to the constrained minimization
problem

. 1 .
Inf |5 a(v,0) +j(v) - £(v)] .
This problem has a unique solution by Theorem 11.2.2. Furthermore, we
have a useful characterization of the solution of the variational inequality
(11.3.13). Let w € V be the unique solution of the linear elliptic boundary
value problem
weV, a(w,v)=4Lv) YveW

Then for any v € K, we have
a(u,v —u) > (v —u) = a(w,v —u),

i.e.,
alw—u,v—u) <0 VveV.

Hence, u € K is the unique best approximation in K of w € V with respect
to the inner product (-,),:

lw—wulla = inf [Jw—vla,
veEK

where ||-||, = a(-,-)'/2. This result suggests a possible approach to solve the
variational inequality (11.3.13). In the first step, we solve a corresponding
linear boundary value problem to get a solution w. In the second step, we
compute the projection of w onto K, with respect to the inner product
a(-,-).

Solution regularity plays an important role for convergence order of nu-
merical solutions. It is more difficult to study solution regularity for vari-
ational inequalities than for ordinary boundary value problems of partial
differential equations. In general, regularity of solutions of variational in-
equalities is limited no matter how smooth are the data. Concerning the
solution regularity of the obstacle problem, the following result holds.

Theorem 11.3.12 Let Q C R? be a OV domain, a;; € C(Q) satisfy

d
> ai() & > alef YzeQ VEER?
i,j=1
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for some constant o > 0, and for some p € [2,00), f € LP(Q), ¥ € W2P(Q)
with ¥ < 0 on I'. Denote

K:{veH&(Q)|v2¢a.e.inQ}.

Then the solution of the problem

Ou O(v — u)
ue K, /ijz_laija—xiTjdx>/Qf(v—u)dx Yve K
has the reqularity u € W*P(Q); moreover, there exists a constant C, inde-
pendent of u, f and 1 such that

lullzp < Cp (I fllo.p + [19l12,0) -

A proof of this result can be found in [50, Section 3.3], that uses a
solution regularity result for a linear elliptic boundary value problem (see
[89, Theorem 9.14]).

We now consider an example that indicates the solution regularity stated
in Theorem 11.3.12 for the obstacle problem cannot be improved. For this
purpose, consider a one-dimensional obstacle problem with Q = (—1,1),
P(x) = 1—422, and f(z) = 0. Because of the symmetry of the problem, we
only need to consider the solution for = € [0, 1]. By Theorem 11.3.12, the
solution u € W2P(Q) for any p < co. Thus u € C'(Q). So the conditions
(11.1.10) hold and we have

u—1>0, —u" >0, (u—2v)(—u")=0 ae in(=1,1). (11.3.15)
Since 1) is strictly concave, from (11.3.15), we derive the solution formula

1 — 422, 0 <z <z,
u(r) =q 1—4a?

J)o—l

(x—=1), x<z<l1

for some xy € (0,1). From the continuity of u’ at xg, we can find zy =
1 —+/3/2. Easily,

" . -8, 0<z<uxg,
u(x)—{o’ xo < x < 1.

We see that u” has a jump discontinuity at & = xo, and hence, u is not
three times weakly differentiable. Because of the limited degree of solution
smoothness, usually it is not advisable to use high order numerical methods
to solve variational inequalities.

Comments on a history of the regularity theory for the obstacle problems
are found in [50, page 73]. In this chapter, our focus is on the existence,
uniqueness and numerical approximations.
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Exercise 11.3.1 In this exercise, we extend Theorem 11.3.1 to the case when
the Lipschitz condition (11.3.2) is replaced by a local Lipschitz condition:

[A(v) = A(w)[| < m(r) o —w| Vv,weV.={veV][|u]| <r},

where r > 0 is arbitrary and m : Ry — Ry is non-decreasing. The symbol R
stands for the set of positive numbers.
(a) Show that for some non-decreasing function m : Ry — Ry,

[(A(v), w)| < m([[oll) [Jw]] - Vo,w e V.

(b) Show that for » > 0 large enough, K, = K NV, # 0, and the variational
inequality

ur € Kpy  (Alur),v —ur) +5(0) = jur) 2 (fiv—ur) VveK,

has a unique solution.

(c) Show that there exists a number Ry > 0 such that |lu.|| < Ro for any r
sufficiently large.

(d) Denote up = ugr,, Ko = Kgr,. Then

uo € Ko, (A(uo),v —uo) + j(v) —jluo) > (f,v —uo) Vove Ko. (11.3.16)

Show that the inequality in (11.3.16) is valid for any v € K.

Hint: For any fixed v € K with [jv]| > Ro, vax = (1 — AN uo + Av € K for
A€ (0,1). Take A = (Ro — ||uol])/(|lv|l = [Juol]) € (0,1); then vy € Ko. Use this
vy in (11.3.16).

Exercise 11.3.2 Show that Theorem 11.3.6 generalizes the Lax-Milgram Lemma.

Exercise 11.3.3 A subset K C V is said to be a cone in V if for any v € K and
any a > 0, we have av € K. Show that if K is a closed convex cone of V, then
the variational inequality (11.3.13) is equivalent to the relations

a(u,v) > l(v) VYveK,
u

a(u,u) = £(u).

Exercise 11.3.4 Consider the one-dimensional variational inequality
1 1
u € K, /u'(v—u)/dxz/g(v—u)da: Vv e K,
0 0

where g € L*(0,1) is a given function, and the set K is defined by
K ={ve H'(0,1) | v(0) =0, v(1) < 0}.

(a) Verify that there exists a unique solution.
(b) Show that the classical formulation is (assuming g is smooth)

—u" =g in (0,1),
uw(0) =0, u(l) <0, v'(1) <0, u(l)u'(1) =0.
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Hint: First perform an integration by parts on the left side integral.
(¢) In the case where g is a constant, derive the following solution formula

—ng—i—%m if g >0,
(@)= 2

—§az2—|—gaz if g < 0.
(d) Find a solution formula for a general g € L*(0,1).

Exercise 11.3.5 Consider the one-dimensional variational inequality
1 1
u€ K, / [u'(v—u)'+u(v—u)]daz2/g(v—u)daz Vv e K,
0 0

where g € L'(0,1) is a given function, and the set K is defined by
K ={veH'(0,1)|v(1) <0}.

(a) Verify that there exists a unique solution.
(b) Show the classical formulation is (assuming g is smooth)

—u" +u=g in (0,1),
w'(0) =0, u(l) <0, v/(1) 0, u(1)u'(1) = 0.

(¢) In the case where g is a constant, derive the following solution formula:

et
u(x) = I e et
g if g <O.

if g >0,

Exercise 11.3.6 As another example of EVI of the first kind, we consider the
elasto-plastic torsion problem. Let Q C R? be a domain with a Lipschitz contin-
uous boundary I'. Let

V = Hy(Q),

a(u,v) = / Vu - Vudz,
Q

E(U):/fvdx,
Q
K={veV||Vy <1ae. in Q}.

Then the problem is
ue K, alu,v—u)>Lv—u) VveEK.

Use Theorem 11.3.6 to show that the elasto-plastic torsion problem has a unique
solution. When €2 is a smooth domain, it can be shown that the variational
inequality problem is equivalent to one over the set

K={veV||vzx) <dst(z,I') a.e. in Q}
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with the same bilinear and linear forms. Here, dist(z,T") is the distance between
x and I'.

In general one cannot expect high regularity for the solution of the elasto-
plastic torsion problem. It can be shown that if 2 is convex or smooth and
f € LP(Q), 1 < p < oo, then the solution of the elasto-plastic torsion problem
u € W*P(Q). The following exact solution shows that u ¢ H>(Q) even if Q and
f are smooth ([91, Chapter 2]).

Consider the special situation where €2 is the circle centered at O with the
radius R, and the external force density f = c¢o > 0 is a constant. Denote r =
lz||2. Verify that if ¢ < 2/R, then the solution is given by

u(z) = (co/4) (R® —r?);
where if ¢o > 2/R, then

| (/M [R? —1* = (R—-2/c0)?], if 0 <7 <2/c,
u@ =y 5, if 2/co <7 < R.

Exercise 11.3.7 A simplified version of the Signorini problem can be described

as an EVI of the first kind with the following data

V= 1),
K={veV |v>0ae onl},

a(u,v) = /Q(Vu - Vv +uv)de,

L(v) = fvd:r—l—/gvds,
r

Q

where f € L?(Q) and g € L*(I") are given functions. Show that the corresponding
variational inequality problem

ve K, a(u,v—u)>Llv—u) YveK
has a unique solution u. Show that formally, u solves the boundary value problem

—Au+u=f ae. in§,

u>0, — >g, u(a—u— >:0 a.e.on I'.
ov

Exercise 11.3.8 The double obstacle problem is
ue€ Koy, alu,v—u)>Lv—u) Yve Kyy,
where
Kgyp = {1} c H&(Q) | p(x) < wv(x) < Y(x) ae. in Q}

with two given measurable functions ¢ and v. Assume Ky # 0, a(-,-) : H§ () x
H(Q) — R is bilinear, continuous and H(Q)-elliptic, £ € H~1(Q). Show that
the double obstacle problem has a unique solution.
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Exercise 11.3.9 Consider the equilibrium position of two membranes subject
to applied transversal forces of density fi and f2. The set is

K={v=(vi,0)" e H'(Q)? |v1 <wgae. inQ, v;=¢;onT, i=1,2}

Here, é1, ¢2, c1, c2, f1 and fo are given, ¢1 < ¢2 in Q. The constraint “v; < vy
in Q7 expresses the assumption that the two membranes do not penetrate each
other. The variational inequality of the problem is

2
u €K, Z [Vu; - V(vi —ui) + ciui(vi — ug)] dx

2
> filvi —wi)de Vo= (vl,vz)T c K.

Provide conditions on the data that guarantee the unique solvability of the vari-
ational inequality. Show that the variational inequality is equivalent to the min-
imization problem

u e K, E(u)=mf{E(v)|veK}

where

Z/ |V |* + ¢i(vi) dl’—Z/ fividz.
Q

Exercise 11.3.10 In addition to the conditions stated in Theorem 11.3.7, as-
sume j : V — R is positively homogeneous. Show that u is the solution of the
variational inequality (11.3.14) if and only if it satisfies the two relations:

a(u,v) +j(v) > L(v) Yvey,
a(u,uw) + j(u) = £(u).

Exercise 11.3.11 Consider the one-dimensional variational inequality
ueV, / (v —w)'dz+g[lv(1)] —[u(1) /fv—u )dz Yv eV,

where g > 0 is a given constant, f € L'(0,1) is a given function, and the space
V' is defined by
V ={ve H'(0,1) | v(0) = 0}.

(a) Show that there is a unique solution.
(b) Derive the classical formulation (assuming f is smooth):

—u = f in (0,1),
w(0) =0, [u'(1)] < g, &' (1) u(l) + g u(1)] = 0.
(c) In the case f is a constant, show the solution formula

f

—5etH(f-gw i f>2g,
S i ~
u(x) 3¢ +21: if |f] <2g,
f

—§w2+(f+g)x if f<-2g.
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(d) Find a solution formula for a general f € L*(0,1).

Exercise 11.3.12 The problem of the flow of a viscous plastic fluid in a pipe
can be formulated as an EVI of the second kind. Let @ C R? be a Lipschitz
domain. Define

V = H; (Q),

a(u,v) =p [ Vu-Vodz,
Q
L(v) = / fudx,
Q
i) =g [ [voldz,
Q
where p > 0 and g > 0 are two parameters. Then the problem is

weV, a(u,v—u)+jw)—ju)>lv—u) VveV.

Show that the problem has a unique solution.

Exercise 11.3.13 Assume V is a Hilbert space, A : V — V is strongly monotone
and uniformly Lipschitz continuous. Then for any f € V, the equation A(u) = f
has a unique solution v € V', and the solution depends Lipschitz continuously on

f.

11.4 Numerical approximations

Consider the numerical approximation of the general EVI (11.3.3), which
is rewritten as

ve K, (Au),v—u)+jw)—ju)>Lllv—u) VveK. (11.4.1)

Owing to the Riesz representation theorem, Theorem 2.5.8, there is a one-
to-one correspondence between f € V and £ € V'. As in Theorem 11.3.1,
assume V is a real Hilbert space, K C V is non-empty, convex and closed,
A 'V — V is strongly monotone and Lipschitz continuous, j : K — R
is convex and l.s.c., and £ € V’. Then by Theorem 11.3.1, the variational
inequality (11.4.1) has a unique solution.

Before considering a general framework for the numerical solution of
the variational inequality (11.4.1), we make a further assumption on the
functional j:

jw)=jo(v) forve K, jo:V — R is convex and Ls.c. (11.4.2)

In other words, j is the restriction of jo on K, and jy : V — R is convex
and l.s.c. on V. This assumption is usually naturally satisfied. For example,
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consider the following variational inequality
u€ K, /Q[Vu-V(v—u)—i—u(v—u)]dx—l—g/r(M—|u\)ds
Z/Qf(v—u)dx Vove K,

where K = {v € V |v>9inQ}, V = HY(Q), and ¢ € V is a given

function. Here
| g [Ilds, ve K,
jv) = r
“+00, v K.

For this example, we may take

jo<v>=g/|v|ds, vev.
T

It is convex and continuous over V.

Let Vj, C V be a finite element space, and let K;, C V} be non-empty,
convex and closed. Then the finite element approximation of the problem
(11.4.1) is

up € Kp,  (A(up),vn —up) + jo(vn) — jo(un) > (v, —up) Vo, € Ky,
(11.4.3)
Another application of Theorem 11.3.1 shows that the discrete problem
(11.4.3) has a unique solution under the stated assumptions on the given
data.
We have the following general convergence result of the finite element
method. Tt extends some convergence results found in the literature ([91]).

Theorem 11.4.1 In addition to the assumptions made in Theorem 11.3.1
and (11.4.2), we further assume jo : V. — R is continuous, and {Kp}p
approzimates the set K in the following sense:

(a) For any v € K, there exists vy, € K}, such that ||vp — v|ly — 0 as
h — 0.

(b) v, € Kp, with vy, — v as h — 0 implies v € K.
Then we have convergence ||up — ully — 0 as h — 0.

Proof. The proof is divided into three steps.

In the first step, we show boundedness of the set {up}, in V. For this
purpose, we fix a v9 € K and select vg ;, € K}, such that vg;, — vo in V' as
h — 0. Let v, = vgp, in (11.4.3) to get

(A(un) — A(vo,n), un — vo,n) < (A(vo,n) — A(vo), vo,n — un)
+ (A(vo), vo,n — un)
+ jo(vo,n) — Jo(un) — €(vo,n — un).
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Using the monotonicity and Lipschitz continuity of A, and applying Lemma
11.3.5 on the term —jo(up), we obtain from the above inequality that

2
collun — vonl|
<AM [||A(vo,n) — Avo) || + [[A(wo)ll] + 121l + 10 I} [ — vonl
+ [0 (vo,n) = Jo(vo)| + Jo(vo) + lcjol + 151l (l[vo,n = voll + [lvoll) -

As h — 0, since ||vg,p — vo|| — 0, we know || A(vo,n) — A(vg)|| — 0 and
l70(vo,n) — jo(vo)] — 0. So {||ur, — vo,n| }r is bounded, and then {|lup| }s
is bounded. Thus, for a subsequence of {uy}, still denoted as {up}, and
some w € V', we have the weak convergence

up —~w in V.

By Assumption (b), w € K.

In the second step, we prove the weak limit w is the solution of the
problem (11.4.1). From Minty Lemma 11.3.8 (in its discrete form), we know
(11.4.3) is equivalent to

up € Kpy,  (A(vn),vn — un) + jo(vn) — jo(un) > (vn —up) Vo € Kh.
(11.4.4)

For any fixed v € K, choose v, € K}, with v, — vin V as h — 0. Then as
h — 0,

A(vp) — A(v),  (A(vn),vn —un) — (A(v),v —w),

jo(vn) = jo(v), L(vn —un) — £(v —w).
From the Ls.c. of jo,

Jo(w) < limin jo(un).
Thus taking the limit A — 0 in (11.4.4) and noting jo = j on K, we obtain
weK, (AWw),v—w)+j)—jw)>Lllv—w) YveK.

Applying the Minty Lemma again, we see that w is a solution of the problem
(11.4.1). Since the problem (11.4.1) has a unique solution u, we conclude
w = u.

In the last step, we show the strong convergence of wu; towards u. We
choose uy € Kp such that 4, — u in V as h — 0. Using the strong
monotonicity of A,

collu—un||* < (Auw) — Aun), u — un)

= (A(uw),u —up) — (Aup), tp — up) — (A(up),u —ap) .
(11.4.5)

By (11.4.3),

— (A(un), p — un) < jo(tn) — jo(un) — £(an — up).
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So from (11.4.5) we deduce that

collu — un® < (A(w),w — un) + jo(@n) — jo(un)
—l(ap —up) — (Alup),uw — ap) . (11.4.6)

Now as h — 0,
(A(u),u—up) — 0, L(up —up) —0, (A(up),u—1ap) — 0.
Moreover,

Jimjo(@n) = jo(u), - limsup [=jo(un)} < —jo(u).
— —0

Thus from (11.4.6), we have

lim sup co||u — up||* < 0.
h—0

Therefore, uj, converges strongly to w as h — 0. g

Now we turn to error estimation for the finite element solution uj. We
follow [79] and first give an abstract error analysis.

Theorem 11.4.2 Let
R(v,w) = (A(u),v —w) + jo(v) — jo(w) — £(v — w).

Then

M2
%OHu—uhHQ < Uig};R(v,uh)—&— inf | R(vp,u)+ Yo lu—wvn|| . (11.4.7)

v EKp

Proof. By the strong monotonicity of A, for any v, € K} we have
(A(u) — A(un),u — un) > collu — up|/*.

Add the inequalities in (11.4.1) and (11.4.3) to the above inequality to
obtain

collu— uh||2 < R(v,up) + R(vp,u) + (A(up) — A(u),vp, —u).  (11.4.8)
We bound the last term as follows:

(A(un) = A(w), vn = u) < M [lu— un|| |[u— vn]]
2

c M
< 5 =l 4 Gl = vl

This bound combined with (11.4.8) leads to (11.4.7). O
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In the case where A is linear, a(u,v) = (A(u),v) is a bilinear form on V.
Then (11.4.1) becomes

ve K, a(u,v—u)+jw)—ju)>Llv—u) YveK,
and (11.4.3) becomes
up € Ky, alup,vn —up) + jo(vn) — jo(un) > (v, —up) Vo, € Kp.
We still have the error bound (11.4.7) with
R(v,w) = a(u,v —w) + jo(v) — jo(w) — £(v — w).

The inequality (11.4.7) is a generalization of Céa’s lemma to the finite
element approximation of elliptic variational inequalities of the first kind.
It is easy to see that the inequality (11.4.7) reduces to Céa’s lemma in the
case of finite element approximation of a variational equation problem.

In the case K;, C K, we have the so-called internal approxzimation of the
elliptic variational inequality. Since now uy, € K, the first term on the right
hand side of (11.4.7) vanishes, and the error inequality (11.4.7) reduces to

Hu—uh||§6 mf {Hu_vhH‘*“R(ﬂh, w)|V2] .

Example 11.4.3 Let us apply Theorem 11.4.2 to derive an order error
estimate for the approximation of the obstacle problem, Example 11.1.1.
Such an estimate was first proved in [79]. We assume u,¢ € H%(Q) and
is a polygon, and use linear elements on a mesh of triangles from a regular
family of triangulations. Then the discrete admissible set is

K, = {vn, € H}(Q) | vy, is piecewise linear,
vp(x) > () for any node x}.

We see that any function in K} is a continuous piecewise linear function,
vanishing on the boundary and dominating the obstacle function at the
interior nodes of the mesh. In general, K;, ¢ K. For any u € H?(Q) and
v,w € HY(Q) we have

R(v,w) = / [Vu-V(v—w)—f(v—w)]dx :/(—Au—f) (v —w)dz.
Q Q
Thus from the inequality (11.4.7), we have the following error bound
Ju = unlls < { inf[flu—onlls + | = Au = £l fu - vally’?]

+ = Au— fF? jnf ||v—uh|1/2} (11.4.9)
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Let ITju be the continuous piecewise linear interpolant of u. Then IT,u €
K, and

inf [l = vn s+ | = Au— 5 lu— vally?]

vpEK

1/2 1/2

< llu = Tyl + | = Au = fI5/u — Taulg
< [Julz + | - Au = fI§ % uly?] p

To bound the term inf,ck ||[v — upl|o, we define

u* = max{up, ¥}

Since up, 1 € HY(Q), we have u* € Hl(Q) By the definition, certainly
u™* > ). Finally, since ¢» < 0 on T', we have u"* = 0 on T. Hence, u"* € K.
Let

Q" ={zecQu(z) <y(x)}.

Then over Q\Q*, u"* = u;, and so
R e N A
veEK QO*

Let IIx be the continuous piecewise linear interpolant of 1. Since at any
node, up > ¥ = Iy, we have uy, > Iy in Q. Therefore, over 27,

0<|up = =v%—up < -y = | — Y.

Thus,

/|w—wﬁmg/|¢—mw%x§/W~Hwﬁmsdwﬁﬁ
O* O* Q

and then

inf [|o —unllg”® < clvlyh.

From the inequality (11.4.9), we finally get the optimal order error esti-
mate

lu —unllgio) < ch

for some constant ¢ > 0 depending only on |uls, ||f]lo and |¢]2. O

Example 11.4.4 Let us apply Theorem 11.4.2 to derive an error estimate
for some finite element solution of the variational inequality (11.1.13) of
Example 11.1.2:

wueV, alu,v—u)+jw) —ju)>Llv—-—u) YoeV (11.4.10)
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where
K=V =H(Q),

a(u,v) z/(Vu-Vv—l—uv) dz,
Q

E(v)z/gfvdm,

i) =g [ Julds

Here f € LQ(Q) and g > 0 are given, 2 C R? is a polygonal domain. We
write I' = U;°;T';, where each I'; is a line segment. By Theorem 11.3.7,
(11.4.10) has a unique solution. Assume

uwe H?(Q), wulp, € HX(T;) Vi.

Let V3, be a piecewise linear finite element space constructed from a regular
partition of the domain §2, and let up € Vj, be the finite element solution.
By an integration by parts,

Rl = [ 5 =)+ g (onl - fu) ] s
+/Q(—Au+u—f) (vp, — u) dx.
Thus,

|m%mwlﬁf

ov

L2(T

+ gml lvn — ullL2(r)
)
+ | = Au+u— fllL2ollvn — ullL2(@)-

Using (11.4.7) we get

lu—unll i) < clu) inf [[lu—ovnllma) + lu— ”hH}J/zQ(r)
VR EVh
1/2
+ ||’LL - UhHL/2(Q)] .
Then we have the optimal order error estimate
lu —un|l o) < e(u) h. O

Let us consider more the numerical approximation of EVIs of the second
kind:

ueV, (Al),v—u)+jw)—ju)>Llv-—u) YveW (11.4.11)
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Here V is a real Hilbert space, A : V — V is strongly monotone and
Lipschitz continuous, j(-) : V' — R is convex and ls.c., and £ € V’. Let
Vi, C V be a finite element space. Then the finite element approximation
of the problem (11.4.11) is

up € Vi, (Aup),vn —up) + j(on) — j(up) > Loy, —up) Yoy, € Vi

(11.4.12)
Both (11.4.11) and (11.4.12) have a unique solution. A major issue in solv-
ing the discrete system (11.4.12) is the treatment of the non-differentiable
term. In practice, several approaches can be used, e.g., regularization tech-
nique, method of Lagrangian multipliers, method of numerical integration.
We will briefly describe the regularization technique and the method of
Lagrangian multipliers, and provides a detailed discussion of error analysis
for the method of numerical integration.

Regularization technique. The basic idea of the regularization method is
to approximate the non-differentiable term j(-) by a family of differentiable
ones je(-), where € > 0 is a small regularization parameter. Convergence
of the method is obtained when € — 0. Our presentation of the method is
given on the continuous level; the extension of the method to the discrete
level is straightforward. For the approximate solution of the variational
inequality (11.4.11), we introduce the regularized problem

ue €V, (A(ue),v —ue) + je(v) — je(ue) > l(v —u.) Vo e V. (11.4.13)

Since j.(-) is differentiable, the variational inequality (11.4.13) is actually
a nonlinear equation:

ue €V, (A(ue),v) + (ji(ue),v) = L(v) YoeV. (11.4.14)

Many possible regularization functions can be used for this purpose. For

ﬂwngWW&

kuw:gA@st

where ¢, (t) is differentiable with respect to ¢ and approximates |t| as e — 0.
We may choose

we let

t—e/2 if t > ¢,
de(t) =< t?/(2e) if |t| <e, (11.4.15)
—t—¢/2 ift< —¢,

or
t if t > e,

b (t) =< (t*/e+¢e)/2 if |t| <e, (11.4.16)
—t if t < —e¢,
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FIGURE 11.1. Regularization function

or
de(t) = V2 + &2, (11.4.17)
or i
B (t) = :H (%) : (11.4.18)
or
ts+1
Pe(t) = | (11.4.19)

and the list can be further expanded. Figure 11.1 shows graphs of the
functions ¢(t) = |t| and ¢.(t) = V2 + 2.

A general convergence result for the regularization method can be found
in [93], [91]. The regularization method has been widely used in solving
variational inequalities involving non-differentiable terms, see, e.g., [143],
[193].

It is not difficult to derive a priori error estimates of the form

lu— uellv < ce” (11.4.20)

for some exponent 8 > 0 (see the references mentioned above). The major
problem associated with the regularization method is that the conditioning
of a regularized problem deteriorates as ¢ — 0. Thus, there is a tradeoff
in the selection of the regularization parameter. Theoretically, to get more
accurate approximations, we need to use smaller €. Yet, if ¢ is too small,
the numerical solution of the regularized problem cannot be computed ac-
curately. It is highly desirable to have a posteriori error estimates which
can give us computable error bounds once we have solutions of regularized
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problems. We can use the a posteriori error estimates in devising a stop-
ping criterion in actual computations: If the estimated error is within the
given error tolerance, we accept the solution of the regularized problem as
the exact solution; and if the estimated error is large, then we need to use
a smaller value for the regularization parameter . An adaptive algorithm
can be developed based on the a posteriori error analysis. A posteriori error
estimates of the form
lu = uellv < F(ue),

where the error bound can be easily computed once the regularization so-
lution u. is known, have been derived in several papers, see, e.g., [109, 112,
114, 127]. For some choices of the regularization function, the constant
¢ and power [ can be determined explicitly (Exercise 11.4.3), and then
(11.4.20) can serve as an a posteriori error estimate.

Method of Lagrangian multipliers. Again, here our presentation of
the method is given on the continuous level. We take the simplified friction
problem as an example. Let

A={peL>®T)| |y <1ae. onT}.

Following [91], we have the following result.

Theorem 11.4.5 The simplified friction problem (11.4.10) is equivalent to
the problem of finding u € V and A € A such that
/(Vu~Vv+uw)dx+g/)\vds:/fvdx Yv eV, (11.4.21)
Q r Q
Au=|u| ae onT. (11.4.22)
A s called a Lagrangian multiplier, and is unique.

Proof. Let u be the solution of the variational inequality (11.4.10). Then
from Exercise 11.3.10 we have

a(u,u) + j(u) = £(u) (11.4.23)

and
a(u,v) +jv) > L(v) YveV.

The latter relation implies
[{(v) — a(u,v)| < jv) YveW. (11.4.24)

Denote L(v) = £(v) — a(u,v). Then the value of L(v) depends on the trace
v|r only and L(-) is a linear continuous functional on H'/?(I"). Moreover,
we obtain from (11.4.24) the estimate

L) < glvllLiry YveHY*T).
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Since H'/2(I") is a subspace of L'(T), applying the Hahn-Banach theorem
we can extend the functional L to L € (L*(T"))’ such that

L] = |ILIl < g.
Since (LY(T)) = L*(T"), we have the existence of a A € A such that
L(v) = g/ Avds Yve LYT).
r
Therefore,

f(v)—a(u,v):L(v):L(v):g/r)\vds Vv eV,

i.e. (11.4.21) holds.
Taking v = u in (11.4.21) we obtain

a(u,u) —i—g/r)\uds ={l(u).

This relation and (11.4.23) together imply

/(\u| —Au)ds =0.
r
Since |A| < 1 a.e. on I', we must have (11.4.22).

_ For the uniqueness of A, suppose (11.4.21) holds with A replaced by
A € A. Then

/(A—S\)vds:() YoeV.
r
By the density of the trace space v(V) = HY/?(T') in L?(I'), we obtain
/(A ~Novds=0 VYove L*T).
r

Then take v = A — X to conclude \ = .
Conversely, suppose we have u € V and A € A satisfying (11.4.21) and
(11.4.22). Then using (11.4.21) with v replaced by v — u, we obtain

a(u,v—u)+g/)\vds—g/)\uds:ﬁ(v—u).
r r

Noticing that
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we see that u solves the inequality (11.4.10). O

Another proof of Theorem 11.4.5 is given Exercise 11.4.4.
It is then possible to develop an iterative solution procedure for the
inequality problem. Let p > 0 be a parameter.

INITIALIZATION. Choose Ay € A (e.g. Ao = 0).

ITERATION. For n = 0,1, ..., find u, € V as the solution of the
boundary value problem

a(up,v) = £(v) —g/ Apvds Yv eV,
r

and update the Lagrangian multiplier
)\n+1 — ,PA(ATL + pgun)
Here P, is a projection operator to A defined as

PA(N) = sup(—l,inf(l,u)) V,u € LOO(F)'

It can be shown that there exists a po > 0 such that if p € (0, pg), then
the iterative method converges:

U, —uinV, X, — Xin A.

An interested reader can consult [91, 109] for detailed discussion of the
method of Lagrangian multipliers and convergence argument of the itera-
tive method in the context of solving certain other variational inequalities.

Method of numerical integration. We follow [111] to analyze an ap-
proach by approximating j(vp) with j(vp), obtained through numerical
integrations. Then the numerical method is

up € Vi, (A(un),vn —un) + jn(vn) — jn(un) > op —up) Yop € V.
(11.4.25)
For convergence of the numerical method, similar to Theorem 11.4.1, we
have the following result; its proof is left as an exercise (see also [91, 93]
for the case where A is linear).

Theorem 11.4.6 Assume {V,}, C V is a family of finite dimensional
subspaces such that for a dense subset U of V', one can define mappings
rp U — Vi with limy,_qrpv = v in V, for any v € U. Assume jp
is convex, l.s.c. and uniformly proper in h, and if v, — v in V, then
liminfy, o jn(vy) > j(v). Finally, assume limy,_o jp(rpv) = j(v) for any
v € U. Then for the solution of (11.4.25), we have the convergence

li — =0.
Jim |[u— up| = 0
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In the above theorem, the functional family {j} is said to be uniformly
proper in h, if there exist ¢y € V* and ¢y € R such that

Jgn(vp) > Lo(vp) +co Yop € Vi, Vh.

In our application, j(+) is non-negative, as is j5(-) to be introduced below, so
the family {j} is trivially uniformly proper. Notice that Theorem 11.4.6
gives some general assumptions under which one can assert the convergence
of the finite element solutions. However, Theorem 11.4.6 does not provide
information on the convergence order of the approximations. To derive error
estimates we need an inequality of the form (11.4.7).

Theorem 11.4.7 Assume
j(Uh) < jh(’Uh) Yop € V. (11.4.26)

Let up, be defined by (11.4.25). Then
lu—up|| <ec inf [Hu — ol + |Rn(on, u)|1/2} . (11.4.27)
v EVR

where
Ry (vn,u) = (A(w), vp, — u) + ju(vp) — j(u) — £(vp, — u).

Proof. Choosing v = uy, in (11.4.11) and adding the resulting inequality
to (11.4.25), we obtain

(A(u),up —u) + (A(un),vn — un) + j(un) — jn(un) + jn(vn) — j(u)
> l(vp, —u) Yo, € V.

Using the assumption (11.4.26) for vy, = uy,, we then have
(A(w), up — u) + (A(un), vn — up) + jn(vn) — j(u) > Lo —u) Vo, € Vi,
From this inequality, we obtain

(A(u) — A(up),u —up) < (A(u) — A(up), w — vg) + R(vp, w).

We then use the strong monotonicity and Lipschitz continuity of the oper-
ator A to derive the bound (11.4.27). O

Let us now comment on the assumption (11.4.26). In some applications,
the functional j(-) is of the form j(v) = I(g|v|) with I an integration
operator, integrating over part or the whole domain or the boundary, g > 0
is a given non-negative function. One method to construct practically useful
approximate functionals jj, is through numerical integrations, jn(vy) =
I, (g |vn|)- Let {¢:}: be the set of functions chosen from a basis of the space
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Vi, which defines the functions vy, over the integration region. Assume the
basis functions {¢;}; are non-negative. Writing

vy = Z vi¢; on the integration region,

K2

we define

jn(vn) = Z vil (g ¢5)- (11.4.28)

Obviously the functional jj(-) constructed in this way enjoys the property
(11.4.26). We will see next in the analysis for solving the model problem
that certain polynomial invariance property is preserved through a con-
struction of the form (11.4.28). A polynomial invariance property is useful
in deriving error estimates.

Let us again consider the model problem (11.4.10). Assume we use linear
elements to construct the finite element space V. Denote {P;} the set
of the nodes of the triangulation which lie on the boundary, numbered
consecutively. Let {¢;} be the canonical basis functions of the space V},
corresponding to the nodes {F;}. Obviously we have the non-negativity
property for the basis functions, ¢; > 0. Thus according to the formula
(11.4.28), we define

n(vn) =g Z |PiPit] % (lon(Po)] + [on (Pig1)l) - (11.4.29)

Here we use P;P;11 to denote the line segment between P; and P;y;, and
P; P, for its length.

Assume u € H?(). Applying Theorem 11.4.7, we have the following
bound for the finite element solution error:

lu = unllm () < ¢ [llu— Maul g

+la(u, Mpu — u) + jn(Mpu) — j(u) — £(Mu — u)‘l/z (11.4.30)

where IIu € V}, is the piecewise linear interpolant of the solution u. Let
us first estimate the difference j, (IIpu) — j(u). We have

(i) — ) = 93 {'P% P+ uPl) = [ ds} .
' S (11481
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Now if “|PiP—i+1 keeps the same sign, then

|PiPi 1]
72+ [lu(P)] + [w(Piga)]] — |ulds
P;Pitq

Bt upy +upl = [_uds

P;Pitq
/ (u —Tpu)ds
P;Pitq

S / |u—Hhu\ds.

P;P;iq

Assume u Yy changes its sign. It is easy to see that

sup |u| < R flullwroo(pipiyy)
P;Piq1

if u|P1P71+1 S Wl’OO(PZ‘PZ;H), which is valid if ’u|[‘i S Hz(]_—‘l), t=1,...,1%0.
Thus,

|PiPi11]
BBl e 4 ju(Peon)] ~ [ Julas
PPty

<c h2||u||W1*°°(PiPz‘+1)'

Therefore, if the exact solution u changes its sign only finitely many times
on 012, then from (11.4.31) we find that

i
ln (M) = j(w)] < eh® > Jlullwreor,) + ¢llu = Myl ).
i=1

Using (11.4.30), we then get

|u — Tpul L2
L2(r)
1/2

+ H’LL — Hh’LLH

ou
o= wnlan oy < e {ll = Mol oy + | 52

1/2

+ h Ll(]_")

i
> ullwroer,
=1

| = Autu— fllp2ellu— HhUIIL?(Q)}-

In conclusion, if u € H2(2), u|r, € WHe(T;) fori = 1,...,io, and if u|p
changes its sign only finitely many times, then we have the error estimate

[u = unl 1 (0) < c(u) h,

i.e., the approximation of j by j, does not cause a degradation in the
convergence order of the finite element method.
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If quadratic elements are used, one can construct basis functions by using
nodal shape functions and side modes (see [219]). Then the basis functions
are non-negative, and an error analysis similar to the above one can be
done.

Exercise 11.4.1 The elasto-plastic torsion problem was introduced in Exercise
11.3.6. Let us consider its one-dimensional analogue and a linear finite element
approximation. Let the domain be the unit interval [0, 1], and Ap, be a partition
of the interval with the meshsize h. Then the admissible set K} consists of the
continuous piecewise linear functions, vanishing at the ends, and the magnitude
of the first derivative being bounded by 1. Show that under suitable solution
regularity assumptions, there is an optimal order error estimate ||u — uplj1 < ch.

Exercise 11.4.2 Let {V}} be a family of finite dimensional subspaces of V' such
that UpVy, = V. In addition to the assumptions made on the data for the varia-
tional inequality (11.4.11), we assume further that j(-) is a continuous functional
on V. Show that a consequence of (11.4.7) is the convergence of the approximate
solutions wuy, defined by (11.4.12): ||u — up|| — 0 as b — 0.

Exercise 11.4.3 For some choices of the regularization function, there is a con-
stant ¢1 such that
l7:(v) — j(v)| < c1e Vv e V. (11.4.32)

Under this additional assumption, derive the error estimate
lu — uellv < cav/e,

where c2 = 4/2c1/co and co is the V-ellipticity constant of the bilinear form
a(+,-). Determine which of the choices from (11.4.15)—(11.4.19) lead to (11.4.32),
and identify the corresponding constant ¢; in (11.4.32) when it holds.

Exercise 11.4.4 The equations (11.4.21)—(11.4.22) in Theorem 11.4.5 can be
proved via the regularization. Consider (11.4.14)

ue €V, a(ue,v) + (je(ue),v) =L(v) YoV
with the regularization function (11.4.15). Denote A = @~ (u.). Then A € A and
ue €V, a(ue,v) + (g Xe;v)p2ry = £(v) Vv eV (11.4.33)
For some A € A and a subsequence {c},
Ae = Ain L*(Q) and A. = Xin L=(Q) ase — 0.

Then take the limit € — 0 along the subsequence in (11.4.33).
Carry out the detailed argument.

Exercise 11.4.5 Extend some of the discussions in this section for the numerical
analysis of the variational inequalities studied in Exercise 11.3.12.

Exercise 11.4.6 Prove Theorem 11.4.6.
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11.5 Some contact problems in elasticity

In this section, we consider some contact problems for elastic bodies, in
the form of variational inequalities. It is useful to review the material in
Section 8.5 before reading further for this section.

We first introduce some notation and constitutive relations in elasticity,
that are needed for studying boundary and initial-boundary value problems
arising in contact mechanics.

Let v : Q — R? be a vector-valued function from certain Sobolev space.
We use the same symbol v to denote the function and its trace on the
boundary I' of Q2. For a vector v, we will use its normal component v, = v-v
and tangential component v, = v — v, at a point on the boundary. Simi-
larly for a tensor-valued function o : Q — S?, we define its normal compo-
nent o, = ov-v and tangential component o, = ov — o,v. Obviously, we
have the orthogonality relations v, -v =0, o -v = 0, and the decomposion
formula

u-v=(uv+u) (v+v,)=u,0,+ur v,

For a detailed treatment of traces for vector and tensor fields in contact
problems and related spaces see [143] or [115].

We now turn to a description of material constitutive relations. The case
of linearized elasticity was discussed in Section 8.5:

o =Ce(u). (11.5.1)

Here and below, for simplicity, we do not specify explicitly the dependence
of various functions on € ). We assume the fourth-order tensor C is
bounded, symmetric and positively definite (pointwise stable) in Q:

(a) C: QxS — §7.
(c) (Co):T=0:(CT), Vo,T €S% ae. in Q. (11.5.2)
(

c
d) There exists ag > 0 such that
(CT):T > ao|T]? VT €89, ae. in Q.

It can be shown that the condition (11.5.2) (b) is equivalent to
Cijit = Criiy = Cijie, 1<14,5,k, 1 <d.

We now describe some constitutive laws for physically nonlinear elastic
materials:

o = Fle(u)) (11.5.3)
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in which F is a given nonlinear function. We assume that F satisfies the
following conditions:

(a) F:QxS?— 8%
(b) There exists M > 0 such that
[F(x, e1) = F(wm,e2)|| < Mller — &2
Ve, e, €89, ae €.
(c) There exists ¢o > 0 such that (11.5.4)
[F(z,e1) — F(z,€2)] : (€1 — €2) > coller — e2?
Ve, e, €89, ae €.
(d) For any € € S, & +— F(x,€) is measurable in Q.
(e) The mapping = — F(x,0) € L?()?x9,

Clearly, a family of elasticity operators satisfying the conditions (11.5.4)
is provided by the linearly elastic materials (11.5.1), with F(g) = Ce, if the
elasticity tensor satisfies the conditions (11.5.2).

Another example is provided by the nonlinear constitutive law

o =Ce+ (e — Px(e)].

Here C is a fourth-order tensor, 8 > 0, K is a closed convex subset of
S? such that 0 € K and Py : S* — K denotes the projection map. The
corresponding elasticity operator is given by

F(e)=Ce+ (e — Px(e)]. (11.5.5)

Assume the conditions (11.5.2). Due to the nonexpansivity of the projec-
tion map, we can verify that the nonlinear operator (11.5.5) satisfies the
conditions (11.5.4).

A family of elasticity operators satisfying the conditions (11.5.4) is pro-
vided by nonlinear Hencky materials (for detail, see e.g., [248]). For a
Hencky material, the stress-strain relation is

o = Kotre(u) I+ (| (w)[2) e (w),
so that the elasticity operator is
F(e) = Kotr (e) I +4(|eP||?) eP. (11.5.6)

Here, Ky > 0 is a material coefficient, I is the identity tensor of the second
order, 9 : R — R is a constitutive function and e” = e”(u) denotes the
deviatoric part of € = e(u):

sD:s—%(trs)I.

The function 1 is assumed to be piecewise continuously differentiable, and
there exist positive constants ¢y, ¢, di and ds such that for £ > 0,

’L/)(f) < dl»
—C1 S 7/)/(5) S 07
ca <€) +29'(€) € < da.
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The conditions (11.5.4) are satisfied for the elasticity operator defined in
(11.5.6). For instance, let us verify (11.5.4) (b) and (11.5.4) (c). For &1,€2 €
S? and t € [0, 1], we use the notation

eP(t)=el +t(eP —&D).
‘We have
Fle1) — Flez) = Kotr(er — e2) I+ y(|le? ||1°) el — v (e ]]?) €5,

and
D)2\ D D2\ D td D/\)|2\ D
V(ller [IF) er’ —v(ller %) ez =/O EW(HE M%) e )] at

1
— [ 2010 0 (1 - e
+ (e D)) (e1 — e2) } dt.

Then the condition (11.5.4) (b) is satisfied for some constant M depending
on Ky, di, d2 and c;. Similarly,

[F(e1) — Fle2)] : (e1 — &2)
= Koltr(e1 — e2)]* + /01 29" (le?@)]1%) [P () : (e1 — e2)[
+(lle?@®)?) lex — e2lf*] dt
> Koltr(e — e2)|?
-/ UL PO + (P W] s — el de
> Koltr(e1 — €2)] + c2le1 — 2]
Hence, the condition (11.5.4) (¢) is satisfied with m depending on Ky and

Ca.

Remark 11.5.1 In the elastic contact problems to be studied below, we
will use the linear constitutive relation (11.5.1) satisfying (11.5.2), or the
nonlinear constitutive relation (11.5.3) satisfying (11.5.4). Any discussion
involving the nonlinear constitutive relation (11.5.3) can be restated for
the linear constitutive relation (11.5.1), and the converse is also true. For
this reason, in theoretical analysis of the contact problems, we will not
distinguish the two constitutive relations. O

11.5.1 A frictional contact problem

Consider a problem for frictional contact between a linearly elastic body
occupying a domain €2 and a rigid foundation. The boundary I" of € is
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rigid foundation

FIGURE 11.2. A body in frictional contact with a rigid foundation

assumed to be Lipschitz continuous and is partitioned into three non-
overlapping regions I'p, I'r and T'c where displacement, force (surface
traction) and contact boundary conditions are specified, respectively. The
body is fixed along I'p, and is subject to the action of a body force of the
density f and the surface traction of density g on I'p. Over I'¢, the body
is in frictional contact with a rigid foundation. The body is assumed to be
in equilibrium; see Figure 11.2.

We begin with the specification of the differential equations and bound-
ary conditions. First we have the equilibrium equation

—dive = f in Q, (11.5.7)

where o = (04)axa is the stress variable, o = oT. The material is assumed
to be linearly elastic with the constitutive relation

o=Ce in (), (11.5.8)

where € = e(u) = (gi;(u))axq is the linearized strain tensor
1
e(u) = 3 [Vu+ (Vu)']. (11.5.9)

We assume the elasticity tensor C satisfies the condition (11.5.2).
The boundary conditions on I'p and I'p are

u=0 onlp, (11.5.10)
ov=g onlp. (11.5.11)
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For boundary conditions on I'c, we impose a simplified frictional contact
condition ([143, p. 272]):

o, = —G,
lo;| < urpG  and
lor| < prG = u, =0,
lor| = upG = u, = =\ o, for some A > 0.

(11.5.12)

Here, G > 0 and the friction coefficient up > 0 are prescribed functions,
G, up € L™(T'¢). It is easy to derive from the last two relations of (11.5.12)
that

o ur =—upGlu,;| onTe. (11.5.13)

The mechanical problem for the frictional contact consists of the relations
(11.5.7)—(11.5.12). Let us derive the corresponding weak formulation. We
assume the function w is sufficiently smooth so that all the calculations
next are valid. We multiply the differential equation (11.5.7) by v —u with
an arbitrary v € V,

—/Qdivcr-(U—U)de/Qf'(U—U)dx-

Applying the integration by parts formula (8.5.13), using the boundary
conditions (11.5.10) and (11.5.11) and the constitutive relation (11.5.8),
we obtain

- [ave-w-wir =~ [ov-@w-wds+ [ orew-war

Q

_/FFg.(v_u)dg_Acay~(v—u)ds
+/QCs(u):s('v—u) dx.

With the normal and tangential components decompositions of v and
v —u on ['p, we have

—/Fco-u~(v—u)ds
= _/Fc [0, (v, —w,) + 07 - (v; —ur)|ds

G (v, —u,)ds —|—/ (-0 v, — pupGlu.|)ds

I'c T'e
<[ cw —uy)ds+/ 1rG (|os] — ) ds,
I'c T'e

where the boundary condition (11.5.12) (and its consequence (11.5.13)) is
used.
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Summarizing, the variational inequality formulation of the problem is to
find the displacement field u € V such that

/Ce(u):s(v—u)dw—l—/ uFG\vT|ds—/ urGlu.|ds
Q I'c e

2/f~(v—u)dx+/ g-(v—u)ds— G (v, —u,)ds YveV.
Q I‘F Fc

(11.5.14)
Here we assume f € [L2(Q)]¢, g € [L*(Tr)]¢. By choosing the function
space V for (11.5.14) to be

V={ve[HQ)]¢|v=0ae onIp},

we see that each term in the variational inequality (11.5.14) makes sense.
The corresponding minimization problem is

weV, E(u)=inf{Ew)|veV}, (11.5.15)

where the energy functional

/CE dx—/f-vdx
Q
—/ g~vds+/ G (v, + pr|v,|) ds. (11.5.16)
Tr e

This energy functional is non-differentiable. The non-differentiable term
takes the frictional effect into account. The equivalence between the vari-
ational inequality (11.5.14) and the minimization problem (11.5.15) is left
as Exercise 11.5.1.

It is easy to verify that the conditions stated in Theorem 11.3.7 are
satisfied (for the V-ellipticity of the bilinear form, we need to apply Korn’s
inequality (7.3.12)), and hence the problem has a unique solution.

We now consider numerical approximation of the problem. Assume {2
is a polygon or polyhedron. The boundary is decomposed into three parts
I'=TpUTrUTc. Write T = U, T'c; with each I'c; having a constant
outward normal. Let V;, C V be the ﬁnite element spaces of linear elements
corresponding to a regular family of triangulations of Q that is compatible
to the boundary decomposition I' = T p UT pUU2 T4, i.e., any boundary
point common to two sets in this decomposition is a vertex of the finite
element triangulations. Then the finite element solution of the variational
inequality (11.5.14) is uj, € V}, such that

/CE (up) h—uh)dx—l—/ uFG\vT’h\ds—/ wrGlur | ds
Fc 1—‘C‘

/f vy, — up) dx +/ “(vp —up)ds — [ G(vyp —uyp)ds
I'r

I'c

Yo € Vj,.
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The finite element solution exists and is unique.

For error estimation, we need some pointwise equations satisfied by the
solution uw € V of (11.5.14). Following the arguments in [115, Section 8.1],
we can show that, with o = Ce(u),

—dive = f a.e. in (11.5.17)

moreover, under the assumption

ov e L*(I)4, (11.5.18)

we also have
ov=g ae.onlp, (11.5.19)
oy, =—G ae. onl¢. (11.5.20)

The general observation is that under a slightly stronger regularity assump-

tion than w € V (here it is (11.5.18)), it is possible to show the equalities

(here they are (11.5.7), (11.5.11) and (11.5.12);) of the classical formulation

hold a.e. for the solution of the corresponding variational inequality.
Applying Theorem 11.4.2, we have

lw — wp|ly <c inf [||u—vh\|v+ |R(vn, w)|/? (11.5.21)
VR EVR

with

R(vh,u):/a:s(vh—u)dx+/ wrG (Jvrp] — |ur]) ds
Q

T'e

—/Qf~(vh—U)d$—/FFg'(Uh—u)ds

+ G (v, — uy)ds.
I'c

The inequality (11.5.21) is the basis for convergence analysis and error
estimation. It is possible to show the convergence of the numerical solution
under the basic solution regularity w € V' ([115, Section 8.2]):

lu—uplly — 0 ash — 0.

To derive an error bound, with the assumption (11.5.18), we can perform
an integration by parts on the first term of R(vy,, u) and apply the pointwise
relations (11.5.17), (11.5.19) and (11.5.20) to get

Rlwn,u) = / 145G ([0rn] — [ur]) + s - (0rh — )] ds.
T'e

Thus,
[R(vn, u)| < cllvrn — wrllp2re)e
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with a constant ¢ depending on ||| 2(r.)¢. Then from (11.5.21), we get

. 1/2
luw—upllv < Cyirelﬁfh lw—vnllv + [[vrn — uTHL/z(Fc)d :

Under the additional solution regularity conditions
we H*(Q), wlre, € H(Tou), 1<i <o,

we can use the finite element interpolation error estimates to then derive
the optimal order error estimate:

lw—unlly = O(h).

11.5.2 A Signorini frictionless contact problem

The physical setting is as follows. An elastic body occupies a domain €2 in
R? with a Lipschitz boundary I" that is partitioned into three parts T p, T
and I'¢ with T'p, I'r and T'¢ relatively open and mutually disjoint, such
that meas (I'p) > 0. The body is clamped on I'p and so the displacement
field vanishes there. Surface tractions of density g act on I'r and volume
forces of density f act in €2. The body is in contact with a rigid foundation
on I'c. The contact is frictionless and is modeled with the Signorini contact
condition in a form with a zero gap function.

Under the previous assumptions, the equilibrium problem of the elastic
body in contact with the obstacle can be formulated as follows:

Find a displacement field u :  — R? and a stress field o : Q — S¢ such
that

o= F(e(u)) in Q, (11.5.22)

—dive = f in Q, (11.5.23)

u=0 on I'p, (11.5.24)

ov=g on I'p, (11.5.25)

uy, <0, 0, <0, opu, =0, 0, =0 onlc. (11.5.26)

To obtain a variational formulation for the mechanical problem, we use
the spaces

V={veH Q) v=00nTp}, (11.5.27)
Q = {T = (Tij) S LZ(Q)dXd | Tij = Tji, 1< i,j < d} (11528)

These are real Hilbert space with their canonical inner products. Over the
space V', we use the inner product

(u,v)y = (e(u),e(v))g Vu,veV.
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We use
K={veV]|v,<0ae onlc}

as the set of admissible displacement fields, which is a non-empty closed
convex set of V.

We assume that the elasticity operator F satisfies the condition (11.5.4).
We also assume that the force and traction densities satisfy

Fel?(Q)? geL*(Ip) (11.5.29)
and we define £ € V' by

é(v):/f-vdaﬂ—/ g-vds YveV. (11.5.30)
Q I'r

We follow the standard procedure to derive the weak formulation of the
mechanical problem (11.5.22)—(11.5.26). Assume the mechanical problem
has a solution (u, o), sufficiently smooth so that all the calculations below
are meaningful. Let v € K be arbitrary. We multiply the equation (11.5.23)
by (v — u), integrate over €2, and integrate by parts to obtain

(U,s(v)—s(u))Q:/Qf~(v—u)dx+/rau~(v—u)ds.

Using the boundary conditions (11.5.24) and (11.5.25), we deduce the
equality

(o,e(v) —e(u))g =Ll(v—u)+ /F ov - (v—u)ds. (11.5.31)

Over I'g,
ov-(v—u)=0,(v, —u,) + o, (v —u;)=0,0,,

where the boundary conditions (11.5.26) are used. Now over I'c, we also
have o, <0 and v, <0. Then

ov-(v—u)>0 onle¢.
Therefore, we derive from (11.5.31) that
(o,e(v) —e(u))g > l(v—u). (11.5.32)
By the boundary conditions (11.5.24) and (11.5.26),
ue K. (11.5.33)

Summarizing, from (11.5.22), (11.5.32) and (11.5.33) we arrive at the fol-
lowing variational formulation of the contact problem (11.5.22)—(11.5.26):
Find a displacement field u such that

ue K, (Fle(u)),e(v)—e(u))g>4t(v—u) VvekK. (11.5.34)
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Applying Theorem 11.3.1, we find that assuming (11.5.4) and (11.5.29),
there exists a unique solution w € K to the variational inequality (11.5.34).

Moreover, the mapping (f,g) + w is Lipschitz continuous from L?(2)¢ x
L*(Tr)% to V.
As in Subsection 11.5.1, we have the equality
—dive = f a.e. in (, (11.5.35)
and under the regularity assumption
ov e L*()¢, (11.5.36)

it is possible to establish the following pointwise relations for the solution:

ov=g ae.onlp, (11.5.37)
o,=0 ae. onlgc. (11.5.38)

We now consider numerical approximation of the problem. Assume 2 is
a polygon or polyhedron. Let V;, C V be the finite element spaces of linear
elements corresponding to a regular family of triangulations of Q that is
compatible to the boundary decomposition I' = T'p UTr UU2, e ;. Let
K, = Vi, N K be the finite element subset of K. An element from K is
a continuous piecewise linear function with vanishing values at the finite
element nodes lying on I'p such that its normal component at any node on
T'¢ is non-positive. The discrete approximation of the variational inequality
(11.5.34) is to find a displacement field wj, such that

up € Ky, (F(e(un)),e(vn) — E(uh))Q > (v, —up) Yo € Kp.
(11.5.39)
With the assumptions made on the data, the discrete variational inequal-
ity (11.5.39) has a unique solution. Here we are interested in estimating the
error u — uyp,. Notice that K C K. Applying Theorem 11.4.2, we have

lu—unlly <e inf [Hu — ol + \R(vh,u)\1/2] . (11.5.40)
where
R(vp,u) = (F(e(u)), e(vy) — E(U))Q — (v, —u). (11.5.41)

The inequality (11.5.40) is the basis for convergence analysis and error
estimation. It is possible to show the convergence of the numerical solution
under the basic solution regularity w € K ([115, Section 8.2]):

lu—wuplly — 0 ash — 0.
We now derive an error estimate. We need to bound the residual term

R(vp,u) = (a’, e(vy) — s(u))Q —l(vp, —u)y.
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Integrate by parts on the first term and use the pointwise relation (11.5.35),

R(vp,u) = (ov, vy, — u)r — /1‘ g (vp —u)ds.

Under the regularity assumption (11.5.36), we can use the pointwise rela-
tions (11.5.37) and (11.5.38) to get

R(vp,u) = / oy (U, — uy) ds.
Te
Then we obtain
|R(vn,w)| < [lovll ey lven — wwllL2re,
and (11.5.40) is reduced to

N 1/2
lu—willy < e inf [lu—vllv+lonn —wlif, | (115.42)

Here we allow the constant ¢ to depend on [|o, || z2(re)-
Then under the additional regularity assumptions

u € H*(Q), Uy|re, € H* (o), 1< <,

we can use the finite element interpolation error estimates to obtain the
optimal order error estimate from (11.5.42):

lu—unllv = O(h).

Exercise 11.5.1 Prove that the variational inequality (11.5.14) and the mini-
mization problem (11.5.15) are mutually equivalent.

Exercise 11.5.2 As another frictional contact problem, we keep the equations
and relations (11.5.7)—(11.5.11), but replace (11.5.12) by the following relations
onI'c:

w, =0, (11.5.43)
0. < g, (11.5.44)
o] <g = u,=0, (11.5.45)
lo-| =9 = u, =—ko, for some k > 0. (11.5.46)

Here (11.5.43) is the assumption that the body is in bilateral contact with
the rigid foundation; the contact is frictional and is modeled by Tresca’s law
(11.5.44)—(11.5.46), the friction bound g > 0.
Let
1 d
v={ve [H'@)" | vlr, =0, vlrc =0}
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with its inner product and norm defined by

(ol = [ ew: ez, [ollv = (@.0)}
Q
Derive the following weak formulation of the contact problem:
uweV, alu,v—u)+jw)—ju)>lv—u) Yvey, (11.5.47)

where
a(u,v) = /QCE(U) ce(v) du,

L(v) = f-'ud:n—i—/ g-vds,
T'n

Q

i@ = [ glolds
l¥e]

Show that the variational inequality (11.5.47) has a unique solution w € V', which
is the minimizer of the energy functional

1 .
E(v) = 5a(v,v) +j(v) — £(v)
over the space V. Define a numerical method for solving the variational inequality
and derive error estimates.

Exercise 11.5.3 In this exercise, we study a frictionless contact problem with
deformable support. This problem differs from the one studied in this section in
that the support is not rigid but elastic. We use a version of the normal compliance
condition, in a form with a zero gap function, to describe the reaction of the
foundation when there is penetration, u,, > 0. We suppose that the normal stress
on the contact surface is proportional to a power a of the penetration depth of
the elastic body into the obstacle.

The classical formulation of the problem is to find a displacement field w :
Q — R? and a stress field o : Q — S? such that (11.5.22)—(11.5.25) are satisfied
together with

-0y = p(w)%, o =0o0n Tc. (11.5.48)

Here 1 > 0 is a penalization parameter, which may be interpreted as a deforma-
bility coefficient of the foundation, r4 = max{0,7} and 0 < o < 1. Notice that
formally (11.5.48) becomes (11.5.26) when p — 0+.

(a) Use the spaces V and @ defined in (11.5.27) and (11.5.28), respectively, and
assume the conditions (11.5.4) and (11.5.29). Define £ € V' by (11.5.30) and
denote by j : V — R the functional

jv) = ! / (v)$tds Yo eV
lu( T'e

a+1)

Derive the following variational formulation of the contact problem (11.5.22)—
(11.5.25) and (11.5.48): Find a displacement field w € V such that

(F(e(u)),e(v) —e(u)g +j(w) — jlu) > (v —u) YvelV. (11.5.49)
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Hint: Show that if (u,o) is a regular solution of the contact problem, then for
any v € V,

1 a+1 1 a+1
ov - (’U — U) 2 m(uy)++ — m(m,)_ﬁ a.e. on FC.

(b) Show that under the assumptions (11.5.4) and (11.5.29), the variational in-
equality (11.5.49) has a unique solution u, and the mapping (f,g) — w is Lips-
chitz continuous from L?(Q)% x L*(I'r) to V.

Remark. Denote the solution of (11.5.49) by (w,, o), and the solution of (11.5.34)
by (u, o). It is proved in [70] that as p — 0,

. . . 12000 d
u, —»uinV, o, —0oinQ, dive, — dive in L7(Q)".

(c) Let Vi, C V be the finite element space of linear elements used in this section
and introduce the discrete approximation problem

up € Vi, (F(e(un)),e(vn) —e(un))q + j(vn) — j(un)

> E(vh — uh)v Yo, € Vi

Show that this problem has a unique solution, and for the error u — wy, we have
| —unllv <c inf [||u —wonllv + |R(vh,u)|1/2] , (11.5.50)
v, EV),

where
R(vn,u) = (F(e(u)),e(vn) — s(u))Q +j(vn) —j(u) — (v, —u). (11.5.51)
Under the regularity assumption (11.5.36), derive the error bound

. 1/2 1+ 2
lw —wnfv < e jinf [Hu —Onllv + Vo — ol far gy + lown — w |5 } :

Here we allow the constant ¢ to depend on the solution (u,o). Then with the
additional regularity assumptions

uwe H*(Q), wlre, € H (Tey), 1 <i <o,
prove the optimal order error estimate
[w = wunllv = O(h).

Remark. 1t follows from the inequality (11.5.50) that under the basic solution
regularity w € V,
lw —up|lv — 0 as h — 0.

Suggestion for Further Reading.

Interest on variational inequalities originates in mechanical problems. An
early reference is FICHERA [81]. The first rigorous comprehensive mathe-
matical treatment seems to be LIONS AND STAMPACCHIA [159]. DuvAUT
AND LIONS [74] formulated and studied many problems in mechanics and
physics in the framework of variational inequalities. More recent references
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include FRIEDMAN [85] (mathematical analysis of various variational in-
equalities in mechanics), GLOWINSKI [91] and GLOWINSKI, LIONS AND
TREMOLIERES [93] (numerical analysis and solution algorithms), HAN AND
REDDY [113] (mathematical and numerical analysis of variational inequal-
ities arising in hardening plasticity), HAN AND SOFONEA [115] (variational
and numerical analysis of variational inequalities in contact mechanics
for viscoelastic and viscoplastic materials), HASLINGER, HLAVACEK AND
NECAS [119] and HLAVACEK, HASLINGER, NECAS AND LOVISEK [126] (nu-
merical solution of variational inequalities in mechanics), KIKUCHI AND
ODEN [143] (numerical analysis of various contact problems in elasticity),
KINDERLEHRER AND STAMPACCHIA [144] (a mathematical introduction
to the theory of variational inequalities), PANAGIOTOPOULOS [185] (theory
and numerical approximations of variational inequalities in mechanics), and
SOFONEA AND MATEI [208] (mathematical theory of antiplane frictional
contact problems).

In the numerical solution of variational inequalities of higher-order, non-
conforming finite element methods offer a great advantage. Error analysis
for some non-conforming finite element methods in solving an EVI of the
first kind arising in unilateral problem, and an EVT of the second kind aris-
ing in a plate contact problem can be found in [228] and [116], respectively.
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Numerical Solution of Fredholm
Integral Equations of the Second Kind

Linear integral equations of the second kind,

Au(z) — /D k(x,y)u(y)dy = f(z), x €D (12.0.1)

were introduced in Chapter 2, and we note that they occur in a wide vari-
ety of physical applications. An important class of such equations are the
boundary integral equations, about which more is said in Chapter 13. In the
integral of (12.0.1), D is a closed, and often bounded, integration region.
The integral operator is often a compact operator on C(D) or L?(D), al-
though not always. For the case that the integral operator is compact, a
general solvability theory is given in Subsection 2.8.4 of Chapter 2. A more
general introduction to the theory of such equations is given in Kress [149].

In this chapter, we look at the two most important classes of numerical
methods for these equations: projection methods and Nystrém methods. In
Section 12.1, we introduce collocation and Galerkin methods, beginning
with explicit definitions and followed by an abstract framework for the
analysis of all projection methods. Illustrative examples are given in Sec-
tion 12.2, and the iterated projection method is defined, analyzed, and illus-
trated in Section 12.3. The Nystrom method is introduced and discussed in
Section 12.4, and it is extended to the use of product integration in Section
12.5. In Section 12.6, we introduce and analyze some iteration methods. We
conclude the chapter in Section 12.7 by introducing and analyzing projec-
tion methods for solving some fixed point problems for nonlinear operators.

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis 473
Framework, Texts in Applied Mathematics 39, DOI: 10.1007/978-1-4419-0458-4_12,
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In this chapter, we use notation that is popular in the literature on the
numerical solution of integral equations. For example, the spatial variable
is denoted by x, not x, in the multi-dimensional case.

12.1 Projection methods: General theory

With all projection methods, we consider solving (12.0.1) within the frame-
work of some complete function space V, usually C(D) or L?(D). We choose
a sequence of finite dimensional approximating subspaces V,, C V, n > 1,
with V,, having dimension k,,. Let V,, have a basis {¢1, ..., ¢}, with & = &k,
for notational simplicity (which is done at various points throughout the
chapter). We seek a function w,, € V,,, which can be written as

Kn

Up () = chqu(x), reD. (12.1.1)

This is substituted into (12.0.1), and the coefficients {c1, ..., ¢} are deter-
mined by forcing the equation to be almost exact in some sense. For later
use, introduce

ra(2) = Xutn () — / k(s y)un(y) dy — £(x)

D

- j}j:lcj [Aqu(x) —~ /Dk(x,y)qﬁj(y) dy} - f(x), (12.1.2)

for x € D. This quantity is called the residual in the approximation of
the equation when using u ~ wu,. As usual, we write (12.0.1) in operator
notation as

AN=K)u={. (12.1.3)

Then the residual can be written as
rn=A—K)u, — f.

The coefficients {ci1,...,c.} are chosen by forcing r,(z) to be approxi-
mately zero in some sense. The hope, and expectation, is that the resulting
function wu, (x) will be a good approximation of the true solution u(x).

12.1.1 Collocation methods

Pick distinct node points z,...,z, € D, and require

ra(x) =0, i=1,... Kkp. (12.1.4)
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This leads to determining {cy,...,c.} as the solution of the linear system

K

ch {Aqu(xi) —/Dk(xi,y)qu(y) dy| = f(z;), i=1,...,6 (12.1.5)

j=1

An immediate question is whether this system has a solution and whether
it is unique. If so, does u,, converge to u? Note also that the linear system
contains integrals which must usually be evaluated numerically, a point we
return to later. We should have written the node points as {1 n, ..., Zxn};
but for notational simplicity, the explicit dependence on n has been sup-
pressed, to be understood only implicitly.

The function space framework for collocation methods is often C(D),
which is what we use here. It is possible to use extensions of C(D). For
example, we can use L>°(D), making use of the ideas of Example 2.5.3
from Section 2.5 to extend the idea of point evaluation of a continuous
function to elements of L>°(D). Such extensions of C(D) are needed when
the approximating functions u,, are not required to be continuous.

As a part of writing (12.1.5) in a more abstract form, we introduce a
projection operator P, which maps V = C(D) onto V,,. Given u € C(D),
define P,u to be that element of V,, which interpolates u at the nodes
{1,...,2x}. This means writing

Pou(x) = Zajqﬁj(x)
j=1
with the coefficients {c;} determined by solving the linear system

Zaj¢j(1'i) =u(x;), i=1,...,kn.

j=1

This linear system has a unique solution if

Henceforth in this chapter, we assume this is true whenever the colloca-
tion method is being discussed. By a simple argument, this condition also
implies that the functions {¢1,..., ¢, } are a linearly independent set over
D. In the case of polynomial interpolation for functions of one variable and
monomials {1,z,...,2"} as the basis functions, the determinant in (12.1.6)
is referred to as the Vandermonde determinant; see (3.2.2) for its value.

To see more clearly that P, is linear, and to give a more explicit formula,
we introduce a new set of basis functions. For each i, 1 < i < K, let ¢; € V,,
be that element which satisfies the interpolation conditions

&(mj) Z(Sij, j = 1,...,I€n. (1217)
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By (12.1.6), there is a unique such ¢;; and the set {¢1,...,¢,} is a new basis
for V,,. With polynomial interpolation, such functions ¢; are called Lagrange
basis functions; and we use this name with all types of approximating
subspaces V,,. With this new basis, we can write

Pou(x) = Zn:u(xj)éj(x), xeD. (12.1.8)
j=1

Recall (3.2.1)—(3.2.3) in Chapter 3. Clearly, P, is linear and finite rank. In
addition, as an operator on C(D) to C(D),

1P| = max z;|£j(l')|~ (12.1.9)
]:

Example 12.1.1 Let V,, = span{l,z,...,2"}. Recall the Lagrange inter-
polatory projection operator of Example 3.6.5:

Pog(z) = glz:)li(x) (12.1.10)
=0

with the Lagrange basis functions

ti(z) =] (;__zj> i=0,1,...,n.
i b

j=0
J#i

This is Lagrange’s form of the interpolation polynomial. In Subsection 3.7.3
of Chapter 3, we denoted this projection operator by Z,,. O

Returning to (12.1.8), we note that
P,g=0 ifandonlyif g¢g(z;)=0,7=1,..., kK. (12.1.11)
The condition (12.1.5) can now be rewritten as
P,r, =0

or equivalently,
Po(A—K)u, = P,f, wu, €V,. (12.1.12)

‘We return to this below.

12.1.2 Galerkin methods

Let V = L2(D) or some other Hilbert function space, and let (-,-) denote
the inner product for V. Require r,, to satisfy

(Pnsi) =0, i=1,... Ky (12.1.13)
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The left side is the Fourier coefficient of -, associated with ¢;. If {¢1, ..., ¢u}
consists of the leading members of an orthonormal family ® = {¢;}i>1
which spans V, then (12.1.13) requires the leading terms to be zero in the
Fourier expansion of r, with respect to ®.

To find w,, apply (12.1.13) to (12.0.1) written as (A — K)u = f. This
yields the linear system

ch (65, 61) = (K¢j, 0] = (f,00), i=1,.., k0 (12.1.14)

This is Galerkin’s method for obtaining an approximate solution to (12.0.1)
r (12.1.3). Does the system have a solution? If so, is it unique? Does the
resulting sequence of approximate solutions u,, converge to uw in V? Does
the sequence converge in C'(D), i.e., does u,, converge uniformly to u? Note
also that the above formulation contains double integrals (K ¢;, ¢;). These
must often be computed numerically; and later, we return to a consideration
of this.
As a part of writing (12.1.14) in a more abstract form, we recall the
orthogonal projection operator P, of Proposition 3.6.9 of Section 3.6 in
Chapter 3, which maps V onto V,,. Recall that

P,g=0 ifandonlyif (g,¢;)=0,i=1,... Ky (12.1.15)
With P,, we can rewrite (12.1.13) as
Pyry, =0,

or equivalently,
P,(A— K)u, = P,f, Up € Vi (12.1.16)

Note the similarity to (12.1.12).

There is a variant on Galerkin’s method, known as the Petrov-Galerkin
method (see Section 9.2). With it, we still choose w,, € V,; but now we
require

(rn,w)=0 YweW,

with W,, another finite dimensional subspace, also of dimension k,. This
method is not considered further in this chapter; but it is an important
method when we look at the numerical solution of boundary integral equa-
tions. Another theoretical approach to Galerkin’s method is to set it within
a “variational framework”, which is done in Chapter 10 and leads to finite
element methods.

12.1.3 A general theoretical framework

Let V' be a Banach space, and let {V,, | n > 1} be a sequence of finite
dimensional subspaces. Denote the dimension of V), by k,, and we assume
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Kp — 00 as n — oo. Let P, : V. — V,, be a bounded projection operator.
This means that P, is a bounded linear operator with the property

Pov=v YveV,.
Note that this property implies P2 = P,, and thus
[Pall = 1 P21 < (1 Pall®.

Therefore,
|P.]| > 1. (12.1.17)

Recall the earlier discussion of projection operators from Section 3.6 in
Chapter 3. We already have examples of P, in the interpolatory projec-
tion operator and the orthogonal projection operator introduced above in
defining the collocation and Galerkin methods, respectively.

Motivated by (12.1.12) and (12.1.16), we now approximate the equation
(12.1.3), (A = K)u = f, by attempting to solve the problem

PoA = K)up = Pof, tup € V. (12.1.18)

This is the form in which the method is implemented, as it leads directly to
equivalent finite linear systems such as (12.1.5) and (12.1.14). For the error
analysis, however, we write (12.1.18) in an equivalent but more convenient
form.

If w,, is a solution of (12.1.18), then by using P,u,, = u,, the equation
can be written as

AN=P,K)u, =P,f, u,€V. (12.1.19)
To see that a solution of this is also a solution of (12.1.18), note that if

(12.1.19) has a solution u,, € V, then

1
Uy = 3 (Pof + P,Kuy,) € V,.

Thus P,u, = Uy,
(A= P, K)u, = P,(\— K)up,

and this shows that (12.1.19) implies (12.1.18).

For the error analysis, we compare (12.1.19) with the original equation
(A= K)u = f of (12.1.3), since both equations are defined on the original
space V. The theoretical analysis is based on the approximation of A— P, K
by A — K:

AP, K=AN-K)+ (K- P,K)
=A\-K)[I[+(\—K)"YK - P,K)]. (12.1.20)

We use this in the following theorem.
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Theorem 12.1.2 Assume K : V — V is bounded, with V' a Banach space;

1-1
and assume A — K : 'V —t> V. Further assume
onto

|K — P,K| —0 asn— oo. (12.1.21)

Then for all sufficiently large n, sayn > N, the operator (A\— P, K)~! exists
as a bounded operator from V to V. Moreover, it is uniformly bounded:

sup ||[(A = PoK) 7| < oc. (12.1.22)
n>N

For the solutions uy, with n sufficiently large and u of (12.1.19) and (12.1.3),
respectively, we have

u—up = A\ — P K) " u— Pyu) (12.1.23)

and the two-sided error estimate

Al _
=P Ju = Poul| < [Ju— up | < A ||(A = PoK) M| [Ju — Paul| .

(12.1.24)
This leads to a conclusion that ||u — u,|| converges to zero at exactly the
same speed as |u — Pyul|.

Proof. (a) Pick an N such that

1

TSRk (12.1.25)

ey = sup ||K — P,K| <
n>N
Then the inverse [[ + (A — K) (K — P,K)]™! exists and is uniformly

bounded by the geometric series theorem (Theorem 2.3.1 in Chapter 2),

and
1

A=K

[T+ (A = E)"H K = PK)] 7| <
1-— EN ||
Using (12.1.20), we see that (A — P, K)~! exists,
AN=P,K) ' =[I+(AN-K) YK -P,K)]"'(\=K)™!,

and then

o O (N
(A= P.K)7H| < e R~ M. (12.1.26)

This shows (12.1.22).

(b) For the error formula (12.1.23), apply P, to the equation (A—K)u = f,
and then rearrange to obtain

AN=P,K)u=P,f+ ANu— Pu).
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Subtract (A — P, K)u,, = P, f from the above equality to get
A= P,K) (u—1up) = Au— P,u). (12.1.27)
Then
U —up = A\ — P,K) " (u— Pyu),
which is (12.1.23). Taking norms and using (12.1.26),
llu — un|| < A M ||Ju— Ppull. (12.1.28)

Thus if P,u — u, then u,, — u as n — oo.
(¢) The upper bound in (12.1.24) follows directly from (12.1.23). The lower
bound follows by taking norms in (12.1.27),

(Allu = Poull < [[A = P [Ju — |-

This is equivalent to the lower bound in (12.1.24).
To obtain a lower bound which is uniform in n, note that for n > N,

A= P K[| < A= K[ +[|K = P.K|
S H>\_KH+6N

The lower bound in (12.1.24) can now be replaced by

Al

K[ +en |u — Poull < |lu— un].

Combining this inequality with (12.1.28), we have

Al
————||lu — Pyul| < ||u— < |A| M ||u— Ppul|. 12.1.29
ey I Pl < wall S MM u— P (121.20)
This shows that u,, converges to u if and only if P,u converges to u. More-
over, if convergence does occur, then ||u — P,u| and ||u — u,]|| tend to zero
with exactly the same speed. O

We note that in order for the theorem to be true, it is necessary only that
(12.1.25) be valid, not the stronger assumption of (12.1.21). Nonetheless,
the theorem is applied usually by proving (12.1.21). Therefore, to apply
the above theorem we need to know whether [|K — P, K| — 0 as n — 0.
The following two lemmas address this question.

Lemma 12.1.3 Let V, W be Banach spaces, and let A, : V — W, n>1,
be a sequence of bounded linear operators. Assume {Anu} converges for all
u € V. Then the convergence is uniform on compact subsets of V.
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Proof. By the principle of uniform boundedness (Theorem 2.4.4 in Chapter
2), the operators A,, are uniformly bounded:

M =sup |4, < .
n>1

The operators A,, are also equicontinuous:
[Anu — Anf|| < M [Ju— f]].

Let S be a compact subset of V. Then {4,} is a uniformly bounded
and equicontinous family of functions on the compact set .S; and it is then
a standard result of analysis (a straightforward generalization of Ascoli’s
Theorem 1.6.3 in the setting of Banach spaces) that {A4,u} is uniformly
convergent for u € S. (]

Lemma 12.1.4 Let V be a Banach space, and let {P,} be a family of
bounded projections on V' with

Pou—u asn—oo, uelV. (12.1.30)
If K :V — V is compact, then
IK — P,K| —0 asn— oo.
Proof. From the definition of operator norm,
|K - P,K[| = sup [[Ku—P,Kul| = sup |z— Pz,

lull<1 2eK(U)

with K(U) = {Ku | ||u|]| <1}. The set K(U) is compact. Therefore, by the
preceding Lemma 12.1.3 and the assumption (12.1.30),

sup ||z — P,z = 0 asn — oc.
zeK(U)

This proves the lemma. O

This last lemma includes most cases of interest, but not all. There are
situations where P,u — wu for most u € V, but not all u. In such cases, it is
necessary to show directly that |K — P, K|| — 0, if it is true. Of course, in
such cases, we see from (12.1.24) that w,, — w if and only if P,u — u; and
thus the method is not convergent for some solutions u. This would occur,
for example, if V, is the set of polynomials of degree < n and V = Cla, b].

Exercise 12.1.1 Show that the condition (12.1.6) implies the set of functions
{¢1,...,¢x} is linearly independent over D.
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Exercise 12.1.2 Prove the result stated in the last sentence of the proof of
Lemma 12.1.3.

Exercise 12.1.3 Prove that the upper bound in (12.1.24) can be replaced by
llu = un ] < AL +70) [|(A = £) 7| lu = Poull

with v, — 0 as n — oo.

Exercise 12.1.4 In Theorem 12.1.2, write
u—uy =l 4+ e?, (12.1.31)

with
e = XA = K) Hu— Pou)

and eg) defined implicitly by this and (12.1.31). Show that under the assumptions
of Theorem 12.1.2;
e < Snlles” |

with §, — 0 as n — co.

Exercise 12.1.5 Let V and W be Banach spaces, let A : V' LW be bounded,

onto

and let B : V — W be compact. Consider solving the equation (A + B)u = f
with the assumption that

(A+B)v=0 = wv=0.

Let Vi, be an approximating finite dimensional subspace of V', and further assume
V., is a subspace of W. Let P, : V — V,, be a bounded projection for which

P,y —wv asn— oo,
for all v € V. Assume further that
P,A=AP,.
Consider the numerical approximation
Py (A+B)un =Pof, un € Vy.
Develop a stability and convergence analysis for this numerical method.

Hint: Consider the equation (I + A™'B)u= A""f.

Exercise 12.1.6 Assuming (A — K)u = f is uniquely solvable in L?*(D), con-
sider the following numerical method for solving it. Let X, be the span of the
linearly independent functions ¢1, ..., ¢, with K = k5. Determine u,, € X,, by
choosing it as the minimizer of || (A — K)v — f||.2 as v ranges over X,. This is
called the ‘least squares method’ for the approximate solution of (A — K)u = f.
Introduce the new subspace

IVn={(A—K)v|ve X}
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and let P, be the orthogonal projection of L?(D) onto V,. Show that the mini-
mizer u, is the solution of the projection equation (12.1.19).
Hint: Write u, in terms of the basis {¢1,..., ¢x}:

Kn

Un = E Cj¢j.
=1
Seek to minimize

IO = K)un = 122 = (A= K)wn — f,(A = K)un — f),

considered as a function of the coefficients ci, ..., cx.

12.2  Examples

Most projection methods are based on the ways in which we approximate
functions, and there are two main approaches.

e Decompose the approximation region D into elements Aq,...,A,;
and then approximate a function v € C(D) by a low degree poly-
nomial over each of the elements A;. These projection methods are
often referred to as piecewise polynomial methods or finite element
methods; and when D is the boundary of a region, such methods are
often called boundary element methods.

e Approximate v € C(D) by using a family of functions which are
defined globally over all of D, for example, use polynomials, trigono-
metric polynomials, or spherical polynomials. Often, these approx-
imating functions are also infinitely differentiable. Sometimes these
types of projection methods are referred to as spectral methods, espe-
cially when trigonometric polynomials are used.

We illustrate each of these, relying on approximation results introduced
earlier in Chapter 3.

12.2.1 Piecewise linear collocation

We consider the numerical solution of the integral equation

b
u(z) — / k(z,y)u(y)dy = f(z), a<z<b, (12.2.1)

using piecewise linear approximating functions. Recall the definition of
piecewise linear interpolation given in Subsection 3.2.3, including the piece-
wise linear interpolatory projection operator of (3.2.7). For convenience, we
repeat those results here. Let D = [a,b] and n > 1, and define h = (b—a)/n,

r;=a+jh, 7=0,1,...,n.
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The subspace V,, is the set of all functions which are continuous and piece-
wise linear on [a, b], with breakpoints {zo,...,x,}. Its dimension is n + 1.

Introduce the Lagrange basis functions for continuous piecewise linear
interpolation:

|x — 2]
1—
él(l‘) = h ’
0, otherwise.

Tic1 <x < Tiya, (12.2.2)

with the obvious adjustment of the definition for ¢y(x) and ¢, (z). The
projection operator is defined by

n

Pou(x) = Zu(xz)&(x) (12.2.3)

i=0
For convergence of P,u, recall from (3.2.8) and (3.2.9) that
w(u, h), u € Cla, b],
lu — Poulloo < ¢ 42 (12.2.4)
g1 llees  we C?at.

This shows that P,u — u for all u € C[a,b]; and for u € C?[a,b], the
convergence order is 2. For any compact operator K : Cla,b] — Cla,b],
Lemma 12.1.4 implies | K — P, K| — 0 as n — oo. Therefore the results
of Theorem 12.1.2 can be applied directly to the numerical solution of the
integral equation (A — K)u = f. For sufficiently large n, say n > N, the
equation (A\— P, K) u, = P, f has a unique solution u,, for each f € Cla,b].
Assuming u € C?[a, b], (12.1.24) implies
h2
lu = unlloo < A M = flu" o0, (12.2.5)

with M a uniform bound on (A — P, K)~*! for n > N.
The linear system (12.1.5) takes the simpler form

n b
g (1) — Zun(xj)/ k(o y)6 (W) dy = f(zs), i=0,....n. (12.2.6)
=0 a
The integrals can be simplified. For j =1,...,n — 1,

b T
| et =3 [ besulo - i) dy

j—1
1 ' Tj+1
+ E/ E(zi,y)(z; —y)dy. (12.2.7)

Zj

The integrals for j = 0 and j = n are modified straightforwardly. These
integrals must usually be calculated numerically; and we want to use a
quadrature method which retains the order of convergence in (12.2.5) at a
minimal cost in calculation time.
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n Ey(Ll) Ratio ET(LQ) Ratio
2 | 5.25E —3 2.32F — 2
4 131F—3 4.01 [791F—-3 2.93
8| 327TE—4 401 | 2.75E—3  2.88
16 | 8.18E—5 4.00 | 9.65F—4  2.85
32| 204E—-5 400 | 340E—4 284
64 | 5.11F—6 4.00 | 1.20E—4 2.83
128 | 1.28E—6 4.00 | 4.24E—5 2.83

TABLE 12.1. Example of piecewise linear collocation for solving (12.2.8)

Example 12.2.1 Consider the integral equation

b
Au(x) — / euly)dy = f(x), 0<x<b. (12.2.8)
0
The equation parameters are b = 1, A = 5. We use the two unknowns
uV(z) = e Tcos(z), u?(x)=+vx, 0<z<b (12.2.9)

and define f(z) accordingly. The results of the use of piecewise linear col-
location are given in Table 12.1. The errors given in the table are the
maximum errors on the collocation node points,

(k) — ®) () — u® (.
B = max 0 (@) - uf)(z)]

The column labeled Ratio is the ratio of the successive values of EY" as n
is doubled.

The function u(® (z) is not continuously differentiable on [0,b], and we
have no reason to expect a rate of convergence of O(h?). Empirically, the
errors B appear to be O(h%/2). From (12.1.24), Theorem 12.1.2, we

know that [[u(® — ug)Hoo converges to zero at exactly the same speed
as |[u® — P,u® ||, and it can be shown that the latter is only O(h/?).
This apparent contradiction between the empirical and theoretical rates is
due to u,(t) being superconvergent at the collocation node points: for the

. . 2
numerical solution u% ) ,

E®
Ty e =
" u® = o

This is examined in much greater detail in the following Section 12.3. [
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12.2.2  Trigonometric polynomial collocation

We solve the integral equation

Au(x) — /0 ' k(x,y)u(y)dy = f(x), 0<z<2m, (12.2.10)

in which the kernel function is assumed to be continuous and 27-periodic
in both y and x:

k(z +2m,y) = k(z,y + 27) = k(x,y).

Let V = Cp(27), space of all 2m-periodic and continuous functions on R.
We consider the solution of (12.2.10) for f € C,(27), which then implies
u € Cp(2m).

Since the solution w(z) is 2m-periodic, we approximate it with ¢rigono-
metric polynomials; and we use the general framework for trigonometric
polynomial interpolation of Subsection 3.7.3 from Chapter 3. Let V,, de-
note the trigonometric polynomials of degree at most n; and recall V,, has
dimension k,, = 2n+1. Let {¢1(2), ..., ¢x(x)} denote a basis for V,,, either
{e™ | k=0,+1,...,+n} or

{1,sinz, cosx,...,sinnz, cosnx}. (12.2.11)

The interpolatory projection of Cp(27) onto V,, is given by

Kn

Pu(x) = Zu(xj)éj(x), (12.2.12)

j=1

where the Lagrange basis functions £;(x) are given implicitly in the La-
grange formula (3.7.19) of Section 3.7.3. Note that P, was denoted by Z,,
in that formula.

From (3.7.20), || P,|| = O(logn). Since || P,|| — oo as n — oo, it follows
from the principle of uniform boundedness that there exists u € C,(2m) for
which P,u does not converge to u in Cp,(27) (Theorem 2.4.4 in Chapter 2).

Consider the use of the above trigonometric interpolation in solving
(12.2.10) by collocation. The linear system (12.1.5) becomes

Kn

; ¢ {A%‘ (i) — ;

27

ko y)d () dy} — @), =L,

(12.2.13)
and the solution is

The integrals in (12.2.13) are usually evaluated numerically, and for that,
we recommend using the trapezoidal rule. With periodic integrands, the
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trapezoidal rule is very effective, as was noted earlier in Proposition 7.5.6
of Chapter 7.
To prove the convergence of this collocation method, we must show

|K — P,K||—0 asn— oc.

Since Lemma 12.1.4 cannot be used, we must examine || K — P, K || directly.
The operator P, K is an integral operator, with

2m
PnKu(x):/O kn(z, y)u(y) dy, (12.2.14)
kn(z,y) = (Puky) (), ky(z) = k(2 y).

To show convergence of || — P, K| to zero, we must prove directly that

27
1K = PRl = s [ k() = k(o) dy (12.2.15)

converges to zero. To do so, we use the result (3.7.21) on the convergence
of trigonometric polynomial interpolation.
Assume that k(x,y) satisfies, for some « > 0,

k(z,y) — k(& y)| < c(k) [z — €], (12.2.16)
for all y, z,&. Then we leave it as Exercise 12.2.2 to prove that

1
1K — P K| < &287 (12.2.17)
na

Since this converges to zero, we can apply Theorem 12.1.2 to the error
analysis of the collocation method with trigonometric interpolation.
Assuming (12.2.10) is uniquely solvable, the collocation equation

AN=P,K)u, =P,f

has a unique solution wu,, for all sufficiently large n; and ||u — up|jeo — 0 if
and only if ||u— Pyul/cc — 0. We know there are cases for which the latter is
not true; but from (3.7.21) of Section 3.7 in Chapter 3, ||u—uy|/c - 0 only
for functions u with very little smoothness (Theorem 3.7.1 with k = 0). For
functions u which are infinitely differentiable, the bound (3.7.21) shows the
rate of convergence is very rapid, faster than O(n=*) for any k.

There are kernel functions k(z,y) which do not satisfy (12.2.16), but
to which the above collocation method can still be applied. Their error
analysis requires a more detailed knowledge of the smoothing properties of
the operator K. Such cases occur when solving boundary integral equations
with singular kernel functions, such as that defined in (7.5.16) of Section
7.5.
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12.2.8 A piecewise linear Galerkin method

The error analysis of Galerkin methods is usually carried out in a Hilbert
space, generally L?(D) or some Sobolev space H"(D). Following this, an
analysis within C'(D) is often also given, to obtain results on uniform con-
vergence of the numerical solutions.

We again consider the numerical solution of (12.2.1). Let V = L?(a,b),
and let its norm and inner product be denoted by simply || - || and (-, ),
respectively. Let V;, be the subspace of continuous piecewise linear functions
as described earlier in Subsection 12.2.1. The dimension of V,, is n + 1,
and the Lagrange functions of (12.2.2) are a basis for V,,. However, now P,
denotes the orthogonal projection of L?(a,b) onto V;,. We begin by showing
that P,u — u for all u € L?(a,b).

Begin by assuming u(x) is continuous on [a,b]. Let Z,u(z) denote the
piecewise linear function in V,, which interpolates u(z) at = xq, ..., Zn;
see (12.2.3). Recall that P,u minimizes ||u — z|| as z ranges over V,,, a fact
which is expressed in the identity in Proposition 3.6.9(c). Therefore,

lu = Poull < [lu = Zyul
<Vb—al|u—TZyu|
< Vb —aw(u;h). (12.2.18)

The last inequality uses the error bound (12.2.4). This shows P,u — w for
all continuous functions u on [a, b].

It is well known that the set of all continuous functions on [a, b] is dense in
L?(a,b) (see the comment following Theorem 1.5.6). Also, the orthogonal
projection P, satisfies | P,| = 1; see (3.4.5) of Section 3.4. For a given
u € L*(a,b), let {um,} be a sequence of continuous functions which converge
to u in L?(a,b). Then

|u — Poull < lu—um | + [um — Powml| + [ Pa(u — um)||
< 2| = up|| + |l — Prtim]|-

Given an € > 0, pick m such that ||u — u,,|| < €/4; and fix m. This then
implies that for all n,

€
H“_Pnu” < ) + H“m _Pn“m||~

‘We have
|u— Paull <€

for all sufficiently large values of n. Since € was arbitrary, this shows that
P,u — u for general u € L?(a, b).

For the integral equation (A — K)u = f, we can use Lemma 12.1.4 to
obtain |K — P,K|| — 0. This justifies the use of Theorem 12.1.2 to carry
out the error analysis for the Galerkin equation (A — P, K)u,, = P, f. As
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before, ||u — u,|| converges to zero with the same speed as ||u — P,ul|. For
u € C?[a,b], we combine (12.1.28), (12.2.18), and (12.2.4), to obtain

[u —wunll < [AIM [lu — Poull
<A MVb—allu—Zhu|eo
h2
< |)\\M\/b—a§||u”||oo. (12.2.19)

For the linear system, we use the Lagrange basis functions of (12.2.2).
These are not orthogonal, but they are still a very convenient basis with
which to work. Moreover, producing an orthogonal basis for V,, is a non-
trivial task. The solution u,, of (A — P, K)u,, = P, f is given by

un(x) =Y et (x).
j=0

The coefficients {c¢;} are obtained by solving the linear system

n

b b
> [A(éi,ej)— / / k(z,y)li(z)l;(y) dy dz

§=0
b
- / F@) () dz, i=0,....n. (12.2.20)
For the coefficients (¢;,¢;),
07 ‘Z - J‘ > ]-7
2h
3 0<i=7j<n,
(li,l;) = h (12.2.21)
-, 1=j=0orn,
3
h
5 li —j|=1.

The double integrals in (12.2.20) reduce to integrals over much smaller
subintervals, because the basis functions ¢;(x) are zero over most of [a, b].
If these integrals are evaluated numerically, it is important to evaluate
them with an accuracy consistent with the error bound in (12.2.19). Lesser
accuracy degrades the accuracy of the Galerkin solution u,; and greater
accuracy is an unnecessary expenditure of effort.

Just as was true with collocation methods, we can easily generalize the
above presentation to include the use of piecewise polynomial functions of
any fixed degree. Since the theory is entirely analogous to that presented
above, we omit it here and leave it as an exercise for the reader.

We defer to the following case a consideration of the uniform convergence
of uy,(x) to u(x).
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12.2.4 A Galerkin method with trigonometric polynomials

We consider again the use of trigonometric polynomials as approximations
in solving the integral equation (12.2.10), with k(z,y) and f(z) being 27-
periodic functions as before. Initially, we use the space V = L?(0,27), the
space of all complex-valued and square integrable Lebesgue measurable
functions on (0, 27). The inner product is defined by

2m
(u,v):/o u(z)v(x) de.

Later we consider the space Cp(27), the set of all complex-valued 27-
periodic continuous functions, with the uniform norm.

The approximating subspace V,, is again the set of all trigonometric
polynomials of degree < n. As a basis, we use the complex exponentials,

¢j(x) = €% j=0,+1,...,4n.

Earlier, in Example 3.4.9 of Section 3.4 and in Subsection 3.7.1, we intro-
duced and discussed the Fourier series
1 o0
u(x) = o (u, ;)¢ (z), we€ L*0,27), (12.2.22)
T

j=—o00
with respect to the basis
{1,sinx,cosx,...,sinnz,cosnz,...}.

The basis N
{e"" |j=0,41,42,...}

was used in defining the periodic Sobolev spaces H"(0,27) in Section 7.5
of Chapter 7. These two bases are equivalent, and it is straightforward to
convert between them. It is well known that for u € L?(0,27), the Fourier
series converges in the norm of L?(0,27).
The orthogonal projection of L?(0,27) onto V;, is just the n'" partial

sum of this series,

1 n

o > (u,¢5)5(@), (12.2.23)

j=—n

Pou(z) =

which was denoted earlier by F,,u in Example 3.6.8 of Section 3.6. From
the convergence of (12.2.22), it follows that P,u — u for all u € L?(0,27).
Its rate of uniform convergence was considered in Subsection 3.7.1. For its
rate of convergence in H" (0, 27), it is straightforward to use the framework
of Section 7.5 in Chapter 7 to prove the following:

2

C C
o Palze < 5 o S0 Pl 0) | < Cllull (12229

|J|>"
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for uw € H"(0,2m).

Using Lemma 12.1.4, we have that |K — P,K|| — 0 as n — oo. Thus
Theorem 12.1.2 can be applied to the error analysis of the approximating
equation (A — P, K) u,, = P, f. For all sufficiently large n, say n > N, the
inverses (A— P,, K)~! are uniformly bounded; and ||u—u,,|| can be bounded
proportional to ||u — P,ul|, and thus u, converges to u. One result on the
rate of convergence is obtained by applying (12.2.24) to (12.1.28):

c|\| M

n’l‘

[l — un || < llullgrey, n >N, ue H"(0,2n) (12.2.25)
with ¢ the same as in (12.2.24).
With respect to the basis {€¥* | j = 0,41,£2,...}, the linear system
(12.1.14) for
(A= P,K)u, =P, f

is given by
n 2w 2T
2w ey, — Z cj/ / eV TR) (2 ) dy de

. o Jo

Jj=—n
2w )

:/ e"* f(x)de, k=-n,....n (12.2.26)
0

with the solution u,, given by

n
Up () = Z cje”.

j=—n

The integrals in this system are usually evaluated numerically; and this is
examined in some detail in [18, pp. 148-150]. Again, the trapezoidal rule
is the standard form of quadrature used in evaluating these integrals; the
fast Fourier transform can also be used to improve the efficiency of the
quadrature process (see e.g. [15, p. 181], [120, Chap. 13]).

Another important example of the use of globally defined and smooth
approximations is the use of spherical polynomials (see (7.5.5) in Chapter
7) as approximations to functions defined on the unit sphere in R?.

Uniform convergence

We often are interested in obtaining uniform convergence of w,, to u. For
this, we regard the operator P, of (12.2.23) as an operator on Cp(27) to
Vi, and we take V = C,(27). Unfortunately, it is no longer true that P,u
converges to u for all u € V| and consequently, Lemma 12.1.4 cannot be
applied. In fact, from (3.7.9)—(3.7.10) of Subsection 3.7.1,

| P|l = O(log n), (12.2.27)
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which implies the sequence {P,} is not uniformly bounded and therefore
we do not expect pointwise convergence of the sequence {P,u} to u for all
ueV.

We use the framework of (12.2.14)—(12.2.15) to examine whether the
quantity || K — P, K|| converges to zero or not. In the present case, the pro-
jection used in (12.2.14) is the orthogonal Fourier projection of (12.2.23),
but otherwise the results are the same.

Assume k(z,y) satisfies the Holder condition

|k(@,y) — k(& y)] < o(K) Jz — €7,
for all y, z, &, for some 0 < o < 1. Then apply (3.7.12) to obtain

clogn

nOé

for a suitable constant ¢. With this, we can apply Theorem 12.1.2 and ob-
tain a complete convergence analysis within C,(27), thus obtaining results
on the uniform convergence of u,, to u.

Another way of obtaining such uniform convergence results can be based
on the ideas of the following section on the iterated projection method.

Conditioning of the linear system

We have omitted any discussion of the conditioning of the linear sys-
tems associated with either the Galerkin or collocation methods. This is
important when implementing these methods, and the basis for V,, should
be chosen with some care. The linear system is as well-conditioned as can
be expected, based on the given equation (A — K)u = f, if the matrix
(¢j(z;)) = I for collocation or ((¢;,¢;)) = I for the Galerkin method. It
can still be well-conditioned without such a restriction, but the choice of
basis must be examined more carefully. See [18, Section 3.6] for an extended
discussion.

Exercise 12.2.1 For the piecewise linear interpolatory projection operator of
Subsection 12.2.1, calculate an explicit formula for the operator P, K, showing
it is a degenerate kernel integral operator. Be as explicit as possible in defining
the degenerate kernel. Assuming k(z,y) is twice continuously differentiable with
respect to x, uniformly for a < y < b, show

Ok (x,y)

h2 b
|K — P.K| < 3 Jmax /a 92

a<z<b

‘ dy.

Exercise 12.2.2 Prove (12.2.17).
Hint: Apply Theorem 3.7.1.

Exercise 12.2.3 Generalize the ideas of Subsection 12.2.1 to continuous piece-
wise polynomial collocation of degree x > 0.
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Exercise 12.2.4 Generalize the ideas of Subsection 12.2.3 to V,, the set of piece-
wise linear functions in which there is no restriction that the approximations be
continuous.

Exercise 12.2.5 Generalize the ideas of Subsection 12.2.3 to V,, being the set of
piecewise linear functions in which there is no restriction that the approximations
be continuous. What is the dimension of V,,? Show that the standard orthogonal
Legendre polynomials defined on [—1, 1] can be used to create an orthogonal basis
for V,,.

Hint: Produce a local orthogonal basis on each subinterval [x;_1, x;].

Exercise 12.2.6 Prove (12.2.24).

Exercise 12.2.7 Give conditions on the data A, k, and f so that a solution of
the equation (12.2.1) has the regularity u € C?|[a,b]. Note that this regularity is
required in the error estimate (12.2.5).

Exercise 12.2.8 Let P, be an interpolatory projection operator, and let
b
Ko@) = [ Kewol)dy, a<a<b veClab

have a continuous kernel function k(z,y). Show that P, K is a degenerate kernel
integral operator. For the case of P, the piecewise linear interpolatory operator
of (12.2.3), write out an explicit formula for the degenerate kernel kn(z,y) and
analyze the error k(z,y) — kn(z,9).

Exercise 12.2.9 It is known that if uw € C[—1, 1], then the partial sums of the
Chebyshev expansion

are good uniform approximations of u(z) when w is sufficiently smooth. This is an
orthogonal polynomial expansion of u. The weight function is w(y) = 1/4/1 — y?,
and the associated orthogonal family is the Chebyshev polynomials {7;(x)}:>0.
We want to investigate the solution of

1
wu(@)~ [ kaguls)dy = f@), 1< <1
—1
using Galerkin’s method with polynomial subspaces and the orthogonal projec-
tions

Pou(z) = %0 + ZciTi(a:), n> 1.
i=1

The space being used is L2 (—1,1) with the w(y) given above.

(a) Give the Galerkin method for solving the above integral equation.

(b) Give the coefficients of the linear system, and suggest a way for dealing with
the singularity in the integrand (due to the presence of the weight function w).
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(c) If the true solution w is r-times continuously differentiable on [—1, 1], discuss
the rate of convergence to zero of the error [[u — unl[y2 . For an introductory
account of Chebyshev polynomials and Chebyshev expansions, see [15, Sections
4.5-4.7).

Exercise 12.2.10 Recall the linear system (12.1.5) for the collocation method,
and consider it with the Lagrange basis {¢;(z)} satisfying (12.1.7), with the as-
sociated projection operator P, of (12.1.8). Denote this linear system by A,u, =
S, with

Fo= @), flae)”

and wu,, defined analogously. For A,

Mwm:Mm—/kMW%@My

D

Consider A, : R® — R” with the infinity norm, and find a bound for || A;;*||, using
the row norm as the matrix norm. Find the bound in terms of ||(A — P, K) ™}
Hint: For arbitrary b € R", let v = A, 'b, or equivalently, A,v = b. You need to
bound v in terms of b. To do this, begin by showing you can construct g € C(D)
with

b= (g(z1),--.,9(xx)"
and ||g]lcc = ||b]|oc. Define the function v € C(D) as the solution of

(A= P,K)v = Pyng.

Then bound v in terms of ||v]|o, and bound the latter in terms of ||b||co.

Exercise 12.2.11 To implement the piecewise linear collocation method given
in (12.2.6), the integrals in the linear system must be approximated.

a. Show that if all elements of the matrix in (12.2.6) are approximated with
an accuracy of O(h?), then the resulting numerical solution @, will be in
error from u, by O(hQ), thus preserving the accuracy associated with u,,
as an approximation to wu.

b. Give an approximation of (12.2.7) that is error by O(h3).

12.3 Iterated projection methods

For the integral equation (A — K)u = f, consider the following fixed point
iteration which was considered earlier in (5.2.9) of Section 5.2, Chapter 5:

1
(k+1) _ * (k) _
U )\[f—i—Ku }, k=0,1,...

As earlier, this iteration can be shown to converge to the solution u if
|IK|| < |Al; and in that case

fu - 0] < Bl = )]
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In the paper [205], Sloan showed that one such iteration is always a good
idea if K is a compact operator and if the initial guess is the solution
uy, obtained by the Galerkin method, regardless of the size of ||K||. We
examine this idea and its consequences for projection methods.

Let u,, be the solution of the projection equation (A — P, K)wu, = P, f.
Define the iterated projection solution by

iy = % (F + Kup). (12.3.1)

This new approximation u, is often an improvement upon u,,. Moreover,
it can often be used to better understand the behaviour of the original
projection solution u,,.

Applying P, to both sides of (12.3.1), we have

—~

>| =

i.e.
P,u,, = u,. (12.3.2)

Thus, u,, is the projection of @, into V,,. Substituting into (12.3.1) and
rearranging terms, we have u,, satisfies the equation

(A= KP,)i, = f. (12.3.3)

Often we can directly analyze this equation; and then information can be
obtained on w, by applying (12.3.2).

Also, since
I 1 1 1
u—un:X(f—i—Ku)—X(f—i—Kun):XK(u—un), (12.3.4)
we have the error bound
N 1
Ju—n| < WHKII lu — un- (12.3.5)

This proves the convergence of u,, to u is at least as rapid as that of u,
to u. Often it is more rapid, because operating on u — u, with K, as in
(12.3.4), sometimes causes cancellation due to the smoothing behaviour of
integration.

From the above, we see that if (A — P, K)~! exists, then so does (A —
KP,)~'. Moreover, from the definition of the solution u,, and (12.3.1), we
have

~ 1 1 _
Un = (f + Kuy) = 3 [f+ K\ = P,K) "P,f];
and when combined with (12.3.3),

AN—-KP,) ' = % I+ K(\A-P,K)"'P,]. (12.3.6)
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Conversely, if (A — K P,)~" exists, then so does (A — P, K)~!. This follows
from the general lemma given below, which also shows that

S+ PO KP) K], (12:3.7)

By combining (12.3.6) and (12.3.7), or by returning to the definitions of w,,
and 4,,, we also have

A\-P,K)" ! =

A\—P,K)"'P,=P,(\~KP,)"". (12.3.8)

We can choose to show the existence of either (A\— P, K)~! or A=K P,)™*
whichever is the more convenient; and the existence of the other inverse
follows immediately. Bounds on one inverse in terms of the other can also
be derived by using (12.3.6) and (12.3.7).

Lemma 12.3.1 Let V be a Banach space, and let A, B be bounded linear
operators on V to V. Assume (A — AB)~! exists from V onto V. Then
(A — BA)~! also exists, and

1 [I+B(\—AB) '4]. (12.3.9)

(A\—=BA)™' = 3

Proof. Calculate

(A — BA)% [I+B(\— AB) '4]

1 _
A[ — BA+ (A= BA)B(A— AB) ' 4]
1 _

=3 [\— BA+ B(A— AB)(A — AB) 'A]
%()\—BA—FBA)

=1

A similar proof works to show
% [I+B(A—AB) 'A] (A\—BA) =1 (12.3.10)
This proves (12.3.9). O
For the error in u,, first rewrite (A — K)u = f as
(AN=KP,)u=f+ Ku— KP,u.
Subtract (12.3.3) to obtain
(A=KP,)(u—1u,) =K(I - P,)u. (12.3.11)

Below we examine this apparently simple equation in much greater detail.
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12.3.1 The iterated Galerkin method

Assume that V' is a Hilbert space and that u, is the Galerkin solution of
the equation (A — K)u = f over a finite-dimensional subspace V,, C V.
Then

(I-P)?>=1I-P,.

and

1K (I = Po)ull = [ K(I = Po)(I = Po)ul|
< KT = Pl I(T = Po)ull. (12.3.12)

Using the fact that we are in a Hilbert space and that P, is a self-adjoint
projection (Theorem 3.4.7 in Section 3.4), we have

1K (T = Pa)ll = || [ I
H(I P)K*H (12.3.13)

The first line follows from the general principle that the norm of an operator
is equal to the norm of its adjoint operator. The second line follows from
Theorem 3.4.7 and properties of the adjoint operation.

With Galerkin methods, it is generally the case that when P, is regarded
as an operator on the Hilbert space V, then P,v — v for all v € V.
This follows if we have that the sequence of spaces {V,, | n > 1} has the
approzimating property on V: For each v € V, there is a sequence {v,}
with v, € V,, and

lim |lv—v,| = 0. (12.3.14)
n—oo

When this is combined with the optimal approximation property of Propo-
sition 3.6.9(c), we have P,v — v for all v € V.

Recall from Lemma 2.8.13 of Chapter 2 that if K is a compact operator,
then so is its adjoint K*. Combining this with Lemma 12.1.4 and the above
assumption of the pointwise convergence of P, to I on V, we have that

lim ||(I — P,)K*| = 0. (12.3.15)

We can also apply Theorem 12.1.2 to obtain the existence and uniform
boundedness of (A — P,, K)~! for all sufficiently large n, say n > N. From
(12.3.6), we also have that (A — K P,)~! exists and is uniformly bounded
for n > N. Apply this and (12.3.12) to (12.3.11), to obtain

lu =@l < || = KP) | 1K — Pl
< |[(T=P)K| (I - Pu)ull. (12.3.16)

Combining this with (12.3.15), we see that ||u—u,|| converges to zero more
rapidly than does ||(I — Py,)ul|, or equivalently, ||u — w,||. Thus
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|lu—wun|, Ratio | ||lu—1u,|., Ratio
4.66E-2 5.45E—6
1.28E-2 3.6 3.48E-7 15.7
3.37TE-3 3.8 2.19E-8 15.9

TABLE 12.2. Piecewise linear Galerkin and iterated Galerkin method for solving
(12.3.18)

[N ] I

The quantity ||(I — P,,) K*|| can generally be estimated, in the same man-
ner as is done for ||(I — P,)K]||. Taking K to be an integral operator on
L?(D), the operator K* is an integral operator (see Example 2.6.1), with

K*v(x) :/ k(y,z)v(y)dy, v € L*(D). (12.3.17)
D
Example 12.3.2 Consider the integral equation
1
Au(z) — / eu(y)dy = f(z), 0<x<1 (12.3.18)
0

with A = 50 and u(x) = €. For n > 1, define the meshsize h = 1/n and
the mesh z; = jh, j = 0,1,...,n. Let V,, be the set of functions which
are piecewise linear on [0, 1] with breakpoints z1,...,2,_1, without the
continuity restriction of Section 12.2.3. The dimension of V,, is d, = 2n,
and this is also the order of the linear system associated with solving

(A= P,K)u, = P,f.

It is straightforward to show ||(I — P,)K*|| = O(h?) in this case. Also,
if f € C?[0,1], then the solution u of (12.3.18) also belongs to C?[0, 1]; and
consequently, we have ||u — P,ul| = O(h?). These results lead to

u — un|| = O(h?), (12.3.19)
llu—T,|| = O(h*). (12.3.20)
This is confirmed empirically in the numerical calculations which are given
in Table 12.2. The error columns give the maximum error rather than the

norm of the error in L?(0,1). But it can be shown that (12.3.19)—(12.3.20)
generalize to C'[0, 1] with the uniform norm. O

12.5.2 The iterated collocation solution

With collocation, the iterated solution 4, is not always an improvement
on the original collocation solution w,,, but it is for many cases of interest.
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The abstract theory is still applicable, and the error equation (12.3.11) is
still the focus for the error analysis:

u—1, =(\—KP,) 'K(I — P,)u. (12.3.21)

Recall that the projection P, is now an interpolatory operator, as in
(12.1.8). In contrast to the iterated Galerkin method, we do not have that
|| — KP,|| converges to zero. In fact, it can be shown that

|K(I—P)|l > |K]- (12.3.22)

To show the possibly faster convergence of u,,, we must examine collocation
methods on a case-by-case basis. With some, there is an improvement. We
begin with a simple example to show one of the main tools used in proving
higher orders of convergence.

Consider using collocation with piecewise quadratic interpolation to solve
the integral equation

b
Au(z) —/ k(x,y)u(y)dy = f(z), a<z<b. (12.3.23)

Let n > 2 be an even integer. Define h = (b — a)/n and z; = a + jh,
j=0,1,...,n. Let V,, be the set of all continuous functions which are a
quadratic polynomial when restricted to each of the subintervals [z, 2],

.+ [Tn—2, z,]. Easily, the dimension of V,, is k,, = n + 1, based on each
element of V,, being completely determined by its values at the n+ 1 nodes

{zo,...,x,}. Let P, be the interpolatory projection operator from V =
Cla,b] to V,.
We can write P,u in its Lagrange form:
Pou(z) =Y u(x;)l;(x). (12.3.24)
j=0

For the Lagrange basis functions ¢;(x), we must distinguish the cases of
even and odd indices j. For 5 odd,

——1( — )( — ) <zx<
X xXi— X Tji4+ €Ti— X Tjt1,
fj(]?) hQ Jj—1 J+1) j—1 = = Lj+1

0, otherwise.
For jeven,2<j5<n—2,
1

2h2

. - 1
ti@) 252 (@~ @+1) (@ — zj42), @ ST L@

(z—wja)(r—zj2), z2<z<u,

0, otherwise.
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The functions ¢o(z) and ¢, (z) are appropriate modifications of this last
case.
For the interpolation error on [z;_2, x;], for j even, we have two formulas:

u(z)— Pou(z) = (r—zj—2) (v —zj—1)(z —zj)ulzj_o, zj—1, x5, x| (12.3.25)

and

u(e) - Pou(e) = B 22)@ = 2@ = 23) oy

6 xj,ggxng

(12.3.26)
for some ¢, € [zj_2, 7], with u € C3[a, b]. The quantity u[z;_o,z;_1,z;, 7]
is a Newton divided difference of order three for the function u(z). From
the above formulas,

3
lu — Poull < \/——h?’

H "
o = 57 I

u € C®[a, b). (12.3.27)

oo ?

See [15, pp. 143, 156] for details on this and more generally on divided
differences.

In using piecewise quadratic functions to define the collocation method
to solve (12.3.23), the result (12.3.27) implies

[t — tnloo = O(h?) (12.3.28)

if u € C*[a,b]. To examine the error in 4, we make a detailed examination
of K(I — P,)u.
Using (12.3.24),

n

b
K(I — Po)u(z) = / k(o y) uly) = S ule;)t ()| dy.

§=0
From (12.3.25),

n/2 Zok
K= Pou(@) =Y [ k)~ van2)(y — van1)(y — o)

k=1" T2k—2

“Uu[Top—2, Tagp—1, T2k, Y] dy. (12.3.29)

To examine the integral in more detail, we write it as

/ o 92 (y)w(y) dy (12.3.30)
with
w(y) = (y — Tak—2)(y — D2-1)(y — Tax)
and

9o (y) = k(x,y) ulror_2, Tok—1, Tak, Y.
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Introduce Y
v(y) = / w(&)de, xop—2 <y < xop.

2k—2
Then v/(y) = w(y), v(y) > 0 on [w2r_2, 72|, and v(z2r_2) = v(Tax) = 0.
The integral (12.3.30) becomes

/ e W) dy = v)an ) / W) dy,
x _/_/ x

2k—2 2k—2

and so

Tok 4h5
< Hgéllm/ v(y)dy = 15 192/l o -

2k—2

/ gty dy

2k—2

In this,

/

0
9:(y) = oy {k(z,y) ulron—2, Top—1, T2k, Y]}

Ok(x,y)
= T U[$2k—27 L2k—1, L2k, y}
Y

+k(z,y) ulrop—2, Top—1, T2k, Y, Y-

The last formula uses a standard result for the differentiation of Newton

divided differences (see [15, p. 147]). To have this derivation be valid, we

must have g € C'[a, b], and this is true if u € C*[a, b] and k, € C'a,b].
Combining these results, we have

K(I — P,)u(z) = O(h*). (12.3.31)
With this, we have the following theorem.

Theorem 12.3.3 Assume that the integral equation (12.3.23) is uniquely
solvable for all f € Cla,b]. Further assume that the solution u € C*[a,b]
and that the kernel function k(z,y) is continuously differentiable with re-
spect to y. Let P, be the interpolatory projection (12.3.24) defined by piece-
wise quadratic interpolation. Then the collocation equation (A — P, K)u, =
P, f is uniquely solvable for all sufficiently large n, say n > N; and the
inverses (A — P, K)™! are uniformly bounded, say by M > 0. Moreover,

3N M
=l < A = P, < B oy s
(12.3.32)
For the iterated collocation method,
|w— @, < ch* (12.3.33)

for a suitable constant ¢ > 0. Consequently,

jDax lu(z;) — un(z;)| = O(h*). (12.3.34)

EEREE)
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Proof. Formula (12.3.32) and the remarks preceding it are just a restate-
ment of results from Theorem 12.1.2; applied to the particular P,, being con-
sidered here. The final bound in (12.3.32) comes from (12.3.27). The bound
(12.3.33) comes from (12.3.21) and (12.3.31). The final result (12.3.34)
comes from noting first that the property P,u, = wu, (see (12.3.2)) implies

Un(z;) = Un(z;), j=0,....n
and second from applying (12.3.33). O

This theorem, and (12.3.33) in particular, shows that the iterated collo-
cation method converges more rapidly when using the piecewise quadratic
collocation method described preceding the theorem. However, when using
piecewise linear interpolation to define P,, the iterated collocation solu-
tion 4, does not converge any more rapidly than the original solution w,,.
In general, let V,, be the set of continuous piecewise polynomial functions
of degree r with r an even integer, and let the collocation nodes be the
breakpoints used in defining the piecewise quadratic functions. Then the
iterated solution gains one extra power of h in its error bound. But this is
not true if r is an odd integer.

The result (12.3.34) is an example of superconvergence. The rate of con-
vergence of u, () at the node points {xo,...,z,} is greater than it is over
the interval [a,b] as a whole. There are a number of situations in the nu-
merical solution of both differential and integral equations in which super-
convergence occurs at special points in the domain over which the problem
is defined. See Exercise 10.4.1 for a superconvergence result in the context
of the finite element method. Also recall Example 12.2.1. For it, one can
show that

K(I — P,)u(z) = O(h%?) (12.3.35)
for the solution function u(z) = v/z of (12.2.9), thus proving superconver-
gence at the node points as was observed in Table 12.1.

The linear system for the iterated collocation solution

Let the interpolatory projection operator be written as

Pou(x) = iu(xj)fj(x), u e C(D). (12.3.36)

j=1
When written out, the approximating equation A\u, — K P,u,, = f becomes

Kn

(o) =3 (o) [ bentilu)dy = fa), weD. (12330)
j=1

Evaluating at each node point x;, we obtain the linear system

Kn

Ny (1) —Zﬂn(xj)/Dk(xi,y)ﬁj(y) dy = flxs), i=1, k.
" (12.3.38)
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This is also the linear system for the collocation solution at the node points,
as given, for example, in (12.1.5) with ¢; = ¢;, or in (12.2.6). This is not
surprising since u,, and 4, agree at the node points.

The two solutions differ, however, at the remaining points in D. For gen-
eral x € D, u,(z) is based on the interpolation formula (12.3.36). However,
the iterated collocation solution @, (x) is given by using (12.3.37) in the
form

Kn

Up () zi f(x) —|—Zﬂn(xj)/Dk(x,y)€j(y) dy|, z=eD. (12.3.39)

In Section 12.5, we see that (12.3.37)-(12.3.39) is a special case of the
Nystrom method for solving (A — K)u = f, and (12.3.39) is called the
Nystrom interpolation function. Generally, it is more accurate than ordi-
nary polynomial interpolation.

Exercise 12.3.1 Prove (12.3.10).

Exercise 12.3.2 Consider the piecewise linear Galerkin scheme of Subsection
12.2.3. Assume that k(y,z) is twice continuously differentiable with respect to
y, for a < y,x < b. Analyze the convergence of the iterated Galerkin method
for this case. What is the rate of convergence of the iterated Galerkin solutions

{un}?
Exercise 12.3.3 Derive the identity
AMu—1uyp) = K(I — Py)u+ KPp(u—Up)

for the solution u of (A — K)u = f and the iterated projection solutions {u,}.
Using this, obtain results on the uniform convergence of {@,} and {u,} to u for
the integral operator K of (12.2.1).

Hint: Write K(I — Pp)u and KP,(u — Uy,) as an inner products to which the
Cauchy-Schwarz inequality can be applied.

Exercise 12.3.4 Prove (12.3.22).
Hint: Look at functions v for which ||v|| = 1 and ||K|| = ||Kv]||. Then modify v
to w with P,w and ||Kv| =~ ||Kw||.

Exercise 12.3.5 Letn > 0, h = (b—a)/n,and 7; = a+jhfor j =0,1,...,n. Let
Vi, be the set of piecewise linear functions, linear over each subinterval [15_1, 7],
with no restriction that the functions be continuous. The dimension of V,, is 2n.
To define the collocation nodes, introduce

_3-V3 3+V3

M1 = 6 y M2 = 6

On each subinterval [7;_1, 7;], define two collocation nodes by

Toj-1 =Tj-1+hp1, x25 =Tj-1+ hpa.
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Define a collocation method for solving (12.3.23) using the approximating sub-
space V,, and the collocation nodes {1, ..., Z2n }. Assume u € c* [a, b] and assume
k(z,y) is twice continuously differentiable with respect to y, for a < y,x < b. It
can be shown from the methods of Section 12.5 that (A — P,K) ™" exists and is
uniformly bounded for all sufficiently large n, say n > N. Assuming this, show
that

o= unllc = O(R),
lu = nll. = O(h"),
max, fu(a;) — un(a;)| = O(h*).

Hint: The polynomial (p— p1) (1 — p2) is the Legendre polynomial of degree 2 on
[0, 1], and therefore it is orthogonal over [0, 1] to all polynomials of lesser degree.

Exercise 12.3.6 Consider the integral equation (A — K)u = f, with

b
Kv(z) :/ k(z,y)v(y)dy, vy € [a,b], ve Cla,b)].

Assume that u is continuous, but that its first derivative is discontinuous. More-
over, assume the kernel function k(z, y) is several times continuously differentiable
with respect to x. Write

1
—(ft+w).

S +w)
Prove that w satisfies the equation (A — K)w = K f. Show that w is smoother
than u. Be as precise as possible in stating your results.

uz%(f—!—Ku)E

Exercise 12.3.7 (continuation of Exercise 12.3.6). Apply a projection method
to the solution of the modified equation (A — K) w = K f, denoting the approxi-
mate solution by wy,. Then define u, = (f + w») /A. Analyze the convergence of
{un}. Compare the method to the original projection method applied directly to
A=K)u=f.

Exercise 12.3.8 Derive (12.3.35) in the case the integral operator K has the
kernel function k = 1.

Exercise 12.3.9 Generalize Exercise 12.3.8 to the case of a general kernel func-

tion k(x,y) that is once continuously differentiable with respect to the variable
y on the interval of integration.

12.4 The Nystrom method

The Nystrom method was originally introduced to handle approximations
based on numerical integration of the integral operator in the equation

Au(x) — /D kE(x,y)u(y)dy = f(x), =z € D. (12.4.1)
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The resulting solution is found first at the set of quadrature node points,
and then it is extended to all points in D by means of a special, and gener-
ally quite accurate, interpolation formula. The numerical method is much
simpler to implement on a computer, but the error analysis is more so-
phisticated than for projection methods. The resulting theory has taken an
abstract form which also includes an error analysis of projection methods,
although the latter are probably still best understood as distinct methods
of interest in their own right.

12.4.1 The Nystrom method for continuous kernel functions
Let a numerical integration scheme be given:

qn

/D gy~ Y wnig(wns), g€ C(D) (12.4.2)

j=1

with an increasing sequence of values of n. We assume that for every g €
C(D), the numerical integrals converge to the true integral as n — oo. As
in Subsection 2.4.4, this implies

qn

cr = supz [ws, ;| < oo. (12.4.3)
n>1"_
= j—l
To simplify the notation, we omit the subscript n, so that w,; = wy,

Zn,; = x;; but the presence of n is to be understood implicitly. On occasion,
we also use ¢ = q,,.

Let k(z,y) be continuous for all z,y € D, where D is a closed and
bounded set in RY for some d > 1. Usually, in fact, we want k(z,y) to
be several times continuously differentiable. Using the above quadrature
scheme, approximate the integral in (12.4.1), obtaining a new equation:

qn

Ay () — ijk(x,xj)un(xj) = f(x), x€D. (12.4.4)

We write this as an exact equation with a new unknown function uy,(z).
To find the solution at the node points, let x run through the quadrature
node points x;. This yields

Adn

Ay, () — ijk(xi,xj)un(mj) = f(z:), i=1,...,¢n (12.4.5)
j=1

which is a linear system of order ¢,,. The unknown is a vector

w,, = (up(z1), ..., un(xq))T.
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Each solution w,(x) of (12.4.4) furnishes a solution to (12.4.5): merely
evaluate uy(z) at the node points. The converse is also true. To each so-
lution z = [z1,..., 247 of (12.4.5), there is a unique solution of (12.4.4)
which agrees with z at the node points. If one solves for u,(x) in (12.4.4),
then wu,(z) is determined by its values at the node points {z;}. Therefore,
when given a solution z to (12.4.5), define

1 Adn

z(x) = X flz)+ ijk(x,mj)zj , xeD. (12.4.6)
j=1

This is an interpolation formula. In fact,

Aqn

j=1

fori=1,...,q,. The last step follows from z being a solution to (12.4.5).
Using this interpolation result in (12.4.6), we have that z(x) solves (12.4.4).
The uniqueness of the relationship between z and z(z) follows from the
solutions u, (x) of (12.4.4) being completely determined by their values at
the nodes {z;}.

The formula (12.4.6) is called the Nystrom interpolation formula. In the
original paper of Nystrom [182], the author uses a highly accurate Gaussian
quadrature formula with a very small number of quadrature nodes (e.g.
q = 3). He then uses (12.4.6) in order to extend the solution to all other
x € D while retaining the accuracy found in the solution at the node points.
The formula (12.4.6) is usually a very good interpolation formula.

Example 12.4.1 Consider the integral equation

Au(z) — /0 e uly)dy = f(z), 0<z<1, (12.4.7)

with A = 2 and u(z) = e*. Since ||K|| = e — 1 = 1.72, the geometric
series theorem (Theorem 2.3.1 in Chapter 2) implies the integral equation
is uniquely solvable for any given f € C[0,1].

Consider first using the three-point Simpson rule to approximate (12.4.7),
with nodes {0,0.5,1}. Then the errors at the nodes are collectively

u(0) u3(0) 0.0047
u(5) | = | wus(5) | = [ —0.0080 (12.4.8)
u(1) usz(1) —0.0164

which are reasonably small errors. For comparison, use Gauss-Legendre
quadrature with 3 nodes,

1
| ot de ~ 35 Batan) + 8glaa) + 59(ea)]
0
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where

1-+0.6 1++0.6
= =0.11270167, x2 =0.5, 23 = +T = 0.88729833.
The errors at the nodes in solving (12.4.7) with the Nystrom method are

now collectively

u(xy) uz(x1) 2.10 x 1075
wlas) | = | us(za) | = [ 3.20x 103 (12.4.9)
U(£C3) Ug(.’bg) 6.32 x 107°

and these errors are much smaller than with Simpson’s rule when using
an equal number of node points. Generally, Gaussian quadrature is much
superior to Simpson’s rule; but it results in the answers being given at
the Gauss-Legendre nodes, which is usually not a convenient choice for
subsequent uses of the answers.

Quadratic interpolation can be used to extend the numerical solution
to all other z € [0, 1], but it generally results in much larger errors. For

example,
u(1.0) — Pous(1.0) = 0.0158

where Pyug(x) denotes the quadratic polynomial interpolating the Nystrom
solution at the Gaussian quadrature node points given above. In contrast,
the Nystrom formula (12.4.6) gives errors which are consistent in size with
those in (12.4.9). For example,

u(1.0) — u3(1.0) = 8.08 x 1077.

A graph of the error in ug(z) over [0,1] is given in Figure 12.1, with the
errors at the node points indicated by ‘¢o’. O

12.4.2  Properties and error analysis of the Nystrom method

The Nystrom method is implemented with the finite linear system (12.4.5),
but the formal error analysis is done using the functional equation (12.4.4).
As before, we write the integral equation (12.4.1) in abstract form as

A=-K)u=f;
and we write the numerical integral equation (12.4.4) as
A= Ky)u, = f.

The Banach space for our initial error analysis is V' = C(D). The numerical
integral operator

qn

Kyu(z) = ijk(x,xj)u(xj), x € D, ue C(D), (12.4.10)
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FIGURE 12.1. Error in Nystrém interpolation with 3 point Gauss-Legendre
quadrature

is a bounded, finite rank linear operator on C'(D) to C(D), with

an
| K| = max Z lwik(x, x;)|. (12.4.11)
j=1

The error analyses of projection methods depended on showing || K — K, ||
converges to zero as n increases, with K,, = P, K the approximation to the
integral operator K. This cannot be done here; and in fact,

IK — Kall = [IK]). (12.4.12)

We leave the proof of this as an exercise for the reader. Because of this
result, the standard type of perturbation analysis which was used earlier
needs to be modified. We begin by looking at quantities which do converge
to zero as n — oo.

Lemma 12.4.2 Let D be a closed, bounded set in RY; and let k(x,y) be
continuous for x,y € D. Let the quadrature scheme (12.4.2) be convergent
for all continuous functions on D. Define

dn
en(@,y) = /D k(z, 0)k(v,y) do =Y wik(z, z)k(z;,y), @,y € D, n>1,
j=1

(12.4.13)
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the numerical integration error for the integrand k(x,-)k(-,y). Then for
z € C(D),

(K — K,,)Kz(z) z/ en(z,y)2(y) dy, (12.4.14)
D
Adn
(K - K,) ijen x,xj)z(2;). (12.4.15)
In addition,
(K — KoK = ma: [ feu(ar )] . (12.4.16)
z€D Jp
dn
(K — Kp) K| = max ;|wjen(x,xj)|. (12.4.17)

Finally, the numerical integration error e, converges to zero uniformly on
D,

cp = lim max |e,(z,y)] =0 (12.4.18)
n—oo x,ycD
and thus
K — K,)K||, (K - Kp)Ky,|| =0 asn— oco. (12.4.19)

Proof. The proofs of (12.4.14) and (12.4.15) are straightforward manipu-
lations and we omit them. The quantity (K — K,,) K is an integral operator
on C(D), by (12.4.14); and therefore, we have (12.4.16) for its bound. The
proof of (12.4.17) is also straightforward and we omit it.

To prove (12.4.18), we begin by showing that {e,(x,y) | n > 1} is a
uniformly bounded and equicontinuous family which is pointwise conver-
gent to 0 on the closed bounded set D; and then e, (z,y) — 0 uniformly
on D by the Ascoli Theorem. By the assumption that the quadrature rule
of (12.4.2) converges for all continuous functions g on D, we have that for
each x,y € D, e,(x,y) — 0 as n — oo.

To prove boundedness,

len(2,9)| < (ep +c1) ck
with
= dy, = max |k(z,
cp /D y, ex = max [k(z,y)|
and ¢y the constant from (12.4.3). For equicontinuity,

len (2, y) — en(§,9) + len(€, y) — en(&,m)]

len(,y) — en(&; )]
| <cklep + Cl)max k(z,y) — k(& y)l,

‘en(‘ray) _en( )

len(€,y) — en(&,m)] < cx(cp + cr) max |k(z,y) — k(z,1)].

\/\ IN
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By the uniform continuity of k(x,y) on the closed bounded set D, this
shows the equicontinuity of {e,(z,y)}. This also completes the proof of
(12.4.18).

For (12.4.19) we notice that

(K — KK < e max Jen(r,y)]. (12.4.20)
T,ye
(K — K,)K,| < cr max_|e,(z,y)]|. (12.4.21)
z,yeD
This completes the proof. O

To carry out an error analysis for the Nystrom method (12.4.4)-(12.4.6),
we need the following perturbation theorem. It furnishes an alternative to
the perturbation arguments based on the geometric series theorem (e.g.
Theorem 2.3.5 in Section 2.3).

Theorem 12.4.3 Let V be a Banach space, let S,T be bounded operators
onV toV, and let S be compact. For given X\ # 0, assume A—=T : 'V = vV,

onto

which implies (A — T)~! exists as a bounded operator on 'V to V. Finally,
assume

Al
T-95 < ————. 12.4.22
I = )81 < e (12.4.22)
Then (A — S)~! exists and is bounded on V to V, with
_ L+ || =)~ IS
A=9)7Y < . 12.4.23
10=970 = Fr=me =T = s 2429
IfN=T)u=f and (A — S)z = f, then
Ju—z|| < [|(A=8)7| [Tu— Sul|. (12.4.24)

Proof. Consider that if (A —S)~! were to exist, then it would satisfy the
identity

1
A=8)t= 3 [IT+(\-S8)""9]. (12.4.25)
Without any motivation at this point, consider the approximation
1
A=9)"'~ 5 [T+(\—T)""5]. (12.4.26)
To check this approximation, compute

1
X

The right side is invertible by the geometric series theorem, because (12.4.22)
implies

I+A=T)"'S](A=8) =1+ %(A ~T)" YT - S)S.  (12.4.27)

‘17| |A=T)"H (T = 9)S| < 1.
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In addition, the geometric series theorem implies, after simplification, that

1
A=T)~HI(T = S)S|
(12.4.28)
Since the right side of (12.4.27) is invertible, the left side is also invertible.
This implies that A — S is one-to-one, as otherwise the left side would
not be invertible. Since S is compact, the Fredholm Alternative Theorem
(Theorem 2.8.10 of Subsection 2.8.4) implies (A—S) ! exists and is bounded
on V to V. In particular,

H A+ (A —T) 4T — S)S]*H <

A=) ' =D+A=-T) (T-9)8] " [I+(-T)""'S]. (12.4.29)

The bound (12.4.23) follows directly from this and (12.4.28).
For the error u — z, rewrite (A — T)u = f as

A=8u=f+(T—-95u.
Subtract (A —S)z = f to get
A=9)(u—=z)=(T - S)u, (12.4.30)
u—2z=(\=8)"HT - S)u. (12.4.31)
Take the norm,
lu =2l < [ = $)7H T = Sl
which proves (12.4.24). O

Using this theorem, we can give a complete convergence analysis for the
Nystrom method (12.4.4)—(12.4.6).

Theorem 12.4.4 Let D be a closed, bounded set in R?; and let k(z,y) be
continuous for x,y € D. Assume the quadrature scheme (12.4.2) is conver-
gent for all continuous functions on D. Further, assume that the integral
equation (12.4.1) is uniquely solvable for given f € C(D), with A # 0. Then
for all sufficiently large n, say n > N, the approzimate inverses (A\— K, )~ !
exist and are uniformly bounded,

R (L I N
A= I = E) (K = Kp) K|l —

IO = K) 7] < n>N,

(12.4.32)
with o suitable constant ¢, < oo. For the equations (A — K)u = f and
(A= Kp)u, = f, we have

[u—unll < HO‘ - Kn)ilu (K — Kn)ull,

12.4.33
< ey (K — Kol nen 12433
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Proof. The proof is a simple application of the preceding theorem, with
S =K, and T = K. From Lemma 12.4.2, we have ||(K — K, )K,| — 0,
and therefore (12.4.22) is satisfied for all sufficiently large n, say n > N.
From (12.4.11), the boundedness of k(z,y) over D, and (12.4.3),

Kol < crex, n>1.

Then
L [ = B) ] Kl
¢y = sup — < 00. (12.4.34)
N A= O = K)THI(E — K K|
This completes the proof. O

This last theorem gives complete information for analyzing the conver-
gence of the Nystrom method (12.4.4)—(12.4.6). The term (K — K,,) K, ||
can be analyzed from (12.4.17) by analyzing the numerical integration er-
ror e (z,y) of (12.4.13). From the error bound (12.4.33), the speed with
which ||u — up||ec converges to zero is bounded by that of the numerical
integration error

106~ Kuulo, = s | [ ko) =t e

(12.4.35)
In fact, the error ||u — u,||co converges to zero with exactly this speed.
Recall from applying (12.4.30) that

A= K,) (u—uy,) = (K — K,)u. (12.4.36)
From bounding this,
(K = Kn)ulloo < [|A = K] lu — tin oo

When combined with (12.4.33), this shows the assertion that ||[u — | e
and ||(K — K,,) u]|s converge to zero with the same speed.

There is a very large literature on bounding and estimating the errors
for the common numerical integration rules. Thus the speed of convergence
with which ||u—u,||e converges to zero can be determined by using results
on the speed of convergence of the integration rule (12.4.2) when it is
applied to the integral

/ ke, y)u(y) dy.
D

Example 12.4.5 Consider the trapezoidal numerical integration rule

b n
/ g(y)dy = h> "g(x) (12.4.37)
a ]:0



12.4 The Nystrom method 513

with h = (b —a)/n and z; = a + jh for j = 0,...,n. The notation X"
means the first and last terms are to be halved before summing. For the
error,

b n h2(b —
[ awar=nd gt = 2Dy, ge ot nx
a =0

(12.4.38)
with &, some point in [a,b]. There is also the asymptotic error formula

b n 2
/ o) dy — 1> g(y) = — 2 ') - g (@)] + OY), g€ Ca
a =0

12
(12.4.39)
and we make use of it in a later example. For a derivation of these formulas,
see [15, p. 285].
When this is applied to the integral equation
b
Au(x) —/ k(z,9)u(y)dy = f(x), a<axz<b, (12.4.40)

we obtain the approximating linear system

n

Mg, () — hZ”k(mi,xj)un(mj) = f(z;), i=0,1,....n, (12.4.41)
=0

which is of order ¢, = n + 1. The Nystrom interpolation formula is given
by

n

U (z) = % f@)+n> k(@ aun(a;)|, a<z<b  (124.42)

Jj=0
The speed of convergence is based on the numerical integration error

h2(b—a) 0k(x,y)u(y)
12 y?

(K — Kn)u(y) = — (12.4.43)

y=&n(x)
with &, (z) € [a,b]. From (12.4.39), the asymptotic integration error is
y=b

+ O(hY). (12.4.44)

Yy=a

h? Ok(z,y)u(y)

From (12.4.43), we see the Nystrom method converges with an order of
O(h?), provided k(x,y)u(y) is twice continuously differentiable with respect
to y, uniformly in z. O
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An asymptotic error estimate

In those cases for which the quadrature formula has an asymptotic error
formula, as in (12.4.39), we can give an asymptotic estimate of the error
in solving the integral equation using the Nystrom method. Returning to
(12.4.36), we can write

U=y =N—K,) N K - K,)u=¢€, +rp, (12.4.45)
with
en=0M\—K) 'K - K,)u
and
rh=[A=K,) "= (A=K) ' (K-K,)u
=N\ K,) YK, - K)\—K)"YK - K,)u. (12.4.46)
The term r,, generally converges to zero more rapidly than the term e,,

although showing this is dependent on the quadrature rule being used.
Assuming the latter to be true, we have

U — Uy R €y (12.4.47)

with €, satisfying the original integral equation with the integration error
(K — K,,)u as the right hand side,

(A= K)e, = (K — K,)u. (12.4.48)
At this point, one needs to consider the quadrature rule in more detail.

Example 12.4.6 Consider again the earlier example (12.4.37)—(12.4.44) of
the Nystrom method with the trapezoidal rule. Assume further that k(x,y)
is four times continuously differentiable with respect to both y and x, and
assume u € C*[a,b]. Then from the asymptotic error formula (12.4.44), we
can decompose the right side (K — K,,)u of (12.4.48) into two terms, of
sizes O(h?) and O(h*). Introduce the function ~(y) satisfying the integral
equation

1 Ok(z,y)uly) "~

b
Ay() —/ k(z,y)y(y) dy = BT R a— , a<z<hbh.
a y=a

Then the error term ¢, in (12.4.47)—(12.4.48) is dominated by v(z)h%. By
a similar argument, it can also be shown that the term r,, = O(h%). Thus
we have the asymptotic error estimate

U — Uy = y(x)h? (12.4.49)

for the Nystrom method with the trapezoidal rule. O
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Conditioning of the linear system

Let A,, denote the matrix of coefficients for the linear system (12.4.5):
(An)ij = Adij — wjk(zi, ;).

We want to bound cond(4,) = [|A,| || 4,1
For general z € C(D),

Adn
max [Az(z;) — ijk(xi,mj)z(xj)‘
i=1,...,qn J=1

an
< sup ‘)\z(x) - ijk(m,mj)z(xj)‘.
j=1

xzeD
This shows
[An| < [IA— K. (12.4.50)
For AL
[A2 = sup [l4 0,
YERI™
171l =1

For such v, let z = A 'y or v = A,z. Pick f € C(D) such that

f(xz):’}/lv ZZlann
and || f]loo = [|[V]lco- Let u, = (A= K,,) 71 f, or equivalently, (A\—K,) u,, = f.
Then from the earlier discussion of the Nystrom method,
un(ml) = Zi, Z:17aQTL
Then
147 ]| = 12l
< lunllo
<[ =K 1l
== K)o -

This proves
14z e < IOV =R) 7] (12.4.51)

Combining these results,
cond(4,) < [|A = K| ||(A = Kp)7Y|| = cond(A — K3). (12.4.52)

Thus if the operator equation (A — K, )u, = f is well-conditioned, then
so is the linear system associated with it. We leave as an exercise the
development of the relationship between cond(A — K,,) and cond(\ — K).
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12.4.3  Collectively compact operator approrimations

The error analysis of the Nystrém method was developed mainly during the
period 1940 to 1970, and a number of researchers were involved. Initially,
the only goal was to show that the method was stable and convergent, and
perhaps, to obtain computable error bounds. As this was accomplished, a
second goal emerged of creating an abstract framework for the method and
its error analysis, a framework in the language of functional analysis which
referred only to mapping properties of the approximate operators and not to
properties of the particular integral operator, function space, or quadrature
scheme being used. The final framework developed is due primarily to P.
Anselone, and he gave to it the name of the theory of collectively compact
operator approrimations. A complete presentation of it is given in his book
[5], and we present only a portion of it here. With this framework, it has
been possible to analyze a number of important extensions of the Nystrom
method, including those discussed in the following Section 12.5. For an
extended discussion of this theory, see [19].

Within a functional analysis framework, how does one characterize the
numerical integral operators {K, | n > 1}?7 We want to know the charac-
teristic properties of these operators which imply that ||(K — K,,)K,| — 0
as n — 00. Then the earlier Theorem 12.4.3 remains valid, and the Nystrom
method and its error analysis can be extended to other situations, some of
which are discussed in later sections.

We assume that {K,, | n > 1} satisfies the following properties.

A1l. V is a Banach space; and K and K,, n > 1, are linear operators on
V into V.

A2. Kyu— Kuasn — oo, forallueV.

A3. The set {K,, | n > 1} is collectively compact, which means that the
set

S={K,v|n>1and |v|| <1} (12.4.53)

has compact closure in V.
These assumptions are an excellent abstract characterization of the numer-
ical integral operators introduced earlier in (12.4.10) of this chapter. We

refer to a family {K,} which satisfies A1-A3 as a collectively compact
family of pointwise convergent operators.

Lemma 12.4.7 Assume the above properties A1—A3. Then:

1. K is compact;

2. {K, | n > 1} is uniformly bounded;
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3. For any compact operator M : V — V|
|(K — K,)M|| =0 asn— oo

4. (K — K,)K,| — 0 as n — oc.
Proof. (1) To show K is compact, it is sufficient to show that the set
{Kv ||l <1}

has compact closure in V. By A2, this last set is contained in S, and it is
compact by A3.
(2) This follows from the definition of operator norm and the boundedness
of the set S.
(3) Using the definition of operator norm,

(K — Kn)M|| = sup [|(K — Kn)Mull

vl <1
= sup (K —K,)z|| (12.4.54)
zeM(B)
with B = {v | ||v|]| < 1}. From the compactness of M, the set M(B) has
compact closure. Using Lemma 12.4.2, we then have that the last quantity
in (12.4.54) goes to zero as n — oc.
(4) Again, using the definition of operator norm,
(K — K,)K,|| = sup |[(K — K,)K,v|| =sup (K — K,)z||. (12.4.55)
lvll<1 z€S
Using A3, S has compact closure; and then using Lemma 12.4.2, we have
that the last quantity in (12.4.55) goes to zero as n — oo. O

As a consequence of this lemma, we can apply Theorem 12.4.3 to any set
of approximating equations (A — K, )u, = f where the set {K,} satisfies
A1-A3. This extends the idea of the Nystrom method, and the product
integration methods of the following section is analyzed using this more
abstract framework.

Returning to the proof of Theorem 12.4.3, we can better motivate an
argument used there. With S = K,, and T = K, the statements (12.4.25)
and (12.4.26) become

A=K, "=<[I+ (A=K, 'K,], (12.4.56)

A=K, "= [I+(A-K)'K,]. (12.4.57)

S| = |

Since K, is not norm convergent to K, we cannot expect (A — K)~! ~
(A — K,)~! to be a good approximation. However, it becomes a much
better approximation when the operators are restricted to act on a compact
subset of V. Since the family {K,} is collectively compact, (12.4.57) is a
good approximation of (12.4.56).
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Exercise 12.4.1 Prove (12.4.12).
Hint: Recall the discussion in Exercise 12.3.4.

Exercise 12.4.2 Derive (12.4.14)—(12.4.17).

Exercise 12.4.3 Obtain a bound for cond(A — K,) in terms of cond(A — K).
More generally, explore the relationship between these two condition numbers.
Hint: Use Theorem 12.4.4.

Exercise 12.4.4 Generalize Example 12.4.5 to Simpson’s rule.

Exercise 12.4.5 Generalize Example 12.4.6 to Simpson’s rule.

12.5  Product integration

We now consider the numerical solution of integral equations of the second
kind in which the kernel function k(z,y) is not continuous, but for which
the associated integral operator K is still compact on C(D) into C(D).
The main ideas we present will extend to functions in any finite number
of variables; but it is more intuitive to first present these ideas for integral
equations for functions of a single variable, and in particular,

b
Au(z) — / E(x,y)u(y)dy = f(x), a<az<b. (12.5.1)

In this setting, most such discontinuous kernel functions k(z,y) have an
infinite singularity; and the most important examples are log |z — y|, | —
y|7~1 for some v > 0 (although it is only singular for 0 < v < 1), and
variants of them.

We introduce the idea of product integration by considering the special
case of

b
Mu(z) — / la,y)logly — o|u(y)dy = f(z), a<z<b  (1252)

with the kernel
k(z,y) =l(z,y)log |y — x| (12.5.3)

We assume that [(z,y) is a well-behaved function (i.e. it is several times
continuously differentiable), and initially, we assume the unknown solution
u(x) is also well-behaved. To solve (12.5.2), we define a method called the
product trapezoidal rule.

Let n > 1 be an integer, h = (b —a)/n, and x; =a+ jh, 7 =0,1,...,n.
For general u € Cla, b], define

[z, y)u(y)], = % [(z; — )@, xj-1)u(zj—1) + (y — 7j—1) (2, 25)u(z;)],
(12.5.4)
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forz;_1 <y<wz;,j=1,...,nand a <z < b. This is piecewise linear in

y, and it interpolates I(z,y)u(y) at y = xo, ..., zy, for all x € [a,b]. Define
a numerical approximation to the integral operator in (12.5.2) by

b
Kyu(x) = / [z, y)u(y)]nlogly — z|dy, a<ax<b. (12.5.5)

This can also be written as

Zw] (z,zj)u(zj), ue Cla,b, (12.5.6)
with weights
1
E/ (1 — y) log |z — y| dy, (12.5.7)
1
= [ = weogle - slan (125.5)
Tn—1
1
—/ y—xj-1)loglz —y|dy
h o

1 Ti+1 )
E/ (xj41 —y)logle —yldy, j=1,...,n—1. (12.5.9)
T

To approximate the integral equation (12.5.2), we use

Mg (z) = Y wi(@)l(x, 25)un(z;) = f(x), a<az<b. (12.5.10)
j=0

As with the Nystrom method (12.4.4)-(12.4.6), this is equivalent to first
solving the linear system

n

X () = w; (@) U(wi, 25 )un (25) = f(i), i=0,...,n, (12.5.11)
j=0

and then using the Nystrom interpolation formula

n

F@) + Y wi@)i(z, 2 un(z;)| . a<z<b  (12.5.12)
=0

> =

up () =

We leave it to the reader to check these assertions, since it is quite similar
to what was done for the original Nystrom method. With this method,
we approximate those parts of the integrand in (12.5.2) that can be well-
approximated by piecewise linear interpolation, and we integrate exactly
the remaining more singular parts of the integrand.
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Rather than using piecewise linear interpolation, other more accurate in-
terpolation schemes could have been used to obtain a more rapidly conver-
gent numerical method. Later in the section, we consider and illustrate the
use of piecewise quadratic interpolation. We have also used evenly spaced
node points {x;}, but this is not necessary. The use of such evenly spaced
nodes is an important case; but we will see later in the section that special
choices of nonuniformly spaced node points are often needed for solving an
integral equation such as (12.5.2).

Other singular kernel functions can be handled in a manner analogous
to what has been done for (12.5.2). Consider the equation

b
q@) = [ Uy yu)dy = @), a<e<h  (12513)

in which g(z,y) is singular, with I(z,y) and u(z) as before. An important

case is to take .

1_
lz—y|

for some v > 0. To approximate (12.5.13), use the earlier approximation
(12.5.4). Then

g(w,y) =

b
Kyu(x) = / Uz, y)u(y)l, 9(x,y) dy, a<z<h (12.5.14)

All arguments proceed exactly as before. To evaluate K,u(x), we need to
evaluate the analogues of the weights in (12.5.7)—(12.5.9), where log |z — y|
is replaced by g(z,y). We assume these weights can be calculated in some
practical manner, perhaps analytically. We consider further generalizations
later in the section.

12.5.1 Error analysis

We consider the equation (12.5.13), with I(z, y) assumed to be continuous.
Further, we assume the following for g(z,y):

Cg = sup / lg(x,y)|dy < oo, (12.5.15)

a<z<bJa
li = 12.5.1
hI{,% wg(h) Ov ( 5 6)

where
wg(h) = sup /\gwy 9(7,y)| dy.
|z—7|<h
a<x,7<b

These two properties can be shown to be true for both log|x — y| and
|z — y|"~1, v > 0. Such assumptions were used earlier in Subsection 2.8.1
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in showing compactness of integral operators on Cla,b], and we refer to
that earlier material.

Theorem 12.5.1 Assume the function g(z,y) satisfies (12.5.15)-(12.5.16),
and assume l(x,y) is continuous for a < x,y < b. For a given f € Cla,b],
assume the integral equation

b
Nu(z) - / 2, 9)g(x y)uly)dy = f(z), a<z<b,

is uniquely solvable. Consider the numerical approzimation (12.5.14), with
[U(z,y)u(y)], defined with piecewise linear interpolation, as in (12.5.4).
Then for all sufficiently large n, say n > N, the equation (12.5.14) is
uniquely solvable, and the inverse operators are uniformly bounded for such
n. Moreover,

lu —upllo < ¢||Ku— Kyul|, n>N, (12.5.17)
for suitable ¢ > 0.

Proof. We can show that the operators { K,,} of (12.5.14) are a collectively
compact and pointwise convergent family on Cfa,b] to Cf[a,b]. This will
prove the abstract assumptions A1-A3 in Subsection 12.4.3; and by using
Lemma 12.4.7, we can then apply Theorem 12.4.4. We note that A1l is
obvious from the definitions of K and K,,.

Let S = {K,v | n>1and ||v|e < 1}. For bounds on || K4/, first note
that the piecewise linear interpolant z, of a function z € C[a, b] satisfies

||Zn||oo < ||Z||oo
With this, it is straightforward to show
[Knulloo < cicg,  u € Cla,b], [lufo <1,
with

= l .
a= max, [l(x,y)|

This also shows the uniform boundedness of {K,,}, with

K| <ccg, n>1.
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For equicontinuity of S, write

b
Kyulz) — Kyu() = / 1z, y)uw)], 9z, ) dy

a

b
—/ [ y)uly)l, 9(m.y) dy
b
— [ i)~ 1 ) ulw), g(o ) dy
b

+/ L&)y, [9(z, y) — (&, y)] dy.

This uses the linearity in z of the piecewise linear interpolation being used
in defining [2(y)],,. The assumptions on g(z,y) and I(z,y), together with
lul| .o <1, now imply

b
’/ {li(z,y) —l(f,y)]U(y)}ng(r’y)dy’ <c¢g HUIlooalgggb 1z, y) = 1(& y)l-

Also,

b
| [ e wutn)l, lote.w) - 966 )l do] <l ol — €D

Combining these results shows the desired equicontinuity of S, and it com-
pletes the proof of the abstract property A3 needed in applying the collec-
tively compact operator framework.

We leave the proof of A2 as an exercise for the reader. To complete the
proof of the theorem, we apply Lemma 12.4.7 and Theorem 12.4.4. The
constant ¢ is the uniform bound on ||(A — K,,) Y| for n > N. O

Example 12.5.2 Let z,(y) denote the piecewise linear interpolant of z(y),
as used above in defining the product trapezoidal rule. It is a well-known
standard result that

h2
2(y) =zl < 12"l 2 € C?[a, b].

Thus if I(z,-) € C?[a,b], a < x < b, and if u € C?[a,b], then (12.5.17)
implies

Uz, y)u(y)

57 . n>N. (12.5.18)

h2
[t — tn|oe < S max
8 a<zy<b

The above ideas for solving (12.5.13) will generalize easily to higher de-
grees of piecewise polynomial interpolation. All elements of the above proof
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also generalize, and we obtain a theorem analogous to Theorem 12.5.1. In
particular, suppose [I(7,y)u(y)], is defined using piecewise polynomial in-
terpolation of degree m > 0. Assume [(x,-) € C™[a,b], a < x < b, and
u € C™*1a,b]. Then

am+1 l
lu —un|| . <ch™ max ot Iz, y)uly) , n>N, (12.5.19)
o0 a<z,y<b oym+l
for a suitable constant ¢ > 0. When using piecewise quadratic interpolation,
the method (12.5.14) is called the product Simpson rule; and according to
(12.5.19), its rate of convergence is at least O(h?). O

12.5.2  Generalizations to other kernel functions

Many singular integral equations are not easily written in the form (12.5.13)
with a function [(z,y) which is smooth and a function g(z,y) for which
weights such as those in (12.5.7)-(12.5.9) can be easily calculated. For such
equations, we assume instead that the singular kernel function k(z,y) can
be written in the form

k(z,y) = le(xvy)gj (z,y) (12.5.20)

with each [;(z,y) and g;(x,y) satisfying the properties listed above for
l(z,y) and g(z,y). We now have an integral operator written as a sum of
integral operators of the form used in (12.5.13):

T T b
Ku(a) = 3" Kyu() = Y [ 1w n)ase.uw)dy, e Clabl

Example 12.5.3 Consider the integral equation
u(x) — / u(y)log|cosz —cosyldy =1, 0<z<m. (12.5.21)
0

One possibility for the kernel function k(z,y) = log|cosz — cosy| is to
write

1/2

k(ay) = |v — [/ log | cos z — cos y| [ — y] /2.

=l(z,y) =g(z,y)

Unfortunately, this choice of I(x,y) is continuous without being differen-
tiable; and the function I(x,y) needs to be differentiable in order to have
the numerical method converge with sufficient speed. A better choice is to
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Product trapezoidal Product Simpson
n | [Ju—u,| | Ratio | |lu—wu,l. | Ratio
2 9.50E—3 2.14E—4
4 2.49E—-3 3.8 1.65E—5 13.0
8 6.32E—4 3.9 1.13E—6 14.6
16 | 1.59E—4 4.0 7.25E—8 15.6
32 | 3.98E-5 4.0 4.56E—9 15.9

TABLE 12.3. Product trapezoidal and product Simpson examples for (12.5.21)

use

k(z,y) = log

~ log {QSin%(:v—y) sin 3 (2 +y)
(z —y)(z+y)2r -z —y)
+log(z 4+ y) + log(2m — 2z — y). (12.5.22)

1 1
2sin §(x —y) sin §(x + y)’

}+logx—y

This is of the form (12.5.20) with g1 =y =13 =14 = 1 and

2sini(z —y) sini(z+y)
W) = {<x—y><x+y><2w—m—y>]’
92(z,y) = log |z —yl,
g93(z,y) = log(z + y),
ga(z,y) = log(2m —x — y).

The function Iy (z,y) is infinitely differentiable on [0, 27]; and the func-
tions go, g3, and g4 are singular functions for which the needed integration
weights are easily calculated.

We solve (12.5.21) with both the product trapezoidal rule and the prod-
uct Simpson rule, and error results are given in Table 12.3. The decom-
position (12.5.22) is used to define the approximating operators. With the
operator with kernel [y (z,y)g1(z,y), we use the regular Simpson rule. The
true solution of the equation is

1
= = (.31470429802.
u(z) T riogn ~ (3147042980

Note that the error for the product trapezoidal rule is consistent with
(12.5.18). But for the product Simpson rule, we appear to have an error

behaviour of O(h*), whereas that predicted by (12.5.19) is only O(h3). This
is discussed further below. 0
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12.5.83  Improved error results for special kernels

If we consider again the error formula (12.5.17), the error result (12.5.19)
was based on applying standard error bounds for polynomial interpola-
tion to bounding the numerical integration error || Ku — K, u||oo. We know
that for many ordinary integration rules (e.g. Simpson’s rule), there is
an improvement in the speed of convergence over that predicted by the
polynomial interpolation error, and this improvement is made possible by
fortuitous cancellation of errors when integrating. Thus it is not surprising
that the same type of cancellation occurs with the error | Ku — K, u||~ in
product Simpson integration, as is illustrated in Table 12.3.

For the special cases of g(x, %) equal to log |z —y| and |z —y|"~!, deHoog
and Weiss [66] improved on the bound (12.5.19). In [66], they first extended
known asymptotic error formulas for ordinary composite integration rules
to product integration formulas; and then these results were further ex-
tended to estimate Ku — K,u for product integration methods of solving
singular integral equations. For the case of the product Simpson’s rule,
their results state that if u € C*[a, b], then

cht|logh|, g(z,y) =logl|z —yl,

T, gy =le—yp-t. 020

|Ku—Kmmms{

This is in agreement with the results in Table 12.3.

12.5.4  Product integration with graded meshes

The rate of convergence results (12.5.19) and (12.5.23) both assume that
the unknown solution u(x) possesses several continuous derivatives. In fact,
u(x) seldom is smoothly differentiable, but rather has somewhat singular
behaviour in the neighborhood of the endpoints of the interval [a,b] on
which the integral equation is being solved. In the following, this is made
more precise; and we also give a numerical method which restores the speed
of convergence seen above with smoothly differentiable unknown solution
functions.

To examine the differentiability of the solution u(z) of a general integral
equation (A — K)u = f, the differentiability of the kernel function k(z,y)
allows the smoothness of f(x) to be carried over to that of u(x): Use

Pu(z) 1 [df@)  [*Ik(,y)
dxi A [ +/a

dxi i u(y)dy} ’

But if the kernel function is not differentiable, then the integral operator
need not be smoothing. To see that the integral operator K with kernel
log |z — y| is not smoothing in the manner that is true with differentiable
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kernel functions, let ug(x) = 1 on the interval [0, 1], and calculate Kug(z):

1
Kuo(x):/ log|lz —yldy =xlogz+ (1 —x)log(l—2)—1, 0<z<l1.
0

(12.5.24)
The function Kug(z) is not continuously differentiable on [0, 1], whereas the
function ug(z) is a C*° function. This formula also contains the typical type
of singular behaviour that appears in the solution when solving a second
kind integral equation with a kernel function k(z,y) = l(z,y) log|z — y|.
We give the main result of Schneider [202] on the regularity behaviour
of solutions of (A — K)u = f for special weakly singular kernel functions.
As notation, introduce the following spaces:

dg(g) = sup lo(@) = 9(&)] < oo}

CORa,b] = { g € Cla, b] 5
a<z,£<b ‘1’—6‘

(12.5.25)
for 0 < B <1, and

CcOV[a,b] ={ g € Cla,b
[ ] g [ }agx,ggb\x—f\log\B/(l"—g

wp L9 = 9(©) e 00}7

for some B > b—a. For 0 < 8 < 1, C(%9)[a,b] are the standard Holder
spaces introduced in Subsection 1.4.1 of Chapter 1.

Theorem 12.5.4 Let k > 0 be an integer, and let 0 < v < 1. Assume
fecOMa,b], feC*a,b), and

(x—a)'(b—a) fO(x)c COV(a,b), i=1,...,k

Also assume L € C*1(D) with D = [a,b] x [a,b]. Finally, assume the
integral equation

b
N@) = [ etz - pul)dy = fl@), a<z<h  (12520)

with

(W) Wl 0<y <,
u) =
i loglul, =1

is uniquely solvable. Then
(a) The solution u(z) satisfies u € C*V|a,b], u € C*(a,b), and
ui(x) = (z—a)' (b—z)u?(z) € COV[a,b], i=1,...,k (12.5.27)

Further, u;(a) = u;(b) =0,i=1,... k.
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(b) For0 <~y <1,

(a+b), i=1,... k (12.5.28)

| —

‘u(i)(x)‘ <ci(r—a)’™", a<a<
With v = 1, for any € € (0,1),

(a+b), i=1,...,k,

(12.5.29)
with ¢; dependent on €. Analogous results are true for x in a neigh-
borhood of b, with x — a replaced by b — x.

N =

‘u(i)(x)’ <ci(z—a) " a<a<

A proof of this theorem is given in [202, p. 63]. In addition, more detail on
the asymptotic behaviour of u(x) for x near to either a or b is given in the
same reference and in Graham [97], bringing in functions of the type seen
on the right side of (12.5.24) for the case of logarithmic kernel functions.

This theorem says we should expect endpoint singularities in u(z) of the
form (z —a)” and (b—z)? for the case g(z,y) = [z —y["™, 0 < v < 1, with
corresponding results for the logarithmic kernel. Thus the approximation
of the unknown w(z) should be based on such behaviour. We do so by
introducing the concept of a graded mesh, an idea developed in Rice [194]
for the types of singular functions considered here.

We first develop the idea of a graded mesh for functions on [0, 1] with the
singular behaviour in the function occurring at 0; and then the construction
is extended to other situations by a simple change of variables. The singular
behaviour in which we are interested is u(z) = 27, v > 0. For a given integer
n > 1, define .

v = (%) . i=0,1,....n, (12.5.30)
with the real number ¢ > 1 to be specified later. For ¢ > 1, this is an
example of a graded mesh, and it is the one introduced and studied in Rice
[194]. For a given integer m > 0, let a partition of [0, 1] be given:

0<po <+ < pom < 1. (12.5.31)
Define interpolation nodes on each subinterval [x;_1, ;] by
Tji = Tj—1 —|—uihj, 1=0,1,...,m, hjEJ?j—.rj_l.

Let P,u(z) be the piecewise polynomial function which is of degree < m
on each subinterval [z;_1,z;] and which interpolates u(z) at the nodes

{zjo,...,xjm} on that subinterval. To be more explicit, let
Sy
— Mk
L'L(/J): s ’LZO,]., ,m
o P T Pk
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which are the basis functions associated with interpolation at the nodes of

(12.5.31). Then

Pou(z) = ZL1<%> u(zji), zj1<z<z; j=1,...,n,
i=0 J

(12.5.32)
If 49 > 0 or py, < 1, then P,u(z) is likely to be discontinuous at the interior
breakpoints x1, ..., 2,_1. We now present the main result from Rice [194].

Lemma 12.5.5 Letn, m, {z;}, {z;i}, and P, be as given in the preceding
paragraph. For 0 < v < 1, assume u € C(©[0,1] N C™+1(0,1], with

’u(mﬂ)(x)‘ <cym(w)z™ MY 0 <z <1 (12.5.33)
Then for
1
g> 2t (12.5.34)
Y
we have,
c
with ¢ a constant independent of n. For 1 < p < oo, let
1
L pmt1) (12.5.36)
L+py
Then

with || - ||, denoting the standard p-norm for LP(0,1).

A proof of the result can be found in [18, p. 128]. In the language of Rice
[194], a function u(x) satisfying the conditions stated in Lemma 12.5.5 is
said to be of Type(~y,m + 1).

The earlier product integration methods were based on using interpola-
tion on a uniform subdivision of the interval [a,b]. Now we use the same
form of interpolation, but base it on a graded mesh for [a, b]. Given an even
n > 2, define

2i1\* /(b—a . n
chza-&-(?) ( 5 ), xn,j:b—i—a—mj,jzo,l,...,?

Use the partition (12.5.31) as the basis for polynomial interpolation of
degree m on each of the intervals [z;_i,z;], for j =1,..., %n, just as was
done in (12.5.32); and use the partition

0<1l—pm<---<l—pg<l1
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when defining the interpolation on the subintervals [x;_1, x;] of the remain-
ing half [3(a+b),b]. In the integral equation (12.5.26), replace [I(z,y)u(y)]
with [I(z,y)u(y)], using the interpolation just described. For the resulting
approximation

b
Aty () — / U@, y)un(y)lng (@ —y)dy = f(z), a<a<b, (12.5.38)

we have the following convergence result.

Theorem 12.5.6 Consider again the integral equation (12.5.26), and as-
sume the same assumptions as for Theorem 12.5.4, but with the integer k
replaced by m+ 1, where m is the integer used in defining the interpolation
of the preceding paragraph. Then the approximating equation (12.5.38) is
uniquely solvable for all sufficiently large n, say n > N, and the inverse
operator for the equation is uniformly bounded for n > N. If0 < v < 1,
then choose the grading exponent q to satisfy

1
>mtl (12.5.39)
~
If v =1, then choose
qg>m+1. (12.5.40)
With such choices, the approximate solution u, satisfies
c

Proof. The proof is a straightforward generalization of the method of proof
used in Theorem 12.5.1, resulting in the error bound

|t — tunlloo < c||Ku— Kpul|so, n > N.

Combine Theorem 12.5.4 and Lemma 12.5.5 to complete the proof.

This theorem is from Schneider [203, Theorem 2], and he also allows for
greater generality in the singularity in w(z) than has been assumed here.
In addition, he extends results of deHoog and Weiss [66], such as (12.5.23),
to the use of graded meshes. O

Graded meshes are used with other problems in which there is some kind
of singular behaviour in the functions being considered. For example, they
are used in solving boundary integral equations for the planar Laplace’s
equation for regions whose boundary has corners.

12.5.5  The relationship of product integration and collocation
methods

Recall the earlier discussion of the collocation method in Section 12.1 and
Section 12.3. It turns out that collocation methods can be regarded as
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product integration methods, and occasionally there is an advantage to
doing so.

Recalling this earlier discussion, let P, be the interpolatory projection
operator from C'(D) onto the interpolatory approximating space V,,. Then
the collocation solution of (A — K)u = f can be regarded abstractly as
(A= P,K)u, = P,f, and the iterated collocation solution

1
is the solution of the equation
(A= KP,))u, = f. (12.5.42)

Define a numerical integral operator by
Kou(z) = K Pyu(z) = / (@, ) (Pott) (1) dy. (12.5.43)
D

This is product integration with I(x,y) = 1 and g(z,y) = k(z,y). Thus the
iterated collocation solution u,, of (12.5.42) is simply the Nystrém solution
when defining K,, using the simple product integration formula (12.5.43).
Since the collocation solution satisfies u,, = P,u,,, we can use results from
the error analysis of product integration methods to analyze collocation
methods.

Exercise 12.5.1 Prove the property A2 in the proof of Theorem 12.5.1.

Exercise 12.5.2 Develop a practical product trapezoidal rule (with even spac-
ing) for the numerical solution of

Nu(z) - / " u(y) log |sin(z —y)|dy = f(z), 0<z<m,

assuming A is so chosen that the integral equation is uniquely solvable. Program
your procedure. Solve the equation approximately with f(z) = 1 and f(z) =
€ ?. Do numerical examples with varying values of n, as in Example 12.5.3.

Exercise 12.5.3 Develop a product integration Nystrom method for solving

T elmy)uy) L -
sua) - [ A 4y @), o<z

where ¢ is a very small positive number. Assume £(z,y) and its low-order deriva-
tives are “well-behaved” functions; and note that the above kernel function is
very peaked for small values of c¢. Define the numerical integration operators,
and discuss the error in them as approximations to the original operator. Discuss
convergence of your Nystrom method.
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Exercise 12.5.4 Consider numerically approximating
1
I:/ %z, 0<a<l1
0

using the trapezoidal rule with a graded mesh of the form (12.5.30). How should
the grading parameter ¢ be chosen so as to insure that the rate of convergence is
O(n=2)?

Hint: Consider the error on each subinterval [z;—1,x;], and consider separately
the cases of 4 = 1 and i > 1. Choose ¢ to make the error on [xo, z1] of size O(n~?).
Then examine the error on the remaining subintervals and the total on [z1,1].
Recall the use of integrals to approximate summations.

12.6 Iteration methods

In this chapter we have given a number of ways to solve approximately the
second kind integral equation

u(z) — /D k(x,y)u(y)dy = f(z), x€ D, (12.6.1)

or symbolically,
AN=K)u=/. (12.6.2)

Each numerical method results in a sequence of approximating equations
(N = Kp) un = fn, n > 1. (12.6.3)

The operator K,, can be a degenerate kernel integral operator, an approx-
imation based on an orthogonal or interpolatory projection, a numerical
integration operator, or some other approximation not considered here. In
each case, the functional equation (12.6.3) reduces to an equivalent finite
linear system,

Antty, = f (12.6.4)

n-

Let ¢, denote the order of this system. Then solving the system directly
by Gaussian elimination will cost approximately %qf’l arithmetic operations.
If ¢y, is quite large, then other methods of solution must be found, and such
methods are generally some type of iterative procedure. In this section we
begin by describing a general framework for developing iteration methods.
We follow it with an iteration method for solving the linear system (12.4.5)
associated with the Nystrém method for solving (12.6.1).

A general method for developing an iteration method for solving linear
systems, such as (12.6.4), is as follows. Denote an initial guess for w,, by

usLO), and calculate the residual

rO =f — A,u.
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Then we have

and
= ul® + A7)

Let C,, denote an approximation of the inverse matrix A, '. We obtain an
improvement on uY by using

u%l) = u§?> + C’nrgo).

Repeating this process leads to the iteration method

) = f — A,ul?, (12.6.5)
wltY =4 L etk =0,1,2,.... (12.6.6)

This is called iterative improvement or the residual correction method.
Many iteration methods for solving linear systems can be defined within
this schema. We can use the same framework to develop iteration methods
for solving the operator equation (12.6.3).

How do we obtain C, 7 Since the linear system (12.6.4) is equivalent to the
operator equation in (12.6.3), and since these approximating equations are
inter-related as approximations to (12.6.2), we use information associated
with (A — K wp,, = fm and A uy, = f,,, m < n, to develop implicitly
an approximation C,, ~ A, !. When only a single value m is used, usually
with m much smaller than n, we call it a two-grid iteration method. The
construction of C), varies with the way in which K, is defined.

12.6.1 A two-grid iteration method for the Nystrom method

Use the Nystrém scheme of Section 12.4 as our numerical method (12.6.3).
For the linear system A, u, = f,,, recall that

(An)i,j = >\5i,j - wjk(xi,xj), (1267)
(fn)i = f(x) (12.6.8)

for 1 <i,5 < g,. We first develop an iteration method for the operator
equation (A — K,,) u, = f, and then we specialize it to the linear system
Apu, = f,,.

Begin by using the framework of the residual correction method as ap-
plied to the operator equation (A — K,,) u,, = f. Assume u%o) is an initial
estimate of the solution w,,. Define the residual
r = f— o= Kn)qu’). (12.6.9)

n

This leads to
(A= Kn) [ = u0] =0
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and so
Uy = ul® + (N = K,) "1, (12.6.10)

By estimating (A—K,,)~ r%o), we can define an iteration method for solving
(A= Ky un = f.

For some m < n, assume we can solve directly the approximating equa-
tion (A — K,,) w = z, for arbitrary z € C(D). Then consider the approxi-
mation

A=K, O~ (A= K,,) 0, (12.6.11)
Using it in (12.6.10), define

ul) = ul® 4 (A = K,,) "),
The general iteration is defined by

P =y — (,\ — Kp)ul®) (12.6.12)
) = o) (A= K,) " k=0,1,2,.... (12.6.13)

n
As notation, we call (A — K,,) u,, = f the coarse mesh approzimation and
(A= K,)u, = f the fine mesh approzimation. In (12.6.13), we solve the
coarse mesh equation

(A= Kp) 08), =) (12.6.14)

n

and then define
uF) = () + 50 (12.6.15)

as a new fine mesh approximation.

This iteration turns out to be less than ideal, but it does converge when
m is chosen sufficiently large: u( K, U, as Kk — o0, and the speed of
convergence is uniform with respect to n > m. Rather than analyzing this
iteration method, we turn to another method that is better in practice.

In some early work on iteration methods, it was thought that the iteration
method (12.6.12)—(12.6.13) would not converge in most cases. This was
incorrect; but the method designed to replace it is a significantly better
iteration method in most situations.

Recall the equations (12.6.9)—(12.6.10) for relating the residual and the

error in an initial guess uﬁl) for solving the approximating equation (A —

K,)u, = y. Rather than approximating the error e, = wu,, — usl ), which

may be anywhere in some neighborhood of the zero element in the function
space C'(D), we introduce a new unknown which can vary over only a much
smaller (and compact) neighborhood of the origin. This turns out to be an
aid in the accurate approximation of e,,.

Since

AN=Kpe,=rD=f—\-K,)u, (12.6.16)
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we can solve for e,, to obtain

1
en = X[r;‘)) + K, en).
Introduce the new unknown
5, = Kpen (12.6.17)
so that 1
en = X[r;w +0,]. (12.6.18)
Substitute this into (12.6.16) and simplify, obtaining
(A —K,) 6, = K70, (12.6.19)

We estimate the unknown &,, by solving the coarse mesh equation
A= Kn) 60 = K70,
Then define

The general iteration is defined by

) = f — (A= Kp)ul™, (12.6.20)
A= K,)00) = K, ), (12.6.21)
1
ulF ) = (%) 4 X[r,@ + 6] (12.6.22)
for k = 0,1,.... This iteration method is usually superior to that given

in (12.6.12)—(12.6.13). When the phrase “two-grid iteration for Nystrém’s
method” is used, it generally refers to the iteration method (12.6.20)—
(12.6.22).

To have this fit within the framework of the residual correction method,
it is straightforward to show

wHD = (%) 4 e (12.6.23)
1
C, = 3 I+ (A= Kp) 'K, (12.6.24)

From the identity
1
AN—K,) ' = 3 [T+ (A=K, 'K,],

we obtain

A=K, "=~ [I+ (A= K,) 'K, =C,.

> =
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12.6.2 Convergence analysis

As preliminaries to the convergence analysis of the iteration method (12.6.20)—
(12.6.22), return to Section 12.4 and the error analysis given there. Let
N(X) be so chosen that

Al

[(fp — K) K| < .
2o 507

for p > N(N).

Then Theorem 12.4.4 implies that for p > N()),

L+ [|(A = )] 155
Al = 1A = B) = HI (K = Kp) G|
2

S [T+ | =)~ [1,11] (12.6.25)

IO = £6) 7| <

which is uniformly bounded with respect to p. In fact, (12.4.11) gives a
uniform bound for ||K,|| for p > 1, and thus the right side of (12.6.25) is
also bounded. For later reference, let

Bi(A) = sup ||[((A—Kp)H.
p=N(XA)

Theorem 12.6.1 Assume the integral equation (A — K)u = f is uniquely
solvable for all f € C(D), and let k(z,y) be continuous for x,y € D.
Assume the numerical integration scheme

dn
/ gt)ydt = wn jg(tn;), n>1 (12.6.26)
D =

is convergent as n — oo, for all g € C(D). Then if m is chosen sufficiently
large, the iteration method (12.6.20)—(12.6.22) is convergent, i.e.

u)

N — U, as K — 00

for alln >m.
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Proof. In the iteration (12.6.20)—(12.6.22), we restrict m > N(A) and

n > m. We are interested in the error u,, — ugf). From the definition,

) = )~ L) 4 09
= Un — “;N) B i[ry) + (A= Km)ilKnTgﬂ)]
= — ) £ [T+ O K) ]
=y — ul) — % [T+ (A= Kn) 'K, (A= K,) [un - usﬁ}
- % = K) (K — Kp) Kn [un - ugﬂ] .
Thus
Uy — ulY = My, [un - ug‘)} (12.6.27)
with )
Mo =5 (A= Kp) N (Kn — Kn) K. (12.6.28)

To show convergence of ugf) to u, as Kk — 0o, we need to examine the size

of My .

Introduce a set
U ={Kyw|p>1and |v[, <1}. (12.6.29)

From A1-A3 in Subsection 12.4.3 and Lemma 12.4.7, the set ¥ has com-
pact closure in C(D). Define

B = sup || K|,
p>1

am = sup sup |[(K — K,)Kj] .
p>m 1>1

‘We have

Ay < sup sup [|[Kz — Kpz|| .
p>m zeW

Since ¥ has compact closure from A3, and since {K,} is pointwise con-
vergent on C(D) from A2, it is relatively straightforward to show (a) the
constant B is finite, and (b)

am — 0 asm — oo (12.6.30)

monotonically.
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For our quadrature operators { K, | p > 1}, B is bounded from (12.4.11);
and from the constructions used in Lemma 12.4.2,

q1

(K = Kp) Kl = gleagZ; |wijep(; 15)] -
‘7:

In this formula, e,(t, s) is the numerical integration error

ap
ep(z,y) = /D k(z, 0)k(v,y) dv = > wik(z, z;)k(z;,y), z,y€D, p> 1
j=1

It was shown in Lemma 12.4.2 to converge to zero uniformly for x,y € D.
From (12.6.28), for n > m,

\MMWHS&ﬂM—KﬁYWH%h—KmMMI
=§ﬂu—Km*mmK—mm—m>KMKm

ﬁ&wmﬁ%>

IN

20,
Al

IN

Br(\). (12.6.31)

Since a,, — 0 as m — oo, we have

Tm = sup M|l <1 (12.6.32)
n>m
for all sufficiently large values of m.
With (12.6.32) and (12.6.27), we have that ul) = u, as k — oo, with a
geometric rate of convergence 7,,, which is bounded uniformly for n > m:

Hun - u%”“H)H <Tm ‘ Up —ul k>0 (12.6.33)
This completes the proof. O

We can also show from (12.6.27) that the differences of the iterates also
converge with this same bound on the geometric rate:

Hug«hﬂ) —

< T HuS{ﬂ - qu*UH . k>1. (126.34)

o0

From (12.6.33), it is straightforward to show

.
o =] < 725
oo

(rt1) ()
“1-7n Yn Yn

, (12.6.35)

(oo}

which can be used to estimate the iteration error, once an estimate or
bound for 7, is known.
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12.6.3 The iteration method for the linear system

How do we translate the iteration method (12.6.20)—(12.6.22) for solving
(A= K,,) u, = [ into an iteration method for the linear system A,u,, = f
of (12.6.7)-(12.6.8)? The unknown solution we are seeking is

T

n

Wy = (Un(Tp1)y .oy un(Tng,))

Turning to the iteration formulas (12.6.20)—(12.6.22), assume {qu) (Tn,i)}
is known. Begin by calculating the residual ™ at the fine mesh node

points:

dn
(@) = Y(@ni) =Ml (@n,0)+ Y W k(T i, T )0l (2n,5) (12.6.36)
j=1

fori=1,...,q,. Second, calculate Knrgf) at both the coarse and fine mesh

node points:
an

Kol () = wn k@, 20 )1 (@0 5), @ € {@ni} U{zma}. (12.6.37)
j=1

Third, calculate the correction 57(f) on the coarse mesh by solving the linear
system

dm

NS (@) = D Wi k(@i @ g )OS (@ 5) = Ko™ () (12.6.38)
j=1

for i =1,...,q,. Fourth, extend this correction to the fine mesh with the
Nystrom interpolation formula:

K 1 K - K
8 (i) = 3 Kot (@) + Y Wi ik (T, Tm )05 (2 5)
j=1
(12.6.39)
fori=1,...,q,. Finally, define the new iterate ugfﬂ) on the fine mesh by

1
ul Y (2, ) = ul (200) + X {r(“) (i) + 6 (xm)} , =1, qn.
(12.6.40)
For the iteration of the linear system, we denote

T
’U,gﬂ) = <U£LN) (xn,l)a s 7U£LH) (Jjn,qn))

1
Uy — wl Y

is considered sufficiently small.

We stop the iteration when ‘ H
o0

Generally, we use
o — ™|

ug@—l) . u%ﬁ—Z)H ’

K=23,... (12.6.41)

l/ﬁz‘
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to estimate the convergence ratio 7, of (12.6.32). Based on (12.6.33)—
(12.6.35), we bound the error by using

H“" _ (D) H < Vel Huwl) —ul®

n n

(12.6.42)

o 1—=ven S

Sometimes in this formula, we replace v,11 with the geometric mean of

several successive values of v,, to stabilize the ratios when necessary.

Example 12.6.2 Consider solving the equation

1
u(z) — /0 ky(x +y)uly) dy = y(x), 0<z<1 (12.6.43)

with
1— 2

o (7) = 1+ 92 — 2vycos(2n7)

o0
=1+2 Z 7 cos(2j7T)
j=1
and 0 < v < 1. The eigenvalues and eigenfunctions for the associated
integral operator K are
7, cos(2jmx), j=0,1,2,...,
" . ( J ) j (12.6.44)
-7, sin(2jmx), j=1,2,....
This integral equation is obtained when reformulating the Dirichlet problem
for Laplace’s equation Au = 0 on an elliptical region in the plane; see [136,
p. 119].
For the integration rule used to define the numerical integration operator
K,,, we choose the midpoint rule:

1 n
/0 gW)dy~h> g((j —1/2)h), h= % geC0,1].  (12.6.45)
=1

For periodic integrands on [0, 1], this method converges very rapidly; e.g.
see [15, p. 288]. We solve the integral equation (12.6.43) when v = 0.8; and
we have the unknown functions

up(z) = 1, us(z) = sin(27z). (12.6.46)

The numerical results are given in Table 12.4, and g denotes the number
of iterates that are computed. In all cases we chose uSP) = 0. We include a
column for the limit of the convergence ratios of (12.6.41),

7= lim v,. (12.6.47)
The sequence {v,} converged rapidly to an empirical limit 7, which we give
in the table. The ratios {v,} are quite well-behaved, as shown empirically
by the existence of the limit v. O
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u; Mmoo oa| p ] e —ul e e ull | 7
up —1.00 | 16 32 1 10 5.34E—14 7.92E—4 034
up —1.00 | 16 64 | 11 4.57E—-14 6.28E—7 045
up —1.00 | 16 128 | 11 5.18E—14 3.96E—13 045
up  —1.00 | 32 64 6 7.7TE—-16 6.28E—7 .00080
uy —1.00 | 32 128 6 5.00E—15 3.94E—-13 .0013
uy —1.00 | 32 64 7 2.24FE—14 6.43E—6 .0053
uy —1.00 | 32 128 7 4.77TE—-14 4.00E—-12 .0060
Ul 0.99 | 32 64 | 17 2.00E—-14 1.26E—4 14
Ul 0.99 | 32 128 | 17 2.08E—14 7.8TE—11 14

TABLE 12.4. Solving (12.6.43) with iteration (12.6.20)—(12.6.22)

With this two-grid iteration there is a mesh independence principle work-
ing. This means that as n increases, the number of iterates to be computed
in order to obtain a given reduction in the initial error is essentially indepen-
dent of n. This is in contrast to what usually occurs with most iteration
methods for solving finite difference discretizations of partial differential
equations, where the number of iterates to be computed increases as the
parametrization variable n increases. The present mesh independence can
be supported theoretically. The convergence operator M., ,, of (12.6.28)
can be shown to satisfy

1
lim My, =~

n— oo A

A= K,) YK - K,)K. (12.6.48)

The norm of the limiting value is less than 1 if m is chosen sufficiently large;
and thus the number of iterates to be computed can be shown to be inde-
pendent of n, for n chosen sufficiently large. Also, the rate of convergence
is improved by increasing m.

The linear systems solved by iteration in the preceding examples were
relatively small, and they could have been solved more simply by a direct
method such as Gaussian elimination. In contrast, consider the radiosity
equation

3(P) = [ oQ5= (1P =) dso = u(P). Pes

which arises in computer graphics. The region S is usually a complicated
polyhedral surface in space. Discretization of this equation ordinarily leads
to linear systems of order ¢, > 10,000; and iteration methods are the only
practical means of solving the equation.

12.6.4 An operations count

We will look at the number of arithmetic operations used in computing a
single iteration of (12.6.36)—(12.6.40). In doing so, we assume such quanti-
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ties as {f(xn,)} and {wy ik(xn,i, Tn ;) } have already been calculated and
saved for later use in the iteration.

1. To calculate the residuals {n(f) (@n,:)} of (12.6.36) requires approxi-
mately 2¢2 arithmetic operations (combining additions, subtractions,
multiplications, and divisions).

2. To evaluate { K, i) (7))} and {Knrgf) (%.,;)} requires approximately
2 (qn + ¢m) arithmetic operations.

3. To solve the linear system (12.6.38) for {5,(f)(xm,i)} requires approx-
imately 2¢2, arithmetic operations, provided an LU-factorization of
the matrix A,, has already been calculated and saved.

4. To evaluate {57(f)(xn’i)} using the Nystrém interpolation formula
(12.6.39) requires approximately 2¢,, ¢, arithmetic operations.

5. The final step (12.6.40) requires only 3¢,, arithmetic operations, and
is negligible in comparison to the other costs.

Combining these, we have a total cost of approximately
207 + 2(qn + Gm)’ (12.6.49)

arithmetic operations. For ¢, > ¢, this iteration method has a cost of
approximately 4¢> arithmetic operations per iteration. This is quite rea-
sonable in most situations.

The subject of iteration methods for solving integral equations is a large
one. For a more complete introduction, see [18, Chapter 6]. Additional
results for two-grid iteration, including collocation methods, are given in
[17, 103]. Multigrid methods for integral equations are introduced in [104],
and so-called ‘fast methods’ are given in [105, 106].

Exercise 12.6.1 Recall (12.6.17) and assume that e, is restricted to lay in a
bounded set about the origin. Show that J,, is then restricted to lay in a compact
set about the origin.

Exercise 12.6.2 Consider the iteration method (12.6.12)—(12.6.13). Derive for
it the convergence formula analogue of (12.6.27)—(12.6.28)

Un — uifﬂ) = Mmn [un — u;'ﬂ .

Exercise 12.6.3 Continuing with Exercise 12.6.2, prove that

2
sup ||an|| — 0 asn— oco.
n>m

Exercise 12.6.4 Carry out the analogue of (12.6.36)—(12.6.40) for the iteration
method (12.6.14)—(12.6.15).
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Exercise 12.6.5 Continuing with Exercise 12.6.4, do an operations count of the
iteration method (12.6.19), in analogy with obtaining the operations count in
(12.6.14)—(12.6.15).

Exercise 12.6.6 Extend the methods (12.6.14)—(12.6.15) and (12.6.20)—(12.6.22)
to the product integration deiscretization schemes of Section 12.5.

12.7 Projection methods for nonlinear equations

Recall the material of Sections 5.3-5.5 of Chapter 5 on nonlinear fixed
point problems. We will define and analyze projection methods for the
discretization of fixed point problems

u="T(u) (12.7.1)

with T': H C V — V a completely continuous nonlinear operator. The
space V is a Banach space, and H is an open subset of V. The prototype
example of T is the Urysohn integral equation of Example 5.3.10:

b
T(u)(t) = g(t) +/ k(t, s,u(s))ds. (12.7.2)

The function k(t,s,u) is to possess such properties as to ensure it is a
completely continuous operator on some open set H C Cla, b (see Section
5.3.10).

Recall the theoretical framework of Subsection 12.1.3. We define the
projection method for solving (12.7.1) as follows. For a given discretization
parameter n, find u,, € V,, satisfying the equation

Up = P, T(up). (12.7.3)

We can illustrate the method in analogy with Section 12.2, but defer this
to later in this section.

There are two major approaches to the error analysis of (12.7.3): (1)
Linearize the problem and apply Theorem 5.1.3, the Banach fixed point
theorem; (2) Apply the theory associated with the rotation of a completely
continuous vector field (see Section 5.5).

12.7.1 Linearization

We begin the linearization process by discussing the error in the lineariza-
tion of T'(v) about a point vg:

R(v;v9) =T (v) — [T (vo) + T"(vo) (v — o)) (12.7.4)
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Lemma 12.7.1 Let V be a Banach space, and let H be an open subset of
V.Let T : HCV — V be twice continuously differentiable with T" (v)
bounded over any bounded subset of H. Let B C H be a closed, bounded,
and convex set with a non-empty interior. Let vy belong to the interior of
B, and define R(v;vg), as above. Then for all vi,vs € B,

1
1R(va; 01)| < 5M [lor — vo|® (12.7.5)

with M = sup,cp || T"(v)||. Moreover,
1T (v2) = T"(v1)]| < M vz —w]], (12.7.6)
implying T'(v) is Lipschitz continuous; and

[ R(v1;v0) — R(vg;v0)|| < M [[lur — woll + 5 [[or — wvall] [Jlor — va]|-
(12.7.7)

Proof. The result (12.7.5) is immediate from Proposition 5.3.13 of Section
5.3; and the proof of (12.7.6) can be based on Proposition 5.3.11 when
applied to T7(v). The proof of (12.7.7) is let as an exercise. O

As earlier, assume T': H C V — V is a completely continuous nonlinear
operator. Assume (12.7.1) has an isolated solution u* € H, and assume it
is unique within the ball

Bu,e) ={v|v-u’ <e}

for some ¢ > 0 and with B(u*,¢) C H. We assume T is twice continu-
ously differentiable over H, with 7" (v) uniformly bounded over all bounded
neighborhoods, such as B(u*,¢):

M@u*,e)= sup |T"(v)| < .
veEB(u*€)

Assume that 1 is not an eigenvalue of 7"(u*). This then implies that I —
T’(u*) is a bijective mapping from V to V and that it has a bounded
inverse. For a proof, invoke Proposition 5.5.5 to show T"(u*) is a compact
linear operator, and then apply Theorem 2.8.10, the Fredholm alternative
theorem. Henceforth, we let L = T"(u*).
Assume that the projections {P,,} are pointwise convergent to the iden-
tity on V,
P,v—v asn—oo, VYvelV. (12.7.8)

Then from Proposition 5.5.5 and Lemma 12.1.4,
II—-P,)L||—0 asn— oco.

From Theorem 12.1.2, (I — P, L)~ ! exists for all sufficiently large n and is
uniformly bounded with respect to all such n.
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We want to show that for all sufficiently large n, (12.7.3) has a unique
solution within B(u*,€1) for some 0 < ¢; < e. We also would like to obtain
bounds on the rate of convergence of u, to u*. In (12.7.3), expand T'(uy,)
about u*, obtaining

T(un) =T(u*) + L (un — u*) + R(un; u*).
Equation (12.7.3) can be rewritten as the equivalent equation
(I — P,L) (uy, — u*) = Pyu* —u* + Py R(up;u™) (12.7.9)
Introduce a new unknown d,, = u,, — u*, and then write

6n = (I — P,L) " (Pou* —u*) + (I — PL) ' R(6, + u*;u®)
= Fo(,). (12.7.10)

We are interested in showing that on some ball about the origin in V', of
radius €; < e, this fixed point equation has a unique solution J,,, provided
only that n is chosen sufficiently large. This can be done by showing that F;,
is a contractive mapping on a ball B(0,¢;) provided that ¢; > 0 is chosen
sufficiently small. To do this requires showing the two main hypotheses of
Theorem 5.1.3, the Banach contractive mapping theorem. Namely, show
that if n is sufficiently large, there exists €; for which:

1.
F, : B(0,e1) — B(0,€1); (12.7.11)

HFn((Sn,l) - Fn((sn,2)H <a Hén,l - 5n,2|| ) 5n,17 5n,2 € B(07 61)
(12.7.12)
with @ < 1 and independent of n, provided n is chosen to be suffi-
ciently large.

The number €; can be made independent of n, provided n is sufficiently
large. These two properties can be proven using the various results and as-
sumptions we have made regarding 7" and { P, }, and we leave their demon-
stration as an exercise for the reader. This proves that for all sufficiently
large n, the approximating equation (12.7.3) has a unique solution u,, in
some ball of fixed radius about u*.

There are a number of results on the rate of convergence of u, to u*,
and we quote only one of them. With the same hypotheses on T and {P,}
as above,

= unlly < NI =T" )] | (U4 ) [l = Py (12.7.13)

with vy, — 0 as n — oco. A proof of this result is given in [25, Theorem 2.2].
This error bound is somewhat comparable to the bound (12.1.24) given
earlier for linear projection methods; also see Exercise 12.1.3.
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12.7.2 A homotopy argument

This mode of analysis of projection methods for the discretization of fixed
point problems (12.7.1) requires fewer assumptions on the nonlinear oper-
ator T', and there is no assumption on the differentiability of T". As before,
we assume T : H C V — V is a completely continuous operator. Let u*
be an isolated fixed point of T', and assume u* is isolated within the ball
B(u*, ¢) for some € > 0. Further, assume that u* has a nonzero index (recall
the discussion of index as discussed in P3 of Subsection 5.5.1 in Chapter
5). The discussion in P4 of Subsection 5.5.1 assures us that the index of
u* is nonzero if I — T'(u*) is a bijective linear operator; but the index
can be nonzero under weaker assumptions on u*; for example, see P5 of
Subsection 5.5.1.

Let S denote the boundary of B(u*,€). Recalling Subsection 5.5.1, we
have the concept of the quantity Rot(®), the rotation of the completely
continuous vector field

O(v) =v—T((), wveBu*e).
Also, introduce the approximating vector field
®,(v) =v—P,T(v), veBu,e).

By our assumptions on u*, ®(v) # 0 for all v € S, and consequently
Rot(®) # 0 (and in fact equals the index of the fixed point u*). We intro-
duce the homotopy

X, t)=v—(1—-8T(v)—tP,T(v), veBue) (12.7.14)

for 0 < t < 1. We show that for all sufficiently large values of n, say
n > N(e), this homotopy satisfies the hypotheses of P2 of Subsection
5.5.1; and consequently, the index of ®,, will be the same as that of ®,
namely nonzero. In turn, this implies that ®,, contains zeros within the ball
B(u*, €), or equivalently, the approximating equation (12.7.3) has solutions
within this e-neighborhood of u*.

Recalling the four hypotheses of P2 of Subsection 5.5.1, only the fourth
one is difficult to show, namely that

X(v,t)#0, Yvoes 0<t<1 (12.7.15)
for all sufficiently large values of n. To examine this, rewrite (12.7.14) as
X(v,t)=v—=TW)]+t[T(v) — P,T(v). (12.7.16)
We note as a preliminary lemma that

a= 11612 [lv —T(v)| > 0. (12.7.17)
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To prove this, assume the contrary. Then there exists a sequence {v,,} C S
for which

Um — T(V) — 0 as m — oo. (12.7.18)

Since S is bounded and T is completely continuous, the sequence {T'(vy,)}
has a convergent subsequence, say

T(vm,;) — w asmj; — oo.

When combined with (12.7.18), this implies v,,,; — w; and the closedness of

S then implies w € S. The continuity of 7" implies v = T'(v), contradicting

the assumption that S contains no fixed points of S. This proves (12.7.17).
Returning to (12.7.16), we have

X (v, )| > a—t|T(v)—P,TWw)|, ves 0<t<I1. (12.7.19)
We assert that

sup ||T'(v) — P,T(v)|| = 0 asn — oo.
veS

This follows by writing this in the equivalent form

sup |lw— Pyw| — 0 asn — .
weT(S)

This results follows from Lemma 12.1.3, (12.7.8), and the precompactness
of T(S).

When combined with (12.7.19), we have that for all sufficiently large n,
say n > N(e),

X025, ves 0<t<l.

This completes the proof of (12.7.15), the fourth hypothesis of P2 of Sub-
section 5.5.1. As discussed earlier, this implies that (12.7.3) has solutions
within B(u*,€). As we make ¢ — 0, this construction also implies the ex-
istence of a sequence of approximating solutions u,, which converges to u*
as n — oo. The analysis of the preceding few paragraphs is essentially the
argument given in Krasnoselskii [147, Section 3.3] for the convergence of
Galerkin’s method for solving (12.7.1).

This is a powerful means of argument for the existence and convergence
of approximation solutions of a completely continuous fixed point problem.
But it does not imply that the equations (12.7.3) are uniquely solvable,
and indeed they may not be. For an example in which v = T(v) has a
isolated fixed point u*, but one for which the approximating equations are
not uniquely solvable in any neighborhood of u*, see [14, p. 590].
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12.7.3 The approrimating finite-dimensional problem

Consider solving the Urysohn nonlinear equation
u(w) = f(@) + [ Koy uly) dy = Tw)(e), e D
D

for an integration region D C R?. We denote by V' the function space for the
consideration of this equation, and we let V,, denote the finite-dimensional
subspace from which our approximation will be chosen,

Kn

un(x) = chqu(m), x € D. (12.7.20)

In this discussion, recall the general framework of Section 12.1 and the
specific examples of Section 12.2.

To be more specific, let V' be a space of continuous functions, and let P,
be an interpolatory projection operator from V' to V,,, based on node points
{z; |1 <j < kp}. Then the approximating equation (12.7.3) is equivalent
to choosing u, as in (12.7.20) with {c;} satisfying the nonlinear system

> eorte) = 1+ [ k(w3 w) di =1
=1 P =1

(12.7.21)
This is a nontrivial system to solve, and usually some variant of Newton’s
method is used to find an approximating solution. From a practical per-
spective, a major difficulty is that the integral will need to be numerically

evaluated repeatedly with varying x; and varying iterates {c§k)}, where k
is an index for the iterative solution of the system.
An important variant is possible for the Hammerstein equation

u(z) = f(x) + /D k(z,y)g(y,u(y))dy = T(u)(x), =z € D. (12.7.22)

We can convert this problem to one for which the number of needed nu-
merical integrations is reduced greatly. Introduce a new unknown

w(z) = 9w, u(@)), =€ D.
Then u can be recovered from w using

u(z) = f(r) + /I)k(m7y)w(y) dy, z€D. (12.7.23)

To solve for w, use the equation

w(z) = g(x,f(x) + /D k(z,y)w(y) dy) , T€D. (12.7.24)
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If we examine the nonlinear system (12.7.21) for this equation, we can
greatly minimize the needed integrations, needing only the evaluations of
the integrals

k(xzvy)¢J(y)dy7 ivj::lw”uﬂn‘
D

The integrations need not be recomputed for each iteration of the solution
of the nonlinear system. We leave the further analysis of this to Exercise
12.7.4. For further literature on this method, see [152].

Exercise 12.7.1 Prove (12.7.7) of Lemma 12.7.1.
Hint: Use the definition (12.7.4) to write out both R(vi;v0) and R(v2;vo). Sim-
plify; then apply (12.7.5) and (12.7.6).

Exercise 12.7.2 Prove (12.7.11) and (12.7.12), provided that €; > 0 is chosen
sufficiently small and n is chosen sufficiently large.

Exercise 12.7.3 Using (12.7.9), prove a weaker form of (12.7.13), namely
Ju = unlly < cllu® = Pau'lly, n>N

for some N > 1, with ¢ a constant (dependent on N).

Exercise 12.7.4 Fill in the details of the solution of the nonlinear system (12.7.21)
for the equation (12.7.24).

Exercise 12.7.5 Do a detailed presentation and analysis of the solution of
b
u(t) = g(t) —|—/ k(t,s,u(s))ds, a<t<b

using piecewise linear collocation (as in Subsection 12.2.1). Include a discussion
of the nonlinear system which you must setup and solve.

Exercise 12.7.6 Repeat Exercise 12.7.5 for the equations (12.7.23)—(12.7.24).

Exercise 12.7.7 Recall the material of Section 12.3 on iterated projection meth-
ods. Define the iterated projection solution for 12.7.3 as

Un = T (un).

Show Ppun, = un and up, = T(Pnuy). This can be used as a basis for a direct
analysis of the convergence of {u, }.

Suggestion for Further Reading.

Parts of this chapter are a modification of portions of the presentation in
ATKINSON [18, Chaps. 3, 4]. Another introduction to the numerical solution
of integral equations is given in KRESS [149]. The first general treatment
of projection methods appears to have been due to L.V. Kantorovich in



12.7 Projection methods for nonlinear equations 549

1948, and those arguments appear in an updated form in KANTOROVICH
AND AKILOV [135]. The general theory of collectively compact operator
approximations was created by P. ANSELONE, and the best introduction
to it is his book [5]. For a survey of numerical methods for solving nonlinear
integral equations, see ATKINSON [16]. Extensions of the ideas of Section
12.7 to Nystrom’s method for nonlinear equations are given in ATKINSON
[12] and ATKINSON AND POTRA [25].



13
Boundary Integral Equations

In Chapter 10, we examined finite element methods for the numerical so-
lution of Laplace’s equation. In this chapter, we propose an alternative
approach. We introduce the idea of reformulating Laplace’s equation as
a boundary integral equation (BIE), and then we consider the numerical
solution of Laplace’s equation by numerically solving its reformulation as
a BIE. Some of the most important boundary value problems for elliptic
partial differential equations have been studied and solved numerically by
this means; and depending on the requirements of the problem, the use of
BIE reformulations may be the most efficient means of solving these prob-
lems. Examples of other equations solved by use of BIE reformulations
are the Helmholtz equation (Au + Au = 0) and the biharmonic equation
(A%u = 0). We consider here the use of boundary integral equations in
solving only planar problems for Laplace’s equation. For the domain D for
the equation, we restrict it or its complement to be a simply-connected set
with a smooth boundary S. Most of the results and methods given here
will generalize to other equations (e.g. Helmholtz’s equation).

In this chapter, Section 13.1 contains a theoretical framework for BIE
reformulations of Laplace’s equation in R?, giving the most popular of such
boundary integral equations. For much of the history of BIE, those of the
second kind have been the most popular; this includes the work of Ivar
Fredholm, Carl Neumann, David Hilbert, and others in the late 1800s and
early 1900s. In Section 13.2, we discuss the numerical solution of such BIE
of the second kind. In Section 13.3, we introduce briefly the study of BIE
of the first kind, and we discuss the use of Fourier series as a means of
studying these equations and numerical methods for their solution.

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis 551
Framework, Texts in Applied Mathematics 39, DOI: 10.1007/978-1-4419-0458-4_13,
© Springer Science + Business Media, LLC 2009
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As in the preceding Chapter 12, here we use notation that is popular in
the literature on boundary integral equations.

13.1 Boundary integral equations

Let D be a bounded open simply-connected region in the plane, and let its
boundary be denoted by S. At a point P € S, let np denote the inner unit
normal to S. We restate the principal boundary value problems of interest
when solving Laplace’s equation on D.

The Interior Dirichlet Problem: Find u € C(D)NC?(D) that satisfies

Au(P) =0, PeD

WPy = {(P), Pes (13.1.1)

with f € C(S) a given boundary function.

The Interior Neumann Problem: Find u € C*(D) N C?(D) that sat-

isfies
Au(P) = 0, PeD
13.1.2
ou(P) _ (), Pes ( )
a’l’lp

with f € C(S) a given boundary function.

Another important boundary value problem is that with a mixture of Neu-
mann and Dirichlet boundary conditions on different sections of the bound-
ary, or perhaps some combination of them. The techniques introduced here
can also be used to study and solve such mixed boundary value problems,
but we omit any such discussion here. Corresponding to the interior Dirich-
let and Neumann problems given above, there are corresponding exterior
problems. These are discussed later in the section. Functions satisfying
Laplace’s equation are often called “harmonic functions”. The study of
Laplace’s equation is often referred to as “potential theory”, since many
applications involve finding a potential function u in order to construct a
conservative vector field Vu.

The above boundary value problems have been discussed earlier, in Chap-
ter 8. Here we give a theorem summarizing the main results on their solv-
ability, in the form needed here.

Theorem 13.1.1 Let the function f € C(S); and assume S can be param-
eterized by a twice continuously differentiable function. Then:

1. The Dirichlet problem (13.1.1) has a unique solution.
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2. The Neumann problem (13.1.2) has a unique solution, up to the ad-
dition of an arbitrary constant, provided

/ F(Q)dS = 0. (13.1.3)
S

18.1.1 Green’s identities and representation formula

A very important tool for studying elliptic partial differential equations is
the divergence theorem or Gauss’s theorem. This was given earlier in Section
7.6 of Chapter 7 (Proposition 7.6.1); but we re-state it in the form needed
for the planar Laplace equation, a form usually called “Green’s Theorem”.
We state the result for regions €2 that are not simply-connected and whose
boundaries need not be smooth. This form is needed when proving Green’s
representation formula (13.1.23).

Let € denote an open planar region. Let its boundary I' consist of m + 1
distinct simple closed curves, m > 0,

I'=Tryu---url,,.

Assume I'y, ..., I',, are contained in the interior of I'y. For each i =
1,...,m, let T'; be exterior to the remaining curves I'y, ..., I';_1, T'itq,
.., I'yy. Further, assume each curve I'; is a piecewise smooth curve. We
say a curve vy is piecewise smooth if:

1. It can be broken into a finite set of curves 71, ..., 7 with each ;
having a parametrization which is at least twice continuously differ-
entiable.

2. The curve v does not contain any cusps, meaning that each pair of
adjacent curves 7; and ;41 join at an interior angle in the interval
(0,2m).

The region {2 is interior to 'y, but it is exterior to each of the curves I'y,
..., I';n. The orientation of I'g is to be counterclockwise, while the curves
Iy, ..., Iy, are to be clockwise.

Theorem 13.1.2 (The divergence theorem) Assume F : © — R? with
each component of F contained in C*(Q). Then

/V-F(Q)dQ:—/F(Q)-n(Q)dF. (13.1.4)
Q T

This important result, which generalizes the fundamental theorem of the
calculus, is proven in most standard textbooks on “advanced calculus”. It
is also a special case of Proposition 7.6.1 from Chapter 7.
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Using the divergence theorem, one can obtain Green’s identities and
Green’s representation formula. Assuming u € C*(Q2) and w € C?(Q), one
can prove Green’s first identity by letting F = uVw in (13.1.4):

/qudQ—l—/Vu-deQ:— ua—wdf. (13.1.5)
Q Q r on

This was given earlier in (7.6.4) of Chapter 7.

Next, assume u,w € C?(Q). Interchanging the roles of u and w in
(13.1.5), and then subtracting the two identities, one obtains Green’s second
identity:

ou ow
/Q (uAw — wAu) dQ = /1‘ (wa—n - ua—n> dr. (13.1.6)

The identity (13.1.5) can be used to prove (i) if the Neumann problem
(13.1.2) has a solution, then it is unique up to the addition of an arbitrary
constant; and (ii) if the Neumann problem is to have a solution, then the
condition (13.1.3) is necessary. The identity (13.1.5) also leads to a proof
of the uniqueness of possible solutions of the Dirichlet problem.

Return to the original domain D on which the problems (13.1.1) and
(13.1.2) are posed, and assume u € C2%(D). Let u(Q) be a solution of
Laplace’s equation, and let w(Q) = log|A — Q|, with A € D. Here |A — Q)|
denotes the ordinary Euclidean length of the vector A — Q. Define €2 to be
D after removing the small disk B(A,e) ={Q | |4 — Q| < €}, with e > 0
so chosen that B(A,2¢) C D. Note that for the boundary I" of €,

F=Su{Q[lA-Ql=¢}.

Apply (13.1.6) with this choice of €2, and then let ¢ — 0. Doing so, and then
carefully computing the various limits, we obtain Green’s representation
formula:

u(A)

log|A — Q| —u(Q)

1 u(Q)
=% /s [ ano log | A Q@ dSg, Ae D.
(13.1.7)

This expresses u over D in terms of the boundary values of u and its normal
derivative on S.

From hereon in this chapter, we assume S has a parametrization 7(t)
which is in C2. Some of the results given here are still true if S is only
piecewise smooth; but we refer to [18, Chapters 7-9] for a more complete

treatment.

BnQ
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We can take limits in (13.1.7) as A approaches a point on the boundary
S. Let P € S. Then after a careful calculation,

nm/M \A—Q|dSQ:/ 0uQ) 1og 1P — 0| dSo,

hm / —log\A Q| dSg
AED

0
= —mu(P) + / u(Q) log|P — Q| dSq. (13.1.8)
5 ong
A proof of (13.1.8), and of the associated limit in (13.1.26), can be found
in [57, pp. 197-202] or in many other texts on Laplace’s equation.
Using these limits in (13.1.7) yields the relation

1 ou(Q) 0
)= % [ |52 g P - @] - u(@) oz toxlP ~ Q] dSa. P S
(13.1.9)

which gives a relationship between the values of u and its normal derivative
on S.

The formula (13.1.9) is an example of a boundary integral equation; and
it can be used to create other such boundary integral equations. First,
however, we need to look at solving Laplace’s equation on exterior regions
D, = R?\D and to obtain formulas that correspond to (13.1.7)—(13.1.9)
for such exterior regions. We also use the notation D; = D in some places,
to indicate clearly that an interior region is being used.

15.1.2  The Kelvin transformation and exterior problems

Define a transformation 7 : R?\{0} — R?\{0},

T(x,y)=(&n) = . Sy, r=yVattyt (13.1.10)

In polar coordinates,

1
T (rcosf,rsinf) = —(cosb,sind).
T
Thus a point (z,y) is mapped onto another point (£,7) on the same ray
emanating from the origin, and we call (£,n) the inverse of (z,y) with
respect to the unit circle. Note that 7 (7 (z,y)) = (x,y), so that 7! = 7.
The Jacobian matrix for 7 is

o¢ ot
dx oy 1
J(T) = ai a% = 5H (13.1.11)

or Oy
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with
y? — 22 —2xy
2 2
H = r r
2y a?—y?
r2 r2
The matrix H is orthogonal with determinant (—1), and
1
det J(7T (z,y)) = 3

Assume the bounded open region D = D; contains the origin 0. For a
function u € C(D.), define

u(&,n) =u(x,y), (En)=T(xy), (x,y) € D.. (13.1.12)

This is called the Kelvin transformation of u. Introduce the interior region
D= T (D.), and let S denote the boundary of D. The boundaries S and S
have the same degree of smoothness. In addition, the condition (£,17) — 0 in
D corresponds to r — oo for points (z,y) € D.. For a function u satisfying
Laplace’s equation on D, it is a straightforward calculation to show

Aﬁ(ﬁﬂ?) = T4Au(x,y) =0, (6’77) = T(‘r’y)7 (x,y) € D. (13113)

thus showing % to be harmonic on D. We can pass from the solution of
Laplace’s equation on the unbounded region D, to the bounded open region
D.

If we were to impose the Dirichlet condition u = f on the boundary S,
this is equivalent to the Dirichlet condition

aE,n) = F(THEm), (&m)€S.

From the existence and uniqueness result of Theorem 13.1.1, the interior
Dirichlet problem on D will have a unique solution. This leads us to con-
sidering the following problem.

The Exterior Dirichlet Problem: Find v € C(D.) N C?(D.) that

satisfies
Au(P) =0, Pe D,
u(P) = f(P), Peb, (13.1.14)
lim sup |u(P)| < oo,

P2y
with f € C(S) a given boundary function.
Using the above discussion on the Kelvin transform, this converts to the

interior Dirichlet problem

(13.1.15)
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and Theorem 13.1.1 guarantees the unique solvability of this problem. The

condition on u(x,y) as r — oo can be used to show that @(£,n) has a

removable singularity at the origin; and w(0,0) will be the value of u(z,y)

as r — 00. Thus the above exterior Dirichlet problem has a unique solution.
For functions u € C1(D.),

@y P amEn T Ve +n? (13.1.16)

with 7(&,7) the unit interior normal to S at (&,7). Thus the Neumann
condition

ou(z,y)
m_f(xay)7 (x,y) €S
is equivalent to
du(&, ) 1. o -
s — plTEn)=fEm, (&) ES. 13.1.17
ey~ T Em=SEn, (&€ (13.1.17)
Also,
ou 90~
s =~ . 5715 (13.1.18)

Using this information, consider the following problem.

The Exterior Neumann Problem. Find u € C*(D.) N C?(D.) that

satisfies
Au(P) =0, PeD,
ou(P 13.1.19
“P) _ yp),  Pes (13.1.19)
Bnp
1 S Si 1
u(rcosf,rsinf) =0 - |, du(r cos6,rsin ) =0 =
r or 72
(13.1.20)
as r — oo, uniformly in 6. The function f € C(S) is assumed to
satisty
/ f(@)dS =0 (13.1.21)
s

just as in (13.1.3) for the interior Neumann problem.

Combining (13.1.18) with (13.1.21) yields

/Af(ﬁyn) dS =0. (13.1.22)
S
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The problem (13.1.19) converts to the equivalent interior problem of
finding w satisfying

Au(g,n) =0, (&meD
e = e (emed. (13.1.23)
7(0,0) = 0.

By Theorem 13.1.31 and (13.1.22), this has a unique solution u. This gives
a complete solvability theory for the exterior Neumann problem.

The converted problems (13.1.15) and (13.1.23) can also be used for
numerical purposes, and later we will return to these reformulations of
exterior problems for Laplace’s equation.

Green’s representation formula on exterior regions

From the form of solutions to the interior Dirichlet problem, and us-
ing the Kelvin transform, we can assume the following form for potential
functions u defined on D.:

u(rcos,rsinf) = u(oco) + 0(7‘_9) + (’)(%) (13.1.24)

as r — oo and with ¢(d) = Acosf + Bsin# for suitable constants A, B.
The notation u(co) denotes the limiting value of u(r cos 6, r sin @) as r — oco.
From this, we can use the Green’s representation formulas (13.1.7)—(13.1.9)
for interior regions to obtain the following Green’s representation formula
for potential functions on exterior regions.

u(Q)

27T S 3?’1,

u(A) = u(o0) - log |4 — Q| dSq

+ —/ —log\A Q| dSg, Ae€D.. (13.1.25)

To obtain a limiting value as A — P € S, we need the limit

0
lim [ u(Q)=——1log|A— Q] dS
Aep /s Inq ‘

= mu(P) —l—/su(Q) 82@ log|P — Q| dSg. (13.1.26)

Note the change of sign of «(P) when compared to (13.1.8). Using this in
(13.1.25), we obtain

u(P) = 2u( ——/3“ log |P — Q| dSo

+1/u(Q) log|P — Q|dSg, P €S (13.1.27)
m™Js 8
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13.1.8 Boundary integral equations of direct type

The equations (13.1.7) and (13.1.25) give representations for functions har-
monic in D; and D., respectively, in terms of u and du/9n on the bound-
ary S of these regions. When given one of these boundary functions, the
equations (13.1.9) and (13.1.27) can often be used to obtain the remain-
ing boundary function. Numerical methods based on (13.1.9) and (13.1.27)
are said to be of “direct type”, as they find u or du/9n on the boundary
and these are quantities that are often of immediate physical interest. We
will illustrate some of the possible BIE of direct type, leaving others as
problems for the reader.

The interior Dirichlet problem (13.1.1)
The boundary condition is u(P) = f(P) on S; and using it, (13.1.9) can
be written as

1 /Sp(Q)log |P—Q|dSg =g(P), Pebs. (13.1.28)

™

To emphasize the form of the equation, we have introduced

ou(Q)
BnQ ’

0

p(Q) = Ing

o(PY= 1(P)++ [ f(@ 5=tz |P =l dSo.

The equation (13.1.28) is of the first kind, and it is often used as the
prototype for studying boundary integral equations of the first kind. In
Section 13.3, we discuss the solution of (13.1.28) in greater detail.

The interior Neumann problem (13.1.2)

The boundary condition is du/On = f on S; and using it, we write
(13.1.9) as

™

0
u(P)+ = [ Q)5 lox|P @] dSi o
-~ [ r@uezlP-qlase.  Pes.

This is an integral equation of the second kind. Unfortunately, it is not
uniquely solvable; and this should not be surprising when given the lack of
unique solvability for the Neumann problem itself. The homogeneous equa-
tion has u = 1 as a solution, as can be seen by substituting the harmonic
function v = 1 into (13.1.9). The equation (13.1.29) is solvable if and only
if the boundary function f satisfies the condition (13.1.3). The simplest
way to deal with the lack of uniqueness in solving (13.1.29) is to introduce
an additional condition such as

w(P*) =0
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for some fixed point P* € S. This will lead to a unique solution for (13.1.29).
Combine this with the discretization of the integral equation, to obtain a
suitable numerical approximation for u. There are other ways of converting
(13.1.29) to a uniquely solvable equation, and some of these are explored
n [10]. However, there are preferable alternative ways to solve the interior
Neumann problem. One of the simplest is simply to convert it to an equiv-
alent exterior Neumann problem, using the Kelvin transform given earlier;
and then use techniques for the exterior problem, such as the BIE given in
(13.1.30) below.

The exterior Neumann problem (13.1.19)

The boundary condition is du/0n = f on S, and u also satisfies u(c0) =
0. Using this, (13.1.27) becomes

1 0
u(P) = = [ Q)5 ox|P Q] dSi
(13.1.30)

1
- [1@u&lP-Qlise.  Pes.

This equation is uniquely solvable, as will be discussed in greater detail
below, following (13.2.3) in Section 13.2. This is considered a practical
approach to solving the exterior Neumann problem, especially when one
wants to find only the boundary data u(P), P € S. The numerical solution
of the exterior Neumann problem using this approach is given following
(13.2.24) in Section 13.2.

As above, we assume the boundary S is a smooth simple closed curve
with a twice-continuously differentiable parametrization. More precisely,
let S be parameterized by

r(t) = ((t).n(t), 0<t<L (13.1.31)

with r € C?[0, L] and |r/(t)| # 0 for 0 < ¢ < L. We assume the parametriza-
tion traverses S in a counter-clockwise direction. We usually consider ()
as being extended periodically from [0, L] to (—oo,00); and we write r €
C2(L), generalizing from the definition of C2(27) given in Chapter 1. In-
troduce the interior unit normal n(¢) which is orthogonal to the curve S
at r(t):

(o (0.€(1)
VEOE+ 002

Using this representation 7(t) for S, and multiplying in (13.1.30) by
(—m), we can rewrite (13.1.30) as

n(t) =

L
—mu(t) —|—/0 k(t,s)u(s)ds =g(t), 0<t<L (13.1.32)
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where
s = TOIEO = 6] = ) ()]
’ [£(t) = &£(s)]* + [n(t) — n(s)]?
_ 77'(5)5[575775} —¢& 5)77[575775] st (13 1 33)
(s, ] 7 7 -
R e
and

L
g(t) = /0 f(r(s)VE(s)? +1'(s)? log|r(t) — 7(s)| ds. (13.1.35)

In (13.1.32), we have used u(t) = wu(r(t)), for simplicity in notation. The
second fraction in (13.1.33) uses first and second order Newton divided
differences, to more easily obtain the limiting value k(¢,t) of (13.1.34). The
value of k(t,t) is one-half the curvature of S at r(t).

As in earlier chapters, we write (13.1.32) symbolically as

(—m+ K)u=g. (13.1.36)
By examining the formulas for k(¢, s), we have
r € Cr0,L] = ke C"2([0,L] x [0,L]). (13.1.37)

The kernel function k is periodic in both variables, with period L, as are
also the functions u and g.

Recall from Example 1.2.28(a) of Chapter 1 the space Cf(2m) of all /-
times continuously differentiable and periodic functions on (—oo, 00). Since
the parameterization r(t) is on [0, L], we generalize Cf(2m) to Cf(L), with
functions having period L on (—o00,00). The norm is

e = max { llocs 17l - 12O llos |

with the maximum norm taken over the interval [0, L]. We always assume
for the parametrization that r € Cy(L), with k > 2; and therefore the
integral operator K is a compact operator from C,(L) to C,(L). More-
over, from (13.1.37), K maps Cp(L) to C;~?(L). The numerical solution of
(13.1.32) is examined in detail in Section 13.2, along with related integral
equations.

Using the Kelvin transform, the interior Neumann problem (13.1.1) can
be converted to an equivalent exterior Neumann problem, as was done in
passing between (13.1.19) and (13.1.23). Solving the exterior problem will
correspond to finding that solution to the interior Neumann problem which
is zero at the origin (where we assume 0 € D).
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The exterior Dirichlet problem (13.1.14)

The Kelvin transform can also be used to convert the exterior Dirichlet
problem (13.1.14) to an equivalent interior Dirichlet problem. After doing
so, there are many options for solving the interior problem, including using
the first kind boundary integral equation (13.1.28). The value of u(c0) can
be obtained as the value at 0 of the transformed problem.

Boundary integral equations of indirect type

Indirect BIE methods are based on representing the unknown harmonic
function u as either a single layer potential,

u(A) = /Sp(Q) log|A —Q|dSg, AcR? (13.1.38)

or a double layer potential,

9
u(A):/Sp(Q)%logA—QMSQ, AR, (13.1.39)

These have physical interpretations, for example, letting p denote a given
charge density on S or a dipole charge density on S. For a classical interpre-
tation of such potentials, see Kellogg [141]. Both of these formulas satisfy
Laplace’s equation for A € R?\S. The density p is to be chosen such that
u satisfies given boundary conditions on S.

Double layer potentials

Suppose the function u is the solution of the interior Dirichlet problem
withu = fon S. Then use (13.1.8) to take limits in (13.1.39) as A — P € S.
This yields the boundary integral equation

—7p(P) +/Sp(Q)% log|P —Q|dSg = f(P), PeS. (13.1.40)

Note that the form of the left side of this equation is exactly that of
(13.1.32) for the exterior Neumann problem. We discuss in detail the nu-
merical solution of this and related equations in Section 13.2. Ivar Fredholm
used (13.1.39) to show the solvability of the interior Dirichlet problem for
Laplace’s equation, and he did so by showing (13.1.40) is uniquely solvable
for all f € C(9).

The use of (13.1.40) gives a BIE of “indirect type”, as the solution p
is usually of only indirect interest, it being a means of obtaining u using
(13.1.39). Usually, p has no immediate physical significance.

Single layer potentials

The single layer potentials are also used to solve interior and exterior
problems, for both Dirichlet and Neumann problems. The single layer po-
tential (13.1.38) satisfies Laplace’s equation in D;UD,, and it is continuous
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in R?, provided p € L'(S). For example, to solve the interior Dirichlet prob-
lem with boundary data v = f on .S, we must solve the first kind integral
equation

/Sp(Q) log|P — Q|dSo = f(P), PeS. (13.1.41)

Some additional properties of the single layer potential are examined in the
exercises at the end of this section.

If we seek the solution of the interior Neumann problem (13.1.2) as a
single layer potential (13.1.38), with boundary data f on S, then the density
p must satisfy

wp(P) +/Sp(Q) log|P — Q|dSg = f(P), PeS. (13.1.42)

a’l’lp
To obtain this, begin by forming the normal derivative of (13.1.38),
Ou(A)

an~vA{/p(Q)10g|A—QdSQ , AeD; €8
S

Take the limit as A — P € S. Using an argument similar to that used in
obtaining (13.1.8), and applying the boundary condition du/dnp = f, we
obtain (13.1.42). The integral operator in (13.1.42) is the adjoint to that
in (13.1.40); and the left side of the integral equation is the adjoint of the
left side of (13.1.29).

The adjoint equation (13.1.29) is not uniquely solvable, as p = 1 is a
solution of the homogeneous equation. To see this, let u =1 (and f = 0) in
(13.1.29), thus showing that (13.1.29) is not a uniquely solvable equation.
Since this is the adjoint equation to the homogeneous form of (13.1.42), we
have that the latter is also not uniquely solvable (Theorem 2.8.14 in Sub-
section 2.8.5). An examination of how to obtain uniquely solvable variants
of (13.1.42) is given in [10].

The single and double layer potentials of (13.1.38)—(13.1.39) can be given
additional meaning by using the Green’s representation formulas of this
section. The density p can be related to the difference on the boundary
S of solutions or their normal derivatives for Laplace’s equation on the
regions that are interior and exterior to S; see [18, pp. 317-320].

There are also additional representation formulas and boundary integral
equations which can be obtained by other means. For example, representa-
tion formulas can be obtained from the Cauchy integral formula for func-
tions of a complex variable. All analytic functions f(z) can be written in
the form

f(2) = u(z,y) +iv(z,y).

Using the Cauchy-Riemann equations for « and v, it follows that both u
and v are harmonic functions in the domain of analyticity for f. For results
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obtained from this approach, see Mikhlin [171]. Most of the representa-
tion formulas and BIE given in this section can also be obtained by using
Cauchy’s integral formula.

Exercise 13.1.1 Derive (13.1.5)—(13.1.6).

Exercise 13.1.2 Using (13.1.5), show that if the interior Dirichlet problem (13.1.1)
has a solution, then it is unique.

Exercise 13.1.3 Derive (13.1.7), using the ideas sketched preceding the formula.

Exercise 13.1.4 Derive (13.1.11) and (13.1.13).

Exercise 13.1.5 Assume S is a smooth simple closed curve (r € C2(L)). Prove
/Slog\A—Q\dSQ:%r, AeD.

What is the value of this integral if A € S7 If A € D.?

Exercise 13.1.6 Assume S is a smooth simple closed curve (r € C>(L)). What
are the values of

0
log |A — Q| dS
| oz tox14 - Qlasi
for the three cases of A€ D, A€ S,and A€ D.?

Exercise 13.1.7 Derive the formulas given in (13.1.33)—(13.1.34), and then show
(13.1.37).

Exercise 13.1.8 Consider the single layer potential u of (13.1.38). Show that
u(A) = clog|A| as|A| — co.

What is ¢? Suppose you are solving the exterior Dirichlet problem by representing
it as the single layer potential in (13.1.38), say with boundary data f on S. Then
the density function p must satisfy the integral equation

[Sp@) log|P — Q|dSq = f(P), Pe€S.

In order to assure that this single layer potential u represents a function bounded
at oo, what additional condition must be imposed on the density function p?

Exercise 13.1.9 Derive the analogue of (13.1.33)—(13.1.34) for the integral op-
erator in (13.1.42).
Exercise 13.1.10 Let the boundary parameterization for S be

r(t) =v(t) (cost,sint), 0<t<2m

with v(¢) a twice continuously and positive 27-periodic function on [0, 27]. Find
the kernel function k(¢, s) of (13.1.32)—(13.1.34) for this boundary, simplifying as
much as possible. What happens when s —t — 07
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Exercise 13.1.11 Generalize the preceding Exercise 13.1.10 to the boundary
parameterization

r(t) =v(t) (acost,bsint), 0<t< 2w

with a,b > 0, and ~(t) a twice continuously and positive 27-periodic function on
[0, 27]. Find the kernel function k(t,s) of (13.1.32)—(13.1.34) for this boundary,
simplifying as much as possible.

13.2 Boundary integral equations of the second
kind

The original theory developed by Ivar Fredholm for the solvability of inte-
gral equations was for the boundary integral equations of the second kind
introduced in the preceding section; and these equations have also long been
used as a means to solve boundary value problems for Laplace’s equation. In
this section, we consider the numerical solution of these boundary integral
equations of the second kind. We begin with a classic indirect method for
solving the interior Dirichlet problem for Laplace’s equation; and then the
results for this method are extended to integral equations for the interior
and exterior Neumann problems.

Recall the double layer representation (13.1.39) for a function « harmonic
on the interior region D;:

u(A) = /Sp(Q)% log|A—Q|dSq, Ae€D;. (13.2.1)

To solve the interior Dirichlet problem (13.1.1), the density p is obtained
by solving the boundary integral equation given in (13.1.40), namely

P+ [ 0@,

- log|P —Q|dSg = f(P), Pe€S (13.2.2)
Q

with f the given value of u on S. This is basically the same form of integral
equation as in (13.1.30) for the exterior Neumann problem, with a different
right hand function. When the representation r(t) = (£(¢), n(t)) of (13.1.31)
for S is applied, this integral equation becomes

L
— +/0 k(t, $)p(s)ds = f(1), 0<t<L (13.2.3)

with k(t, s) given in (13.1.33)—(13.1.34) and f(¢) = f(r(¢)). The smoothness
and periodicity of & is discussed in and following (13.1.37); and the natural
function space setting for studying (13.2.3) is Cp,(L) with the uniform norm.
Symbolically, we write (13.2.3) as (-7 + K)p = f.



566 13. Boundary Integral Equations

The equation (13.2.2) has been very well studied, for over a century; for
example, see the references and discussion of this equation in Colton [57,
p. 216], Kress [149, p. 71] and Mikhlin [171, Chap. 4]. From this work,
(—m + K)~! exists as a bounded operator from C,(L) to Cp(L).

The functions f, p € Cp(L), and the kernel k is periodic in both variables,
with period L, over (—oo0,00); and in addition, both k& and p are usually
smooth functions. Thus the most efficient numerical method for solving the
equation (13.2.3) is generally the Nystrém method with the trapezoidal
rule as the numerical integration rule. Recall the extensive discussion of
the trapezoidal rule in Proposition 7.5.6 of Chapter 7.

Because of the periodicity, the trapezoidal rule simplifies further, and the
approximating equation takes the form

—pn(t) + hf: k(t,t)pn(t;) = (), 0<t<L (13.2.4)

j=1

with h = L/n, t; = jh for j = 1,2,...,n. Symbolically, we write this as
(=7 + Kp)pn = f, with the numerical integration operator K, defined
implicitly by (13.2.4). Collocating at the node points, we obtain the linear
system

—mpn(ti) + B> k(tit)pn(t;) = f(t:), i=1,....n (13.2.5)
j=1

whose solution is (p,(t1),...,pn(t,))T. Then the Nystrom interpolation
formula can be used to obtain p,,(t):

pn(t):% —f(t)-l-hzn:k(t,tj)Pn(tj) , 0<t<L. (13.2.6)
Jj=1

This is a simple method to program; and usually the value of n is not too
large, so that the linear system (13.2.5) can be solved directly, without
iteration.

The error analysis for the above is straightforward from Theorem 12.4.4
of Chapter 12. This theorem shows that (13.2.4) is uniquely solvable for all
sufficiently large values of n, say n > N; and moreover,

10— pallse < l-7+ Ko) [ 1Kp— Kaplloo: n>N.  (1327)

It is well known that the trapezoidal rule is very rapidly convergent when
the integrand is periodic and smooth; and consequently, p, — p with a
similarly rapid rate of convergence.

Example 13.2.1 Let the boundary S be the ellipse
r(t) = (acost,bsint), 0<t<2m. (13.2.8)



FIGURE 13.1. The density p for (13.2.10) with (a,b) = (1,5)
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n | (a,b) =(1,2) | (a,b) =(1,5) | (a,b) = (1,8)
8 3.67TE-3 4.42E-1 3.67TE+0
16 5.75E-5 1.13E-2 1.47E-1
32 1.34E—-14 1.74E-5 1.84E—3
64 3.96E—11 6.66E—7
128 7.23E-14

TABLE 13.1. Errors in density function p, for (13.2.10)

In this case, the kernel k of (13.1.33) can be reduced to

k(t,s) =

K<ST“> "0 =37

—ab

and the integral equation (13.2.3) becomes

—molt) + | %K(S;t)pw) ds = f(1),

In Table 13.1, we give results for solving this equation with

fz,y) = e cosy,

a2 sin® 0 + b2 cos? 9)

0<t <27,

(z,y) € S.

567

(13.2.9)

(13.2.10)

(13.2.11)

The true solution p is not known explicitly; but we obtain a highly accurate
solution by using a large value of n, and then this solution is used to
calculate the errors shown in the table.

Results are given for (a,b) = (

1,2) and (1,5). The latter ellipse is some-

what elongated, and this causes the kernel k£ to be more peaked. In partic-
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x10°

FIGURE 13.2. The error p — psz for (13.2.10) with (a,b) = (1,5).

ular, introduce the peaking factor

_ max |k(t,s)|  (max{a,b} °
p(a,b) = min |k(t, s)| - (min{a,b}) .

Then p(1,2) =4, p(1,5) = 25, p(1,8) = 64. As the peaking factor becomes
larger, it is necessary to increase n in order to retain comparable accuracy
in approximating the integral K p, and the consequences of this can be seen
in the table.

A graph of p is given in Figure 13.1 for (a,b) = (1,5), and it shows a
somewhat rapid change in the function around ¢t = 0 or (z,y) = (a,0) on
S. For the same curve S, a graph of the error p(t) — p,(t), 0 < t < 2m,
is given in Figure 13.2 for the case n = 32. Perhaps surprisingly in light
of Figure 13.1, the error is largest around ¢ = 7 or (x,y) = (—a,0) on S,
where p is better behaved. 0

13.2.1 Evaluation of the double layer potential

When using the representation 7(s) = (£(s),n(s)) of (13.1.31) for S, the
double layer integral formula (13.2.1) takes the form

L
u(z,y) :/0 M(x,y,s)p(s)ds, (x,y) € D; (13.2.12)

where

—1'(8)[E(s) — 2] + €' (s)[n(s) —y]

M 2] = ey =P + Ints) — 0P

(13.2.13)
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This kernel is increasingly peaked as (z,y) approaches S. To see this more
clearly, let S be the unit circle given by 7(s) = (coss,sins), 0 < s < 27.
Then
—coss(coss —x) —sins(sins — y)

(coss — )% 4 (sins — y)?

M(z,y,s) =

To see the near-singular behaviour more clearly, let (x,y) approach the
point (cos s, sin s) along the line

(z,y) = q(cos s,sins), 0<¢q< 1.

Then after simplifying,

1
M(gcoss,gsins, s) = T—o
—q

The integrand of (13.2.12) is increasingly peaked as ¢ — 1—.

We use numerical integration to approximate (13.2.12); and since the
integrand is periodic in s, the trapezoidal rule is an optimal choice when
choosing among regular quadrature rules with uniformly distributed quadra-
ture nodes. As (z,y) approaches S, the needed number of integration nodes
will need to be increased in order to retain equivalent accuracy in the ap-
proximate values of u(z,y). For (z,y) very close to S, other means should
be used to approximate the integral (13.2.12), since the trapezoidal rule
will be very expensive.

To solve the original Dirichlet problem (13.1.1), we first approximate
the density p, obtaining p,; and then we numerically integrate the double
layer integral based on p,,. To aid in studying the resulting approximation
of u(x,y), introduce the following notation. Let w,(x,y) be the double
layer potential using the approximate density p,, obtained by the Nystrom
method of (13.2.4):

L
un (2, ) :/0 M(x,y, s)pn(s)ds, (z,y) € D;. (13.2.14)

Let up, m (x,y) denote the result of approximating u,, (z,y) using the trape-
zoidal rule:

m

i=1

For the error in u,,, note that u—uw,, is a harmonic function; and therefore,
by the maximum principle for such functions,

max |u(z,y) — un(z,y)| = max |u(x,y) — un(z,y)|. (13.2.16)
(z,y)€D; (z,y)es
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Since u — u,, is also a double layer potential, the argument which led to the
original integral equation (13.2.1) also implies

u(P) ~ un(P) = ~7[p(P) — pu(P)
+[ Q) = pu(@)
S

log|P — Q| dSq, PeS.

BnQ
(13.2.17)
Taking bounds,
[u(P) = un(P)| < (w + IKI) lp = pull.c. PES. (13.2.18)
Combined with (13.2.16),
max |u(z,y) — un(z,y)| < (7 + [ K)o = pnll - (13.2.19)

(z,y)€ED;

If the region D; is convex, then the double layer kernel is strictly negative;
and it can then be shown that

K| = . (13.2.20)
For convex regions, therefore,

max_ |u(z,y) — un(z,y)| <27 |lp — pull - (13.2.21)
(z,y)€D;

An algorithm for solving the interior Dirichlet problem (13.1.1) can be
based on first solving for p,, to a prescribed accuracy. Then (13.2.19) says
uy, has comparable accuracy uniformly on D;. To complete the task of
evaluating u,(z,y) for given values of (z,y), one can use the trapezoidal
rule (13.2.15), varying m to obtain desired accuracy in w, m,(z,y). The total
error is then given by

w(@,y) = unm(@,y) = [u(@,y) — un(@,y)] + [un (2, y) = tnm(z,y)] -
(13.2.22)
Ideally, the two errors on the right side should be made comparable in size,
to make the algorithm as efficient as possible. A Fortran program imple-
menting these ideas is given in [24], and it also uses a slight improvement
on (13.2.15) when (x,y) is near to S.

Example 13.2.2 We continue with Example 13.2.1, noting that the true
solution is also given by (13.2.11). For the case (a,b) = (1,5) and n = 32,
we examine the error in the numerical solutions wu,, and w,,_,, along the line

c(q) = q(acos g,bsin 2), 0<g<l. (13.2.23)

A graph of the error u(e(q)) — un(e(q)), 0 < g < .94, is shown in Figure
13.3. Note that the size of the error is around 20 times smaller than is
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r m = 32 m = 64 m = 128 m = 256

0 | —1.34FE—2 | —2.20E—-5| —1.68E—6 | —1.68E —6
.20 1.60E — 2 6.89FK -5 | —1.82E—6 | —1.82E—6
.40 1.14FE — 3 1.94FE —5 | —149E -7 | —1.58E — 7
.60 | —7.88F —2 —3.5FE -3 4.63E — 6 2.22FE — 6
.80 5.28FE — 1 233E -2 | —1.31E—3 4.71FE —6
90 | —1.13E+0 4.82F —1 3.12E —2 | —2.64FE — 4
94 | —1.08E+0 | —844F —1 2.05FE —1 1.85FE —3
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TABLE 13.2. Errors u(e(q)) — tn,m(c(q)) with n = 32

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

FIGURE 13.3. The errors u(c(q)) — un(c(q)) with n = 32

predicted from the error of ||p — psallac = 1.74 x 1075 of Table 13.1 and
the bound (13.2.21). Table 13.2 contains the errors u(c(q)) — un,m(c(q)) for
selected values of ¢ and m, with n = 32. Graphs of these errors are given
in Figure 13.4. Compare these graphs with that of Figure 13.3, noting the
quite different vertical scales. It is clear that increasing m decreases the
error, up to the point that the dominant error is that of u(z,y) — u,(z,y)
in (13.2.22). O

13.2.2 The exterior Neumann problem

Recall the solving of the exterior Neumann problem (13.1.2) by means of
the integral representation formula (13.1.25) and the boundary integral



572 13. Boundary Integral Equations

m=32 m=64
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FIGURE 13.4. The errors u(c(q)) — un,m(c(q)) with n = 32.

equation of (13.1.30). We rewrite the latter as

P
—ru(P)+ /SU(Q)% log|P — Q| dSo .

= /Sf(Q)log P-QldSq, PeS.

The left side of this equation is the same as that of (13.2.2) for the interior
Dirichlet problem; and it is therefore only the evaluation of the right side
which concerns us here. Recalling (13.1.35), the right side is

L
g(t) =/0 f(r(s))VE (s)? +1'(s)? log[r(t) — 7(s)| ds. (13.2.25)

This could be approximated using the product integration techniques of
Section 12.5 in Chapter 12; but we consider a more efficient method.

To simplify the notation, the parametrization r () of (13.2.1) is assumed
to be defined on the standard interval [0, 27]. Also, introduce

p(s) = f(r(s)VE (s)? +1'(s)? (13.2.26)

The integral (13.2.25) becomes

27
g(t):/o o(s)log |r(t) — r(s)|ds,  0<t<2m (13.2.27)
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We write the kernel of this integral in the form

log |r(t) — 7(s)| = log [2e~1/2 sin(t_TS> ‘ —mb(t, s) (13.2.28)
with
12 () —
—llog‘e [r(i_z(s)”) t— s +#2mm,
b(t,s) = 25““( 2 )‘ (13.2.29)
1
——log |e'/?r'(t)] , t—s=2mm.
T
The integral (13.2.27) becomes
1 2 t—s 2m
g(t) = —m {——/ ©(s)log |2e~1/2 sin<—> ds + b(t, s)p(s) ds]
TJo 2 0
= —7[Ap(t) + Beo(t)].
(13.2.30)

Assuming 7 € C#(2m), the kernel function b € C*~*([0,27] x [0,27]); and
b is periodic in both variables ¢ and s. Consequently, the second integral
Be(t) in (13.2.30) can be accurately and efficiently approximated using the
trapezoidal rule.

The first integral in (13.2.30) is a minor modification of the integral
operator associated with the kernel log|P — Q| for S equal to the unit
circle about the origin, where we have

Ap(t) = —1/0 ﬂw(S) log

™

L —
2¢—1/2 Siﬂ(Ts> ‘ ds, 0<t<2m. (13.2.31)

This operator was introduced in Section 7.5.4 and some properties of it
were given there.
In particular,

«4<P(t)=L 2(0) + @eimt : (13.2.32)

based on the Fourier series

ims

1 =
o(s) = \/—2_71' m;oo p(m)e

for an arbitrary ¢ € L?(0,2n). This is an expansion of Ay using the eigen-
functions 1, (t) = €™ and the corresponding eigenvalues of A. For a proof
of this result, and for a much more extensive discussion of the properties
of A, see Yan and Sloan [242].
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As noted in Section 7.5.4, (13.2.32) can be used to show that A is a
bijective bounded linear operator from HY(27) = L?(0,27) to H!(27),
with || A|| = 1 for this mapping. The Sobolev space H!(27) was introduced
in Definition 7.5.1 of Chapter 7. When A is considered as an operator from
Cp(2m) to Cp(2m), we can show

2
I < 4/1+ % = 2.07. (13.2.33)

For a derivation of this last bound, see [18, p. 330].

To approximate Ap, we approximate ¢ using trigonometric interpola-
tion; and then (13.2.32) is used to evaluate exactly the resulting approxi-
mation of Ap. Let n > 1, h =27 /(2n+ 1), and

tj=jh, j=0,%£1,%2,... (13.2.34)

Let 9, ¢ denote the trigonometric polynomial of degree < n which interpo-
lates ¢(t) at the nodes {to, t1, . .., t2,}, and by periodicity at all other nodes
tj (Theorem 7.5.7 of Chapter 7). Also, let T, (¢) denote the trapezoidal rule
on [0, 27| with k subdivisions:

k—1 .
27 2]
1) =T o). eecen.
§=0
The interpolation polynomial can be written as
Qup(t) = > o€, (13.2.35)
j=—n

The coefficients {a; } can be obtained as numerical quadratures of the stan-
dard Fourier coefficients of ¢; see [18, p. 331].
For the error in Q, ¢, recall the error bound (3.7.21) in Chapter 3. Then

logn o
o= Ouell = O(ER ). e Chvem. (13.2.30)

In this relation, ¢ is assumed to be ¢-times continuously differentiable, and
) is assumed to satisfy the Holder condition

w(z)(s) _(p(é’)(t)‘ <cls—t|", —oco<s,t<oo

with ¢ a finite constant.
We approximate Ag(t) using AQ,¢(t). From (13.2.32),

L, 7=0,
Ay = |71.|eijt, il > 0. (13.2.37)
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Applying this with (13.2.35),

Ap(t) = AQnp(t) = ap + Z ‘7 et —co<t<oo.  (13.2.38)

j_ Tl

To bound the error in AQ,,¢, we apply (13.2.33), yielding

Ay = AQnell o < Al lle = Cnell

Using (13.2.36), this bound implies

A — AQnpllos = O<1°g"> . e Che(2m) (13.2.39)

nZ—i—a
provided £+« > 0. The approximation AQ,, ¢ is rapidly convergent to Ay.
To complete the approximation of the original integral (13.2.30), approx-
imate By(t) using the trapezoidal rule with the nodes {¢;} of (13.2.34):
By(t) ~ T2n+1(b(t )
b(t, tx) 13.2.40
T+l Z 2 ( )

= B,p(t )

To bound the error, we can use the standard Euler-MacLaurin error formula
[18, p. 285] to show

|Bo(t) — Bnp(t)] < O(n™"), e Ch2m). (13.2.41)

This assumes that r € Cf(27) with x > £+ 1.

To solve the original integral equation (13.2.24), we use the Nystrom
method of (13.2.4)-(13.2.6) based on the trapezoidal numerical integration
method with the 2n + 1 nodes {to,...,t2,} of (13.2.34). The right side g¢
of (13.2.30) is approximated by using (13.2.38) and (13.2.40), yielding the
approximation

(=7 + Ky) up = —7 [AQpn + Bno(t)]. (13.2.42)

Error bounds can be produced by combining (13.2.39) and (13.2.41) with
the earlier error analysis based on (13.2.7). We leave it as an exercise to
show that if ¢ € 05(277) for some £ > 1, and if r € Cp(27) with k > £ +1,
then the approximate Nystrém solution w, of (13.2.24) satisfies

1
u =t |oo < O( 0%,”) . (13.2.43)

n
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x10™*

.
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FIGURE 13.5. The error u(r(t)) — un(r(t)) for n = 16 and (a,b) = (1,2)

Example 13.2.3 We solve the exterior Neumann problem on the region
outside the ellipse

r(t) = (acost,bsint), 0<t<2m.

For purposes of illustration, we use a known true solution,

o
U(l‘,y) - .’E2 +y2

This function is harmonic; and u(z,y) — 0 as 22 +4? — co. The Neumann
boundary data is generated from u. Numerical results for (a,b) = (1,2) are
given in Table 13.3; and in it, m = 2n + 1 is the order of the linear system
being solved by the Nystrom method. A graph of the error u(r(t))—u, (r(t))
is given in Figure 13.5 for the case n = 16. O

n | m | — wn||oo
8 17 3.16E—2
16 | 33 3.42E—4
32 | 65 4.89E—8
64 | 129 | 1.44E—15

TABLE 13.3. The error [|u — un||oo for (13.2.42)

Exercise 13.2.1 Derive the integral equation (13.2.9)-(13.2.10) for solving the
interior Dirichlet problem over an elliptical domain.
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Exercise 13.2.2 Write a program to solve (13.2.10), implementing the Nystrom
method (13.2.4)—(13.2.6), as in Example 13.2.1. Experiment with varying values
for n, (a,b), and boundary function f. For the latter, do experiments when f has
a singular derivative (with respect to arc-length) on the boundary.

Exercise 13.2.3 Using the computation of Exercise 13.1.11, develop and pro-
gram a numerical method for the parameterization

r(t) = (2+ cost) (acost,bsint), 0<t < 27,

Do so for a variety of values of the positive constants a, b.

Exercise 13.2.4 Fill in the details of the arguments for the results given in
(13.2.17)—(13.2.19).

Exercise 13.2.5 Prove that for D a bounded convex region, ||K| = w, thus
proving (13.2.20).

Exercise 13.2.6 Confirm the formulas (13.2.27)—(13.2.29).

Exercise 13.2.7 Assume r € C,(2m). Show that the kernel function b(t,s) of
(13.2.29) belongs to C"~*([0, 2] x [0, 27]) and that it is periodic in both variables
t and s.

Exercise 13.2.8 Derive the results in the paragraph preceding (13.2.33). In par-
ticular, show A is a bijective mapping of L?(0,2r) to H'(27) with ||A| = 1 for
this mapping.

13.3 A boundary integral equation of the first kind

Historically, most of the original theoretical work with boundary integral
equations has been for integral equations of the second kind, and conse-
quently, these types of boundary integral equations came to be the principal
type used in applications. In addition, some integral equations of the first
kind can be quite ill-conditioned, and this led some people to avoid such
equations in general. Finally, numerical methods for integral equations of
the first kind were difficult to analyze until somewhat recently.

Boundary integral equations of the first kind, however, are generally
quite well-behaved; and recently, they have been an increasingly popular
approach to solving various boundary value problems. In this section, we
look at a well-studied boundary integral equation of the first kind, and we
introduce some general analytical tools by means of doing an error analysis
of a numerical method for solving this integral equation.
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Returning to Section 13.1, the BIE (13.1.28) is an integral equation of
the first kind of direct type. Introducing a change of sign, we write this
integral equation as

—l/sp(Q) log|P — Q|dSg = g(P), PeS. (13.3.1)

™

In this case, the unknown density p is the value of the normal derivative on
S of the unknown harmonic function u. This integral equation also arises
as an indirect BIE for solving the interior Dirichlet problem for Laplace’s
equation (see (13.1.41) when A € S). In this section, we consider various
numerical methods for solving this integral equation, building on the ideas
introduced in Section 13.2 following (13.2.25).

The solvability theory for (13.3.1) is well-developed, and an excellent
presentation of it is given in Yan and Sloan [242]. In particular, if

diam(D;) < 1, (13.3.2)

then the equation (13.3.1) is uniquely solvable for all g € H(S). The
space H!(S) is equivalent to the space H!(27) which was introduced in
Definition 7.5.1 of Chapter 7, provided S is a smooth simple closed curve,
as is assumed for this chapter. More generally, the integral equation is
uniquely solvable if the equation

/ P(Q)log|P —Q|dSg =1, PeS (13.3.3)
s

does not possess a solution. This is assured if (13.3.2) is satisfied; and
since harmonic functions remain such under uniform scalar change of vari-
ables, we can assume (13.3.1) with no loss of generality. Curves S for which
(13.3.3) has a solution are called “I'-contours”, and they are discussed at
length in [242].

Write the first kind boundary integral equation (13.3.1) in the form

1 2w t_
——/ ©(s)log |2e~1/2 sin(Ts> ‘ ds
0 (13.3.4)

™
2m
—/ b(t,s)p(s)ds =g(t), 0<t<2m
0

with ¢(s) = p(r(s))|r’(s)]. This decomposition of the integral operator
of (13.3.1) was given earlier in (13.2.27)-(13.2.29). We write (13.3.4) in
operator form as

Ap+ Bp=g. (13.3.5)

Because of the continuity and smoothness properties of b, the operator
B maps H?(2r) into H72(27), at least. Using the embedding result that
H*2(27) is compactly embedded in H971(27) (Theorem 7.3.11), it follows
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that B is a compact operator when considered as an operator from H%(27)
into H971(27). Also, recall from (7.5.18) that

A H(2r) 1:;1 H(27), ¢>0. (13.3.6)
On account of these mapping properties of A and B, we consider the in-
tegral equation (13.3.5) with the assumption g € H4!(27); and we seek a
solution ¢ € H?(27) to the equation.

From (13.3.6), the equation (13.3.5) is equivalent to

0+ A 'Bp=A"1g. (13.3.7)

This is an integral equation of the second kind on HY(27); and A~'B is
a compact integral operator when regarded as an operator on H9(27) into
itself. Consequently, the standard Fredholm alternative theorem applies;
and if the homogeneous equation p+.47! By = 0 has only the zero solution,
then the original nonhomogeneous equation has a unique solution for all
right sides A~'g. From [242], if S is not a I'-contour, then the homogeneous
version of the original integral equation (13.3.5) has only the zero solution;
and thus by means of the Fredholm alternative theorem applied to (13.3.7),
the integral equation (13.3.5) is uniquely solvable for all g € H7"(27).

13.3.1 A numerical method

We give a numerical method for solving the first kind single layer equation
(13.3.1) in the space L?(0,2m). The method is a Galerkin method using
trigonometric polynomials as approximations. We assume that the integral
equation (13.3.1) is uniquely solvable for all g € H'(27).

For a given n > 0, introduce

Vo =span{t_p, ..., %0,...,Un}

with v¥;(t) = €¥'/\/2m; and let P, denote the orthogonal projection of
L?(0,27) onto V,, (see Section 3.7.1). For ¢ = Y aythy,, it is straightfor-
ward that

n

PTLSO(S) = Z amwm(s)a

m=—n

the truncation of the Fourier series for .
Recall the decomposition (13.3.4)—(13.3.5) of (13.3.1),

Ap+Bp=g (13.3.8)
with Ay given in (13.2.32). It is immediate that

P,A=AP,, P,A'=A"'P,. (13.3.9)
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Approximate (13.3.8) by the equation
P (Apn + Bon) = Prg,  ¢n € Va. (13.3.10)

Letting

n

Pn(s) = Z a%’)wm(s)

and recalling (13.2.34), the equation (13.3.10) implies that the coefficients
{am)} are determined from the linear system

(”) 27 p2m
max{l K[} + Z am / / b(t, 5)Vm(s ¢k( ) dsdt

(13.3.11)
= / g(t)r(t)dt, k=-n,...,n.
0
Generally these integrals must be evaluated numerically.
The equation (13.3.8) is equivalent to
o+ A 1Bp=A"ly. (13.3.12)

The right side function A~tg € L?(0,27), by (13.3.6) and by the earlier
assumption that g € H*(2). From the discussion following (13.3.7), A™1 B
is a compact mapping from L?(0,27) into L*(0, 27), and thus (13.3.12) is a
Fredholm integral equation of the second kind. By the earlier assumption on
the unique solvability of (13.3.8), we have (I +.A471B)~! exists on L2(0, 27)
to L2(0,2m).

Using (13.3.9), the approximating equation (13.3.10) is equivalent to

¢on+ P, A By, = P, A g. (13.3.13)

Equation (13.3.13) is simply a standard Galerkin method for solving the
equation (13.3.12), and it is exactly of the type discussed in Subsection
12.2.4.

Since P,p — ¢, for all ¢ € L?(0,27), and since A~!B is a compact
operator, we have

||(I—Pn)A*1B|| —0 asn— oo

from Lemma 12.1.4 in Subsection 12.1.3 of Chapter 12. Then by standard
arguments, the existence of (I + A~ B)~! implies that of (I+ P, A"1B)~!
for all sufficiently large n. This is simply a repetition of the general argu-
ment given in Theorem 12.1.2; in Subsection 12.1.3. From (12.1.24) of that
theorem,

||g0 - QOnHO S ||(I + Pn-AilB)i:lH H(p - Pn(pHOa (13314)
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where || - ||o is the norm for H%(27) = L?(0, 27). For more detailed bounds
on the rate of convergence, apply Theorem 7.5.7 of Section 7.5, obtaining

C
I = ullo < =llpllys o € HI(2) (133.15)

for any ¢ > 0.
A fully discretized variant of (13.3.13) is given in [18, p. 351], including
numerical examples.

Exercise 13.3.1 Let k be a non-negative integer. Solve the integral equation

1 27 B t—

—;/ »(s) log ’26 1/2 sin(Ts> ’ds =cos(kt), 0<t<2m.
0

Exercise 13.3.2 Obtain an explicit formula for the function b(¢,s) when the

boundary S is the ellipse of (13.2.36). Simplify it as much as possible.

Suggestion for Further Reading.

Parts of this chapter are modifications of portions of ATKINSON [18,
Chap. 7]. Chapters 7-9 of the latter contain a more complete and exten-
sive introduction to boundary integral equation reformulations and their
numerical solution, again for only Laplace’s equation; and a very large set
of references are given there. More complete introductions to boundary in-
tegral equations and their analysis can be found in KRESS [149], MIKHLIN
[172], and POGORZELSKI [187]. From the perspective of applications of BIE,
see JASWON AND SyMM [130] and POZRIKIDIS [188].

A comprehensive survey of numerical methods for planar BIE of both the
first and second kinds is given by SLOAN [206]. An important approach to
the study and solution of BIE, one which we have omitted here, is to regard
BIEs as strongly elliptic pseudo-differential operator equations between
suitably chosen Sobolev spaces. Doing such, we can apply Galerkin and
finite-element methods to the BIE, in much the manner of Chapters 9 and
10. There is no other numerical method known for solving and analyzing
some BIEs. As important examples of this work, see WENDLAND [229],
[230], [231]. An introduction is given in [18, Section 7.4].
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Multivariable Polynomial
Approximations

In Chapter 3 we introduced the approximation of univariate functions by
polynomials and trigonometric functions (see Sections 3.4-3.7). In this
chapter we extend those ideas to multivariable functions and multivariable
polynomials. In the univariate case there are only three types of approxi-
mation domains, namely [a, b], [a, o), and (—o0, 00), with a and b finite. In
contrast, there are many types of approximation domains in the multivari-
able case. This chapter is only an introduction to this area, and to make it
more accessible, we emphasize planar problems. In particular, we consider
the unit disk

By = {(z,y) | 2* +¢y* < 1}

as the principal approximation domain of interest.

14.1 Notation and best approximation results

For notation, we use (x,y) to specify points when dealing with planar
problems; but when talking about functions defined in R%, with some d > 2,
we use a column vector to denote a point © € R, = (x1,... ,:cd)T. We
recall notation from Chapter 1. For a closed set D C R? with non-empty
interior, the space C'(D) counsists of all functions f that are continuous on
D; the norm is || - |s. Similarly, L?(D) is the set of functions that are
square integrable over D with the standard inner product topology. For

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis 583
Framework, Texts in Applied Mathematics 39, DOI: 10.1007/978-1-4419-0458-4_14,
© Springer Science + Business Media, LLC 2009
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simplicity in notation,
/ flx)dz = / flx1,. .. xq)dzy - - day.
D D

The space C*(D), k > 1, consists of functions which are k-times continu-
ously differentiable over D. When D is lower dimensional, e.g. a surface or
path in R%, then additional care must be taken with these definitions; e.g.
see Subsection 7.2.3.

When dealing with polynomials, we use multi-index notation. Let @ =
(01, ..., aq) with all a; > 0 being integers; and let |o| = a1 +- - - +aq. The
monomial % is defined by

x® =ty

Introduce

e — Zbaw“‘baeR

These are the polynomials in d variables that are of degree < n. For d = 2,
it is straightforward to show

1
dimIT2 = |IIZ| = §(n+1) (n+2).

a;_ (n+d
= (")

Assume D C R? is a closed and bounded set. For a function f € C(D),
the minimax approximation error when using I1¢ as an approximating space
is defined by

In general,

En(f) = inf |If = plloc- (14.1.1)
pelld

The work of generalizing Jackson’s Theorem 3.7.2 to multivariable polyno-
mial approximation has a long history, beginning with the paper of Gron-
wall [100] in 1914. We give results from Ragozin [190]. As notation when
using partial derivatives, we write

olal f

[f]l+,n = max |09 floc,
ler]<n

w(f,h)= sup |f(z)— f(y)l,

le—y|<h

wa(fih) =D w(@f,h).

|| =n

9°f =

a=(a,...qq),



14.2 Orthogonal polynomials 585
Also, introduce the unit ball,
By={zeR|a?+ - +25<1}

with d > 2.

Theorem 14.1.1 Assume f € C*(By). Then there exist polynomials p, €
e for which

1f = prlloo < C(k—;d) {M + wg (f, %)} . (14.1.2)

n n
The constant c(k,d) depends on only k and d.

This is taken from [190, Thm. 3.4]. The proof is quite complicated and
we only reference it. The theorem generalizes (3.7.4) of Jackson’s Theorem
3.7.2 for univariate polynomial approximation. Another approach to this
problem uses a connection between approximations of functions on S¢ and
those on B;. For a complete development of this approach, including the
measuring of error using norms other than || - ||, see Rustamov [201] and
Yuan Xu [240], [241].

Exercise 14.1.1 Show that the results of this section apply also to polynomial
approximations over the ellipse

where a,b > 0.

14.2  Orthogonal polynomials

In this section, we follow closely the ideas of Yuan Xu [239]. Consider 1%
as a subspace of L?(B,). Introduce

P = span {z® | a = (ai,...aq), |a| =n}, n>0,
the homogeneous polynomials of degree n. Easily,
m=prPleprPlg.. opPl. (14.2.1)
Also, introduce
Ve ={pelll|(pg)=0Vqell_,}

for n > 1; and define V¢ = {c | c € R}.
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Lemma 14.2.1
m=viovie. . ovi (14.2.2)

Proof. The proof is by induction on n. Clearly it is true for n = 0. Assume
it is true for n = k — 1 and prove it for n = k.

For notation, let N,, = dimI1¢, Q,, = dimP¢, and M,, = dim V%, n > 0.
It is immediate from (14.2.1) that

N = Ni_1 4+ Q. (14.2.3)

From the fact that all elements of Vg are polynomials of degree k, it follows
that
m¢_, @ vé c11g, (14.2.4)

and this implies
Np_1+ My, < Ni.

When combined with (14.2.3), this implies My < Q. We want to show
M, = Q. Once having done so, it follows that dim Hg = dim ng +
dim V¢. When combined with (14.2.4), this implies I1¢_, & V¢ = I1¢, com-
pleting the induction.

For each basis element 2% € P¢, o = (a1,...,4), |a| = k, consider
constructing a polynomial

ple)=z*+r(x), relll_=Via - aoV{,

with the requirement that p be orthogonal to every element of II{ . Each
V4, can have an orthogonal basis {¢, ; | 7 = 1,..., M,,}; and by means of
the induction hypothesis, these can be used collectively to form an orthog-
onal basis for I1¢_,. The polynomial 7 can be written in terms of this basis,
say

k=1 M,

r= Z Zamngom,j.

m=0 j=1
When we impose the requirement that p be orthogonal to each element of
our orthogonal basis for nga the polynomial r is determined uniquely:

am,jz—w j=1,... My_1, m=0,... k—1.

(@m,j’ me,j) ’
This establishes a one-to-one correspondence between the polynomial space
P¢ = span {z® | |a| = k} and a subspace of V¢, implying Q; < M. When
combined with the earlier and reverse inequality, we have M}y = Q. From
the earlier argument, it then follows that I1¢ = ng @Vg, thus completing
the induction. g

The decomposition (14.2.2) allows the creation of an orthogonal basis for
I1¢ by first constructing an orthogonal basis for each V¢, In the univariate
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FIGURE 14.1. The orthonormal ridge polynomial ®51(x,y)

case, each subspace V} has dimension 1, and therefore each V! has a unique

basis (up to multiplication by a nonzero constant). In the multivariable
case,

n+d—1

dim V¢ = ,

which is greater than 1 when d > 1. For the planar case, d = 2 and
dimV¢ = n + 1. There are many choices of an orthogonal basis for the
subspace V¢ when d > 1, and several are listed in [239, Section 1.2].

Example 14.2.2 Define the polynomials

1
on.i(T,y) = ﬁ U,(x cos(kh) +y sin(kh)), (z,y) € Ba, h= - j_ 1
(14.2.5)

for k = 0,1,...,n. The function U, is the Chebyshev polynomial of the
second kind of degree n:

_sin(n+1)0

Un(t) sin @

, t=cosf, —-1<t<1, n=0,1,....

This set of polynomials form an orthonormal basis for V2 with respect to
the standard inner product over By. For a proof, see [160]. Using (14.2.2),
the set {¢n | 0 <k <n < N} is an orthonormal basis of 113, C L*(Bs).
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These polynomials are sometimes referred to as “ridge polynomials”. Figure
14.1 gives a graphic of 5 1 (x, y). It also illustrates the reason for the name
given to these polynomials, that their graphs contain parallel ridges, with
©n,k(2,y) constant along the line

x cos(kh) +y sin(kh) =t (14.2.6)

with ¢ constant. O

14.2.1  Triple recursion relation

The triple recursion relation for univariate orthogonal polynomials was
developed in Problems 3.5.5-3.5.6 of Section 3.5. We consider here the
generalization to multivariable orthogonal polynomials. The generalization
gives a relationship between orthogonal bases for V¢ _,, V¢ and V¢_,.
To simplify the presentation, we work with only the planar case; but the
results generalize in a straightforward way to higher dimensions.

Let V2 have the orthogonal basis {p, x| k=0,1,...,n}, n > 0, and it
need not be the basis given in (14.2.5). Introduce the vector function

Pn(x) = (Pno(T), na(@), ..., ‘pn,n(w))T :

In the following theorem, we replace the planar point (z,y) with = =
(1, 22). Also, let p_,(x) = 0.

Theorem 14.2.3 Let V2 have the orthogonal basis {¢nk | k= 0,1,...,n},
n > 0. Forn > 0 and for j = 1,2, there exist unique matrices Ay, j, By ;
and C,, ; with the respective orders (n+ 1) x (n+2), (n+ 1) x (n+ 1), and
(n+1) x n, for which

xjpn(m) = A"vjpn-&-l(m) + Bm]pn(m) + Cn7jpn—1(m)a .7 = 17 2 (1427)

with C_1 j = 0. If the polynomials {pn x| k=0,1,...,n}, n >0, are or-

thonormal, then Cy, ; = Af,l,j.

Proof. Consider the polynomial components of z;p,, (), namely x;p, i ()
for some k, 0 < k < n. Each such component is a polynomial of degree
n + 1. As such, we can write it as a combination of the orthogonal basis
polynomials from V3, Vi, ..., V2 ,:

n+1 m

Tion k(@) = DD i spm ().

m=0 =0
Then
am)e:/ xjgon’k(w)cpm,g(:c)dx// wm’g(w)2dm.
IBZ ]32
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Note that z;pm ¢(z) has degree m + 1. As such, ¢, () is orthogonal to
it when m + 1 < n; and thus oy, ¢ = 0 when m < n — 1. As a consequence,
Zjn k() is a combination of basis functions from V¢_,, V¢ and V4.
This yields (14.2.7).

We can obtain formulas for A, ;, B, ; and C, ; as well. We begin by
considering the matrix H,, of order n x n,

H,= [ p,(x)p,(x) dz,
B2

(o= [ pnal@) eus@)ds, 0<hL<n
B2
This is a Gram matrix of orthogonal polynomials, and thus it is nonsingular

and diagonal. If {¢, 1 | K =0,1,...,n} is an orthonormal basis, then H,, =
I. The matrices A, j, By ;j and C,, ; can be obtained by solving

Ay iHpgq :/ xjpn(a:)pnﬂ(a:)Tdm, (14.2.8)
B>

Bustly = [ ap,(@)p, (@) (14.2.9)
B>

Ay jHyi = H\CL s (14.2.10)

The proofs are left as an exercise for the reader. When the polynomials
{onkr | k=0,1,...,n}, n > 0, are orthonormal, it follows from (14.2.10)
that C,, ; = A O

n—1,5°
As with univariate orthonormal polynomials in Subsection 3.7.2, we can
generalize to multivariable orthogonal polynomials the idea of reproducing
kernel and the Christoffel-Darboux identity; see [239, p. 146].
The preceding material also can be generalized to a weighted inner prod-
uct

(f. )y = / w(w) f(@) g(x) de. (14.2.11)

for a weight functions w(x) satisfying standard assumptions. Two other
important domains are the unit simplex,

Ty = {(z,y) |2,y >0, x +y < 1},
and the unit sphere in R3,
§*={(z,9.2) | ® +y* + 2% =1},

and their extensions to higher dimensions. There are close connections be-
tween orthogonal polynomials on B, and those on Ty and S?; and the use
of the weighted inner products (14.2.11) is necessary in developing those
connections. For these and many other results on multivariable orthogonal
polynomials, see the lecture notes of Yuan Xu [239] and the book of Dunkl
and Xu [72].



590 14. Multivariable Polynomial Approximations

14.2.2  The orthogonal projection operator and its error

As earlier, let {¢m i |k=0,1,...,m, m=0,...,n} be an orthonormal
basis for l'I2 n > 0. The orthogonal projection operator P, from L?(Bs)

no

onto I12 is given by

=3 S (fopme) mel@), wEBy, [ LP(By). (14.2.12)
m=0 ¢=0

This converges in the inner product norm of L?(Bg) because of the com-
pleteness of the polynomials in the space L?(Bg). For any ¢ € 112, we have

f_Pnf:f_q_Pn(f_q)'
Use || Py|lz2—r2 = 1 to obtain

If = Pufllez <20f = dallez < 27)f = ¢l

provided f € C'(B2). Combine this with the defnition in (14.1.1) to obtain

If = Paflle> < 27En(f),  f € C(Ba).

This can be combined with the results of Theorem 14.1.1 to obtain rates
of convergence for the L? error in approximating f by P, f.

In addition, we would like to know when P, f converges uniformly to
f, i.e. in the norm of C'(Bg). As for univariate approximations, given in
(3.7.15) of Subsection 3.7.2, we can derive

1f = Pufllo < (14 |Pu]) En(f),  f€C(B), (14.2.13)

where P, is considered as an operator from C(B3) onto 112 C C(Bz).
Thus we need to bound ||P,||,_ . in order to bound the rate of uniform
convergence of P, f to f.

From [238], the function P, f can be written as an integral operator,

P, f(x) = i Gn(z,y) f(y)dy, =€ Bs. (14.2.14)

The function G, is the reproducing kernel for II2 and is given by

Gulay) = o [ PPV (2 y 4 VT TP VT TylFeos ) do.
0

(14.2.15)
where JET(n+3)
AT (n+3/2)

Cp =

The function Py*/*/? (t) is the Jacobi polynomial of degree n associated
with the weight function (1 — #)3/2(1 4 )'/2; see (3.5.3) in Section 3.5.



14.2 Orthogonal polynomials 591

Theorem 14.2.4 When considering the orthogonal projection operator P,
as an operator from C(Bsy) to 12 C C(Bg),

|Pall = O(n). (14.2.16)

From the earlier result (2.2.8) in Section 2.2, the norm of P, when re-
garded as an integral operator from C'(Bs) to C(B2) is given by

|Pull = sup [ |Gn(z,y)| dy.
xeB2 JBy

The proof of both (14.2.15) and (14.2.16) is a special case of more general
results given in [238]. When combined with (14.2.13) and Theorem 14.1.1,
we have the following result.

Theorem 14.2.5 Assume f € C*(By) with k > 1. Then

17 - Pl < 983 [ o, (7. 2] (14.2.17)

n

The constant ci(k) depends on only k. If f € C*(Bs), then P,f converges
uniformly to f.

Combining the result (14.2.16) with the Banach-Steinhaus theorem, The-
orem 2.4.5, implies there is at least one function f € C(Bg) for which the
sequence of functions P, f does not converge uniformly to f; it will con-
verge, however, in the norm of L?(By).

Exercise 14.2.1 Prove the formulas (14.2.8)—(14.2.10).

Exercise 14.2.2 Let D = Bs.

(a). Show that {1,z,y} is an orthogonal basis for TI2.

(b). The set {mZ, Ty, y2} is a basis of P3. Using the Gram-Schmidt method in the
proof of Theorem 1.3.16 in Chapter 1, construct an orthonormal basis for V3.

Exercise 14.2.3 Using (14.2.5), construct explicitly an orthonormal basis for
V3. Show directly that it is orthogonal to V3 and V3.

Exercise 14.2.4 Let f(z,y,z) denote an arbitrary function that is integrable
over S?. Show

f(a:,y, 1—x2—y2>—|—f(1:,y,— 1—1:2—y2>
[ sonnas= [ LV iy

This identity can be used to connect orthonormal spherical harmonics (see the
discussion of spherical polynomials and spherical harmonics given in Section 7.5.5

dx dy.
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of Chapter 7) to corresponding orthonormal bases of T2 for the weighted inner
products

(g.h), = [ L&) g,

By \/1—:U2—y
(g,h)zz/ gz, y) h(z,y) /1 — 22 —y2 dx dy.
Bo

For details of this relationship, see Xu [237].

14.3 Hyperinterpolation

In practice the formula (14.2.12) for P, f(x) must be evaluated by using
numerical integration to approximate the coefficients (f, ¢m ¢). The result-
ing approximation of P, f is sometimes referred to as a “discrete orthogonal
projection”. It has also become of interest for another reason. In one vari-
able there is a well-developed theory of polynomial interpolation, and how
to choose the node points is well-understood. In contrast, very little is un-
derstood about how best to carry out interpolation over By or over the unit
sphere S?. For that reason, we use a quadrature based approximation of
P, f(x), and this process is commonly referred to as “hyperinterpolation”.
It is best to choose a quadrature formula which satisfies certain properties.
We will give one such quadrature method, and we will point out some of
the resulting special properties.
For our quadrature over the unit disk, we use

/132 flz)da 2n +1 i Z wmf<m, 227:1”1) (14.3.1)

=0 m=0

The trapezoidal rule is used for the integration in the azimuthal direc-
tion and a Gaussian quadrature rule is used for the radial direction. This
quadrature is exact for all polynomials f € II3, ;. Here the numbers w
are the weights of the (n + 1)-point Gauss-Legendre quadrature on [0, 1],

and thus
1 n
/ p(z)de = Zp(rl) wi
0 1=0

for all single-variable polynomials p(z) with deg (p) < 2n-+1. Using (14.3.1)
to approximate the inner product (-,-) of L?(Bs), introduce the discrete
inner product

(f,9), = 2n+ = Z wmf(rz, 227T1> (rg ;;J:”J . (14.32)

=0 m=0
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The weights in this discrete inner product are all positive. Moreover,

(f.9), = (f.9) Y/fgell. (14.3.3)

With the help of the discrete inner product we can now define an ap-
proximation to the orthogonal projection P, f when f is restricted to being
continuous over Bo:

=3 S om), omi(@), TEBy, fECBy). (14.34)
m=0 £=0
From (14.3.3),
L.f=f VYfell. (14.3.5)

The operator L,, is the hyperinterpolation operator of Sloan and Wom-
ersley [207]. It is also a projection operator from C(Bs) onto I12; it is an
example of a discrete orthogonal projection operator, as in [20]. Galerkin
methods using this approximating operator L, are sometimes called dis-

crete Galerkin methods.

14.3.1 The norm of the hyperinterpolation operator
By a method similar to that used for P, in (14.2.14),

2 n
2n + 1 ze[ﬂ;2 Z Z Wit ‘G € gl m)‘ . (1436)

=0

The function G is the same as in (14.2.15). From this, it is shown in [117]
that

| Lnllc(py—c(p) =

| Lnllc(py—c(p) = O(nlogn).
This is very close to the rate of O(n) growth for || P,|/c(p)—c(p), given in
(14.2.16). As in (14.2.17), this leads to the rate of convergence result

()log”{ .k w,g(f,%)}, n>2  (14.3.7)

”f_Lanoo = k—1

Exercise 14.3.1 Prove (14.3.5).

14.4 A Galerkin method for elliptic equations

Consider solving the elliptic partial differential equation

-~ 0 Ou(x) B
L@ == Y. o [aas@) 5| 4 2(@)u(e) = fle), @<y
(14.4.1)
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with the Dirichlet boundary condition
u(x) =0, x € IBy =S (14.4.2)

Assume the functions y(x), f(x), a;j(x) are several times continuously
differentiable over By. As usual, assume the matrix A(z) = (a; ;(x)) is
symmetric, and also assume it satisfies the strong ellipticity condition,

T A(x) € > cotTE, x By, £ €R? (14.4.3)

with ¢g > 0. Also assume y(z) > 0, € Bs.
The Dirichlet problem (14.4.1)—(14.4.2) has the following variational re-
formulation: Find u € Hg(B2) such that

d

Ou(x) Ov(x)
/132 i;Iai,j(w) dz; O +y(x) u(x)v(x) | do
= | J@v(@)de Voe Hy(Bs). (14.4.4)

Over the space H}(B2), introduce the bilinear form

d

A, w) = /B 2 Zai,j(m)agg) ag}ij:)—i—’y(m)v(m)w(m) dr (14.4.5)

i,j=1

and the bounded linear functional
L(v) = f(@)v(x) dx.
B2

The variational problem (14.4.4) can now be written as follows: find u €
H}(By) for which

A(u,v) = £(v) Yo e Hi(By). (14.4.6)
It is straightforward to show A is bounded,

(A, w)] < callvlly lwlly - ca = maxflA(@)ll; + 7]l

with ||-|, the norm of Hg (D) and ||A(x)||, the matrix 2-norm of the matrix
A(z). In addition, we assume

A(v,v) > cellv]lf, v € Hy(By). (14.4.7)

This follows generally from (14.4.3) and the size of the function v(x) over
Bo; when v = 0, ¢, = ¢p. Under standard assumptions on A, including
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the strong ellipticity in (14.4.7), the Lax-Milgram Theorem implies the
existence of a unique solution u to (14.4.6) with

1
< —||4].
July < —¢]

Let X, denote our approximation subspace,
Xp={(1-2}-a3)p(@)[pecll}. (14.4.8)

The subspaces II,, and X,, have dimension

ané(n+1)(n+2).

Lemma 14.4.1 Let A denote the Laplacian operator in R%. Then
A:X, 1__} 2. (14.4.9)

The proof of this is left as a problem.

14.4.1 The Galerkin method and its convergence

The Galerkin method for obtaining an approximate solution to (14.4.6) is
as follows: find u,, € X,, for which

Aup,v) =L(v) YVveX,. (14.4.10)

The Lax-Milgram Theorem (Section 8.3) implies the existence of u,, for all
n. For the error in this Galerkin method, Cea’s Lemma (Proposition 9.1.3)
implies the convergence of u,, to u, and moreover,

= unl; < 2 inf [|u— ol (14.4.11)
Ce VE

n

It remains to bound the best approximation error on the right side of this
inequality.

Given an arbitrary u € HZ(Bz), define w = —Au. Then w € L*(Bs) and
u satisfies the boundary value problem

—Au(P) =w(P), P €Bay,
uw(P)=0, PecS?

It follows that

w(P)= | G(P.Q)w(Q)dQ, P cBs. (14.4.12)
B2
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The Green’s function is defined by

_1 [P - Q)
R T (R

as follows for P # @, @ € int(By), P € Bs. The quantity 7 (P) denotes the
inverse point for P with respect to the unit sphere S?,

1
T(re)=-z, 0<r<I1, zcS>
T

Differentiate (14.4.12) to obtain
Vu(P) :/ [VpG(P,Q)|w(Q)dQ, P € Ba.
B2

Note that VpG(P,-) is absolutely integrable over B, for all P € B,.
Let w,, € 112 be an approximation of w, say in the norm of either C'(Bz)
or L?(By), and let

B2
We can show ¢, € X,,. This follows from Lemma 14.4.1 and noting that
the mapping in (14.4.12) is the inverse of (14.4.9).
Then we have

uP) = (P = [ GP.Q(P) - wn(@IdQ, PEBa
V [u(P) — gu(P)] = / VpG(P.Q)] [w(Q) — wa(Q)]dQ, P € By,

The integral operators on the right side are weakly singular compact inte-
gral operators on L?(Bz) to L?(Bz) [172, Chap. 7, Section 3]. This implies

Ju—gnllt < cllw —wnlfo. (14.4.13)

By letting w,, be the orthogonal projection of w into I12 (see (14.2.12)),
the right side will go to zero since the polynomials are dense in L?(Bs).
In turn, this implies convergence in the HJ(B2) norm for the right side in
(14.4.11) provided u € H2(Bs).

The result

inf lu—vl|y =0 asn-—oco, uc HZ(Bs)
veX,

can be extended to any u € H}(Bs). It basically follows from the denseness
of H(Bs) in Hi(Bz2). Let u € Hi(Bz). We need to find a sequence of
polynomials {g,} for which ||u — g,|[1 — 0. We know HZ(B2) is dense in
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05

FIGURE 14.2. Images of (14.4.17) with a = 0.5, for lines of constant radius and
constant azimuth on the unit disk

H}(B3). Given any k > 0, choose uy, € HZ(Bz) with ||u—wug||1 < 1/k. Then
choose a polynomial wy, for which we have the corresponding polynomial
qi, satisfying |Jux — qx|l1 < 1/k, based on (14.4.13). (Regarding the earlier
notation, g need not be of degree < k.) Then |u — |1 < 2/k. This
completes the examination of the right hand side of (14.4.11) for any u €
H}(B3), and thus also, the bounding of the error in the Galerkin solution
U,

Example 14.4.2 As a basis for I12, we choose the orthonormal ridge poly-
nomials {@m, x(z,y) | 0 < k <m <n} of (14.2.5), in which we revert to de-
noting a planar point by (z,y). As a basis for X,,, use the functions

Yk (2,y) = (1 — 2% - y2) Om.i(z,y), 0<k<m<n. (14.4.14)
As an example problem, we use a reformulation of the problem

—Au(s,t) + e tu(s,t) = g(s,t), (s,t) €D, (14.4.15)
u(s,t) =0, (s,t) € 9D, (14.4.16)

where D is the planar region determined by the mapping ® : By — D,
(z,y) — (s,1),
s=x—y+ar’, t=x+y (14.4.17)
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FIGURE 14.3. Error in Galerkin method (14.4.6) for (14.4.15)—(14.4.16)

with 0 < a < 1 and (z,y) € By. The case a = 0.5 is pictured in Figure
14.2. The equation (14.4.15) converts to the elliptic equation (14.4.1) with

Az, y) = 1 1 ax
=TT ar Lar 20222 420 +1 )

Y(w,y) =2(1+az) e,

f(z,y) =21+ az)g(s,1),
with (s,t) replaced using (14.4.17).
As a particular test case, we choose

u(s,t) = (1—2” —y*) cos(ms), (s,t) €D (14.4.18)

with (z,y) replaced using (14.4.17). The right-hand function g is obtained
from u by applying (14.4.15). The errors in the Galerkin method (14.4.6)
for solving (14.4.15)-(14.4.16) are given in Figure 14.3. The results exhibit
an exponential rate of convergence.

For more information on the Galerkin method given in this section, in-
cluding the use of a change of variables such as in (14.4.17), see [21].

Exercise 14.4.1 Prove Lemma 14.4.1.
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Exercise 14.4.2 Let D be the ellipse (z/a)? + (y/b)? < 1. Consider solving the
Dirichlet problem

“Au(s,t) = f(s,t), (s,t) €D,
u(s,t) =0, (s,t)€dD.

Convert this to an equivalent problem over Ba. Begin by introducing v(z,y) =
u(az,by), (z,y) € B2, and then find an elliptic equation for v over Bs.

Exercise 14.4.3 Consider again the Dirichlet problem from Exercise 14.4.2, but
for a general region D that is bounded and simply connected with a smooth

boundary. Assume the existence of a mapping ® : Bo 1;;) D, as was illustrated
in (14.4.17); and assume that ® is several times continuously differentiable and
that

det [J(z,y)] >0, (z,y) € By,

with J(z,y) denoting the Jacobian matrix for ®. Convert the Dirichlet problem
over D to an equivalent elliptic problem over Bs. Begin by introducing v(z,y) =
u(®(z,y)), (x,y) € B2, and then find an elliptic equation for v over Bo.

Suggestion for Further Readings. There is an extensive literature on
univariate orthogonal polynomials. We note particularly the classic book
of SZEGO [220] and the more recent book of ANDREWS, ASKEY AND ROY
[4, Chaps. 5-7]. Although multivariable polynomial approximation theory
has old roots, it has become much more popular in recent years. As noted
earlier, there is a close connection between polynomial approximations on
the unit sphere and the unit ball. This is developed in [241], applying results
on the unit sphere to analogous results on the unit ball and unit simplex.
The first results for best approximation on the unit sphere and for uniform
convergence of the Laplace expansion appear to be those of GRONWALL
[100]. A history of the subject is given in the landmark paper of RUSTAMOV
[201]. An earlier important work for uniform polynomial approximations
on both the unit sphere and the unit ball is that of RAGozIN [190], [191].
A generalization of Ragozin’s results to simultaneous approximation of a
function and some of its derivatives is given in [31]. Orthogonal polynomials
in two variables are discussed extensively by KOORNWINDER [145], for a
variety of planar regions. For recent work on the theory of multivariable
orthogonal polynomials, we recommend the survey paper of YUAN XU [239]
and the book of DUNKL AND XU [72]. For another application of planar
orthogonal polynomials, to the nonlinear Poisson equation, see [23].
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existence, 137
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boundary integral equation, 551
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first kind, 577
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numerical, first kind, 579
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Theorem, 139
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closed range theorem, 332
closed set, 10, 132
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iterated, 498
piecewise linear, 483
trigonometric polynomial,
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compact linear operator, 95
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properties, 97
compact set, 49
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completely continuous vector
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convergence, 246
superlinear convergence, 247
conjugate gradient method, 245
operator equation, 245
variational formulation, 378
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frictional, 460
frictionless with deformable
support, 469
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contractive mapping theorem,
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convergence, 10, 266
strong, 90
weak, 91
weak-*, 93
convergence order, 267
convex combination, 132
convex function, 132
strictly, 132
convex minimization, 231
Gateaux derivative, 231
convex set, 132
countably-infinite basis, 13

Daubechies wavelets, 203
scaling function, 202
degenerate kernel function, 98

dense set, 13
density argument, 324
derivatives
mean value theorems, 229
properties, 227
difference
backward, 254
centered, 254
forward, 254
differential calculus, 225
differential equation
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Dirac §-function, 85
Dirichlet kernel function, 160
discrete Fourier transform, 187
discrete Galerkin method, 593
discrete orthogonal projection
operator, 593
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divergence theorem, 553
domain
operator, 52
spatial, 39
double layer potential, 562
evaluation, 568
double obstacle problem, 440
dual problem, 357
dual space, 79
dyadic interval, 193
dyadic number, 193

eigenvalue, 105
eigenvector, 105
elastic plate problems, 348
elasticity tensor, 350
elasto-plastic torsion problem,
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elliptic variational inequality
existence, 428, 431
first kind, 434
second kind, 434
uniqueness, 428, 431
epigraph, 433
equivalence class, 17
equivalent norms, 11
exterior Dirichlet problem, 556,
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exterior Neumann problem, 557,
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fast Fourier transform (FFT),
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finite difference method, 253
convergence, 266
explicit, 255
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finite element method, 383
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convergence, 415
error estimate, 415
finite element space, 404
finite elements
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first kind integral equation, 577
fixed point, 207
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Fourier series, 146, 168
coeflicients, 168
complex form, 169
partial sum, 160
uniform error bound, 161
Fourier transform
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Fréchet derivative, 225
Fréchet differentiable, 226
Fredholm alternative theorem,
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frequency, 168
Fubini’s theorem, 17
functionals
linearly independent, 118

Galerkin method, 368
convergence, 372
generalized, 377
iterated, 497
piecewise linear, 488
trigonometric polynomial,

490
uniform convergence, 491

Gateaux derivative, 225

Gateaux differentiable, 226

Gauss-Seidel method, 216

generalized Galerkin method,

377

generalized Lax-Milgram
Lemma, 359

generalized solution, 261

generalized variational lemma,
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geometric series theorem, 61

generalization, 64

Gibbs phenomenon, 173

Gram-Schmidt method, 34

Green’s first identity, 554

Green’s representation formula,
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Green’s representation formula
on exterior region, 558

Green’s second identity, 554

Gronwall’s inequality, 224

Haar scaling spaces, 193

Haar wavelet function, 195

Haar wavelet spaces, 195

Haar wavelets, 192

scaling function, 192

Hahn-Banach Theorem, 82

Hammerstein integral equation,
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heat equation, 254

Heine-Borel Theorem, 49

Helmholtz equation, 338

Hencky material, 459

Hermite finite element, 402

Hermite polynomial
interpolation, 122

Hilbert space, 27

Hilbert-Schmidt integral
operator, 250

Hilbert-Schmidt kernel function,
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Holder inequality, 45

Holder space, 41
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hyperinterpolation operator, 593

ill-conditioned, 75
ill-posed, 75
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Galerkin method, 476
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iteration, 218
nonlinear, 217
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projection method, 474
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integral operator
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self-adjoint, 88
integration by parts formula, 323
interior Dirichlet problem, 552,
559
interior Neumann problem, 552,
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internal approximation method,
376
interpolation error estimate
global, 412
local, 409
over the reference element,
408
interpolation operator, 407
interpolation projection, 155
interpolation property, 46
interpolation theory, 118
interpolatory projection, 164
invariant subspace, 106
isomorphic, 6
iteration method
integral equations, 531
Laplace’s equation, 215, 539
Nystrom method, 532

Jackson’s Theorem, 159
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approximation, 585
Jacobi method, 216
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Lagrange finite element, 402
Lagrange polynomial
interpolation, 120
Lagrange’s formula, 120
Lagrangian multiplier, 451
Lamé moduli, 350
Laplace expansion, 320
Lax equivalence theorem, 266
Lax-Milgram Lemma, 335, 336
generalized, 359
Lebesgue constant, 161
Lebesgue Dominated
Convergence Theorem,
17
Lebesgue integral, 17
Lebesgue integration, 16
Lebesgue measure, 16
Legendre polynomial, 34, 150,
319
normalized, 145
linear algebraic system, 214
linear combination, 4
linear function, 6
linear functional, 79
extension, 80
linear integral operator, 62
linear interpolant, 408
linear space, 2
linear system
iterative method, 214
linearized elasticity, 348
linearly dependent, 4
linearly independent, 4
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Lipschitz continuous, 41
Lipschitz domain, 283
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function, 133

mapping, 52
material
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Mazur Lemma, 136
measurable function, 17
mesh parameter, 411
mesh refinement, 419
meshsize, 394
method of Lagrangian
multiplier, 451
minimal angle condition, 414
Minkowski inequality, 45
Minty Lemma, 435
mixed formulation, 358
modulus of continuity, 124
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multi-index notation, 39
multiresolution analysis, 199

Nekrasov’s equation, 218
Newton’s method, 236
convergence, 236
Kantorovich theorem, 238
nonlinear differential
equation, 240
nonlinear integral equation,
239
nonlinear system, 239
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nonlinear algebraic equation, 213
nonlinear equation, 361
Newton’s method, 236
projection method, 542
nonlinear functional analysis,
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nonlinear integral equation, 239
nonlinear operator

completely continuous, 242
derivatives, 225
Taylor approximation, 243
norm, 7
operator, 57
normed space, 8
reflexive, 92
numerical quadrature
convergence, 76
Nystrom method
asymptotic error formula,
514
collectively compact
operator approximation
theory, 516
conditioning, 515
error analysis, 507
iteration method, 532
product integration, 518

obstacle problem, 424
open mapping theorem, 74
open set, 10
operator, 52
addition, 52
adjoint, 85
bounded, 54
closed, 330
compact, 95
compact linear, 95
completely continuous, 95
continuous, 54
continuous linear, 55
contractive, 209
differentiation, 53
extension, 72, 80
finite rank, 97
linear, 55
linear integral, 62
Lipschitz continuous, 209,
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orthogonal, 28
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orthogonal projection, 155, 156
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Parallelogram Law, 25
parameter, 401
Parseval’s equality, 31
Petrov-Galerkin method, 374
convergence, 376
Picard iteration, 210
Picard-Lindelof Theorem, 221
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interpolation, 124
piecewise polynomial method,
483
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Poincaré-Friedrichs inequality,
301
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305
point evaluation, 81
Poisson equation, 328
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polynomial approximation
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polynomial
approximation, 158
polynomial interpolation
barycentric formula, 128
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primal formulation, 354
primal problem, 357
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product integration
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projection method, 474
conditioning, 492
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theory, 477
projection operator, 154
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proper functional, 430
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range, 52

reference element, 398

reference element technique, 391,
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reflexive normed space, 92

regularity condition, 394
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reproducing kernel function, 163

resolvent operator, 109

resolvent set, 109

Riesz representation theorem, 82

Ritz method, 369
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rotation, 545

rotation of a completely
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scaling equation, 201
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Schauder’s fixed-point theorem,
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scheme
backward, 255
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single layer potential, 562
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Sobolev quotient space, 302
Sobolev space, 19
compact embedding, 296
density result, 294
dual, 314
embedding, 295, 315
extension, 294
Fourier transform
characterization, 308
norm equivalence theorem,
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of integer order, 284
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over boundary, 292
periodic, 311
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solution operator, 260
SOR method, 216
space of continuously
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spectral method, 483
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spectrum, 109
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Chebyshev polynomials, 151
Legendre polynomials, 150
multivariable, 588

uniform error bound, 157
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vector space, 2
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weak derivative, 278

weak formulation, 329

weakly closed set, 132

weakly lower semicontinuous
(w.ls.c.) function, 133

weakly sequentially lower
semicontinuous
function, 133

Weierstrass Theorem, 116

well-conditioned, 75

well-posed, 75, 260

Young’s inequality, 44
modified, 45
Young’s modulus, 351

Index

625



	cover-large.tif
	front-matter.pdf
	fulltext.pdf
	fulltext_2.pdf
	fulltext_3.pdf
	fulltext_4.pdf
	fulltext_5.pdf
	fulltext_6.pdf
	fulltext_7.pdf
	fulltext_8.pdf
	fulltext_9.pdf
	fulltext_10.pdf
	fulltext_11.pdf
	fulltext_12.pdf
	fulltext_13.pdf
	fulltext_14.pdf
	back-matter.pdf



